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Abstract. Research of the closed exponential queueing structure with one-type messages
and the income is conducted. The differential equation in partial derivatives for an income
distribution density is received. The ordinary differential equation for its expected income
is constructed at particular starting conditions. The offered method of its decision in a case
when the intensity of the service of messages, the number of messages in networks, the
number of lines of the service in systems, the matrix of probabilities of transitions of
messages and the income from transitions between conditions of the closed queueing struc-
ture (CQS) depend on time is described. An example when change of parameters has sea-
sonal nature is reviewed. Results of this article can be applied at the prediction of the in-
come of the logistic transport system (LTS).

Introduction

In LTS in practice, the total number of the vehicles moving between various
objects and number of loading and unloading crews (workers or, for example,
operating loading and unloading tracks at stations) depend on time. Therefore the
following CQS can be considered as a LTS model.

Let's consider the closed queueing network consisting of #n+1 queueing

systems S, S,,...,S,, the total number of one-type messages in which in an instant

t makes K(¢). Usually the system S, is understood as environment, and as sys-
tems S,,S,,...,S
messages is made. The queueing networks closed on structure but having not con-

stant total number of served messages, depending on time, are investigated for the
first time in special cases in [1] and called the closed queueing structures (CQS).

- concrete queueing systems of network in which the service of

n

Let m;(t) - number of service lines in system S,, i=1,n, we will put
m,(t) = K(¢), and times of messages service of each of service lines are distributed

under the exponential law with intensity p,(¢), also time-dependent, i, j =0,n.
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Messages for the service get out according to discipline of FIFO. The message,
whose service in system S, ended, with probability p,(r) passes to system S,

Py (1)
a matrix of transition probabilities of a nonreducible Markov chain in each moment

i, j=0,_n. The matrix of transition probabilities P(t):| , 1, j=0,_n, is

0<p,(n<I, Z p; (1) =1. The primal problem of research of the given CQS con-
j=0
sists in the asymptotic analysis of the Markov process describing its behavior at
a large number of messages.
The condition of structure in a moment ¢ is described by a vector

k()= (k,t) =(k,.k,,....k,.t) = (k, (), k,(1),....k, (1))

where £, () - number of messages in system S, in a moment ¢, f € [O,T ], i= @ ,

which forms the n-dimensional Markov process with the continuous time and a
finite number of conditions. It is apparent that the number of messages in system

S, is equal to k,(1)=K(1) = Yk (1).
i=1
Believing that transitions of messages between systems bring in to CQS the par-

ticular income, we will set the task of prediction of its total expected income. Let
V(k,t) - the complete expected income which will receive CQS in time 7 if in an

initial moment it is in a condition (k,¢). It is apparent that V(k,t):ZV,(k,t),

i=0
where V,(k,t) - the expected income which is gained by system S, in time ¢ if in
an initial moment the CQS is in a condition % . In article [2], the concept of distri-
bution density of the expected income of CQS v(x,7), x=(x,, x,, ..., x,) is injected,
and the following statement is proved.
Theorem. Income distribution density v(x,7) under a condition that it is differ-

entiated on 7 and is twice sectionally continuous differentiated on x,, i = 1,7, satis-

fies the terms of order of smallness &£*(f)= to the following differential

K*(0)

equation in partial derivatives:

ov(x,f) & ov(x,t)  &(t) & 0*v(x,1)
———==> A(x,1)—————= ) B(x,{)————
ot ; ( ) 0xi 2 ,'JZ=1 ]( ) ()x,Oxj

()
K (0" (V.0 +1(0) + K1) D 1, (0) py(0yminl (0).x,)r,,0)

i,j=0
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where
4,(x,0) = Zu (O p, Omin(; (1), x )+Mo(l)po,(f)( zxj (2

* _ p];()_LJ:l: _}’I’l].(l)
p‘j'(t)_{pﬂ(t),j?ﬁi, Z](t)_ )

B, (x,t) - sectionally continuous function concerning x,
B,(x,)= 3 u, (g, (Omin(l,(1).x)) . B,(x.0)=p,(O)p, (O)min(,(1).x,), ()
Jj=0

* _l_p'(t)ajzia
f = e
QJI() {_pj](t),Jil-

1. Differential equation for the average income of structure

z d v(x,t)
i,j=1 i

O(g*(1)) . Therefore we will consider the following equation:

Considering (3), expression can be referred to

av(k 1 _ ZA (2D Ov(x 1) — nK () (O)W(x,1) +

LK1, (0p, (Omind, (0).x,)r, () + (1)
i,j=0
Having integrated both parts of this equation on x=(x,x,,..,x,) in area

G ={x=(xl,x2,...,xn): x, 20, le < 1} and having divided both members of

i=1

equation into the volume of area G, equal to m(G) , we receive:

dv(x t) dv(x t)
a1l ety | S E

nK(DE'()
m(G)

i | j Jvnax + (G)Z” 0P, Or, 0| J' [ min(, (), x)dx+  (4)

(G)zuo(t)po,(t) (t)jj;...j(l—Zx]jdx+%IJ:}...de.
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Let's consider that in the left part of this equality the change of order of an inte-
gration and derivation (we assume that in closed area G function v(x,?¢) is the

continuous) is admissible:

m(G) jj j‘”(x 1) m(@a jj o t)dx——v 0.

where v_G(t) - an average on x value of the income on condition of change of

a reference state (x,#) in area G .

Let's consider integrals in a right member (4). It is apparent that
nK()e'(t)
m(G)
integrals we use integration by parts, and also we will assume that boundary condi-

tions [3] are satisfied:

” ..._[v(x,t)dx=nK(t)8’(t)Z(t). During calculation of the remaining
G

xel(G) =

X, l)cl Xy ==X,

were area border G, ie. A, (x,t)v(x, t) =0,

xllxlxz——xzx x11x2x3—.—x

A, (x,0)v(x, 1) =0, .o, 4GV

that the flow of the income through the border of areaG is not assumed or that in
boundary points of area G reflecting screens are applied. Then, considering that
04, (x

ox

i

=0, which means

D does not depend on x,, j=1,n, we receive

(G)“‘ J‘ (x t)()v(x Z‘)d __OA(xt) v (), i=Ln.

I

Therefore we come to the following differential equation

d— " 04, (x,0)
e(0= [Z - K(r)s(t)} Vo (1) +

i=1 i

K( (g) 3 Z w,(p, 0,0 J’ [ min(Z, (0),x, e + (5)

RO, off- J( j n:((g) J[-fa

From (2) we see that the coefficients 4,(x,f) represent piecewise linear func-

tionson x;, j= 1,n, that is, (5) is a differential equation with a piecewise constant

right member. Let's designate a set of indexes of components of a vector
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x=(x,,%,,...,x,) through Q={1,2,...,n}. Let's break Q) into two non-overlapping
sets Q (1), Q (1) so that Q ()={;j:[,()<x, <1}, Q(1)={j:0=<x, </,(1)},
T — splitting number. At fixed ¢, the number of splittings of this kind is equal to

2", 1= 1,7 . Each splitting will set in a set G not being crossed areas G, so that

G, ={x(t):li(t)<xl. <LieQu(0);0<x, <,(0),] EQI(T);ZXI. Sl},

i=1

Now in each area splitting of a phase space we can write down an apparent look
(5) and at particular starting conditions find the average expected income for each
of the areas G._.

Let's set, for example, splitting: Q,(1)={1,2,....,n}, Q,1)={0}, t=1, that
corresponds to existence of queues S|, S,, ..., S,. Then, solving the equation (5)
at starting conditions ;,.1(0) =§, it is possible to determine the average expected
income changing of a reference state of area

G = {x(t) ) <x <li= 1,n, Zx,. < 1} . The equation (5) thus looks like

i=1

%V_Gl(t) = [“o(t)i Py () —nK (t)S’(f)}V_al(f )

1 n__n
+TGI)|:;Z):HI (t)p], (t)m/ (t)rﬂ (t) + (6)

+ K(t)Z": 1o (O, O7, O[] ] (1 - Z":x, de} +1(0).

2. Example

The transport enterprise (TE, system S, ) at the disposal of which a large number
of cars (messages) is available, sends the cars for realization of a number of parti-
cular transportations between various cities (environment, system S,). After that

they come back to the TE base, before having passed in two points (systems .S, and
S,) technical inspection which can also include car repairs. The number of
functioning lines of a service in points S, and S, in a moment ¢ are equal respec-
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tively to m, () and m,(¢). In system S, loading of cars before the flight in which
are engaged m,(¢) loading crews (service lines) is carried out.

A similar situation can arise when cars come back from the environment and are
unloaded in two warehouses TE (systems S, and S, ); in this case m, () and m, ()
- number of crews of unloading accordingly in the warehouse S, and S,.

In both cases the model of functioning of transportations is CQS represented
in Figure 1.

It is apparent that in this case the matrix P(¢) looks like

0 pu(@) pup@® 0
P =|p,@), =0 0 0 Tl p 0+ pu)=1. Vre[0.T]
7 4x4 0 0 O 1 > pOl pOZ s ’ .

10 0 0

O~
(5=

Fig. 1. Model of cars, movement

It is apparent that in this case the matrix looks like

0 pu() pu() 0
P =|p,0|  =|0 0 0 L p 0+ pu)=1. Vre[0.T]
U 4x4 0 O O 1 s pOl pOZ s ’ .

1 0 0 0

Let the change of the CQS parameters have a seasonal nature, for example, they

can have one value during the winter period and others in the summer. Let's estab-
lish that
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mﬁ”,te[O,%), o Py, tE[O gj
m](t): T J=L3, po;(t)_ T i=12.
m‘ﬂz),te{E,T}, p?, te[z T},

Also let the income from transitions between conditions of CQS also be step func-
tions with two intervals of constancy:

j(ll)at € |:O gja V(l),tE |:09§j9
Vj](t)_ iaj:0>3a V(l')z

/EZ),ZE{Z T}, r(z’,te[g,T}

It is clear that €'(¢) =0.
Let's find area volume G, ={x:l, <x,<1,ie{l,2,3};0<x, Slo;le Sl}. We

i=1
have

1-1, 1-x, 1-x,-x,

= [ffac= [ ax [ v, Ja, = (ohob) (b oho3h),

It is possible also to find integral I”(l —X, —X, —X;)dx :
G,

1-1, 1-x, 1-x,—x,

IH(l X =X =, ) = .[dx Idx j(l—xl—xz—xg)afx3 -

L
(-1, -1L) ((1—11—12)2 —4(1—1,—1,)l, +6l?)
24 '

Let's first find the expected income of CQS ;l(t) on an interval {O,%j. The equa-

tion (6) in this case looks like:

M:ugl);l(t)_i_ [“(l)m(l) (1)+“(l)m(1) (1)+u(1)m(1) (l)+
dt m(G,)

1 .. D,.( D _ .M,
J"Kl“-g)( ()r()(l)+p(()2)r0(2) J.J-J.(l_xl_xz_x3)dx+r()]_“g)vl(t)+rl'
Gl
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And let v,(0)=v{". Its decision is

t

- ) ) s [ v, [

v () =v{ler! +rlje”° Ot =yPet +ﬁ(e“° ‘- 1)=
0 Mo

= (vé” + je“w’ _h ,te {O,Zj .
Ty Ty 2

Let's now find the expected income Z(t) of CQS on interval {%,T } The

equation (6) on this interval becomes

dv,(t) o
2 —®
Mo v+, ()
1 2 2),.(2 2 2),.(2 2 2),.(2
— (2 (2),.(2 2),.(2
where 1, = — s [umInS +uOmPrt? + imPrD + Ko (pPr? + pin)x
1

X” (I-x,—x, —x,)dx+r® |, as starting conditions it is necessary to take
Gl

Z(Zj = V_I(Zj . The solution of the equation (7) is
2 2

7
— 7, us— 7, Y. ) Y. T
VZ(Z)= (V(()l) +%)Je ‘2 —ﬁ-‘-% et _TZZ)’ f€|:—,Ti|.
[ Ho' o Ky 2
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