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Abstract. This paper contains the method of calculating the determinant of the block band
matrix on the example of n-dimensional Fourier equation using the Finite Difference Meth-
od.
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Introduction

We encounter the block band matrices, inter alia, considering the torsion bars
in the theory of vibrations, determining the currents in the eyebolt method in the
circuit theory, as well as issues of heat flow using the Finite Difference Method.

The Finite Difference Method (FDM) is based on the introduction of the
modeled structure of the grid nodes and replacing a single differential equation
(in our case the Fourier equation) by a set of differential algebraic equations.
The partial derivatives are approximated by the corresponding difference quotients.
The values of the search function (for example temperature values) are calculated
only at points of discretization - mesh nodes. The algebraic systems of equations
in which the main matrix has the band structure are obtained.

And it is the Fourier equation describing the heat conduction that will serve as
an example to illustrate how to calculate the determinants of block band matrix.

1. Solution of the problem
We consider the #n-dimensional Fourier equation

0° T(xl, Xoyguens X, t) 62T(x1, Xygens X, t)
Ox? " ox? i Ox?

2

6T(x1, Xoyguees X, l‘)
ot

:pc



6 G. Biernat, S. Lara-Dziembek, E. Pawlak

where / is a thermal conductivity [W/mK], ¢ is a specific heat [J/kgK], p is a mass
density [kg/m’], T is temperature [K], x;, x,, ... ,x, denote the geometrical coordi-
nates and 7 is time [s].

For the dimension 7, x/, x... I, and interval of the time L we get the spatiotem-

poral grid A, , ,, and nodes

x,, =i, Ax, for 1<i,<m, -1, where m Ax, =1,
X, =i,Ax, for 1<i,<m, -1, where m,Ax, =1,
x, =i,Ax, for1<i <m,-1,where m,Ax, =1,

for the spatial coordinates and constant increments Ax,, Ax,,...,Ax

n

and

t,=IAt for 1</<q,where g At=1L

for coordinate of the time.

We assume the following designation 7, , , , = T(x”l 35X 5 nes Xy ,t,) .

Then approximations of the second order partial derivatives using MRS are
as follows:

o°T _ ]:1—1,12,”,:',,,1 _2]:1,12,”,1',,,1
Ox? - (Axl)2

o°T B Lo =20, o +T 0
oxi (Ax.) @)

+T

i+, 0,1

T 7:1,12,, iy =Ll =27 i +T i '
= 2 , 1<i, <m, -1
axn (Axn)

However, the time derivative approximation takes the following form:
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So, the internal iteration corresponding Fourier equation takes the form
AT AT AT AT
St —— . t—F |=pc— 4
Ax;  Ax; Ax, At
It leads to the following band system of equations
A 2 ]:1—1,;2,',; g 2 2 T;l,iz,v ind T A 2 ]:1+1,f2,”,1 gt
(Axl) (Axl) (Axl)
A 22 A
+ 2 7—;1,1'2—1, il - 2 ]—;1,12,, iyl + 2 ]—1'1,12+1, iyl +
(sz) (sz) (sz)
(%)
A 24 A
+ 2 ]—;1,12 i, =11 2 ]—;1 [P + 2 T;l,iz,...,ln+l,/ =
(v (ae) " (ax,)
ZET; i i /_ET; i i, -1
At At
for each time step /.
The main matrix of this system is a block matrix having the following structure
(A, D, o]
‘Dn—l An—l ‘Dn—l
A, = , n=2 (6)
‘Dn—l An—l ‘Dn—l
Dn—l An—l
while (n=1)
o b, -
b, a, b,
A4 = : : (7)
bl al bl
bl al
where the elements of the matrix 4, are as follows:
24 24 24 A
a,= L2 b=- (8)

(Ax1)2 + (Ax2)2 +...+ (Axn)2 + AL
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o || a " m, =1} a, " m, =2\ a, "
detd, =b"||—| — — + — —..
b, 1 b, 2 b,

©)
-1 _ -2\ .-
=a," - h a” 2blz—i— ™ a, 4b14 +...
1 2
The calculation of the above determinant is given in the article [1].
Then
4, D, ... ]
D, 4, D,
A, =] : : : : : (10)
Dl Al Dl
‘Dl Al
where
d, 0 .. i
0 d, 0
. . . . . . A
D, = : - , d, =— 5 (11
0 d, 0 (Ax,)
0 d,
Therefore
my my=2 my—4
_— A, m,—1\[ 4, m,—2\ 4,
detd, =d;"' " det|| — | — — + — - |=
d, 1 d, 2 d,
e det| | 1|2 ]2 I |
= et|| —— —= | —— =
1 d, Pl d, P24 d, Pim 4 (12)

myem, Al Al
=d1 det d_l_pl’lll -det d_l_pl’zll

Al
-...-det d_l_pl‘m‘ ]1

=det(4,~d,p, I,)-det(4,~d,p,.I,)-...-det(4, ~d\p,, 1)

jz

where p,, , 1<i, <m, are zeros of polynominal
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fl(x)zxm1 _(ml _ljxml_2 +(ml _2Jx”’1—4 +..=
1 2 (13)

z(x_plvl).(x_plvz)-...—(x—pl,ml)

Consecutively
A, D, .. ]
D, A, D, ... .. .. ..
A,=| : R : : : (14)
D, A, D,
cei e e wee ... D, 4,
where
c 0 -
0o C, 0 ... ... ... ..
D,=| + & .o (15)
0 C, 0
P (B O
4.0 ;
0: dz: O . : : : A
co=| i ,d,=— - (16)
0d, 0 (Ax;)
O | 2 S

Then we obtain

my=2 msy—4
” 1\ 4,)" 2\ 4,)"
det A, =™ det | 22| — ’”3 A M) A
d, d, 2 )4,

:djl.mz.m3 det[(Az Pl J( pzzlJ [Az —Pan IZJ]:

dz 2 d2 - (17)
=g det( — Dol j det(A——pzz j det[A “Pom IZJZ

d, d, d, b

=det(4, ~d,p, 1,) det(4, —d2p2,212)-...-det(A2 ~d,p,,, 12)
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where p,, , 1<i,<m, are zeros of polynomial

-1 -2
f2(x):xm2_(mzl Jxm2_2+(m22 Jxm2_4+

where

myem, AZ d2
det(Az _d2p2,1]2):d1 det d__d_pz,llz =

1 1

myen, Al d2 Al d2
=d, det d_l_pl,lll _d_lpz,l[l ~det d_l_pl,ZIl _d_lpz,lll

-t

| 4, d,
-de d_l_pl,mlll _d_lpz,l[l =

:det|:Al _(dlpl,l +d2p251)11i|det|:A1 _(dlpljZ +d2p271)]1]-...-

-det| 4, _(dlpl,ml +d2p251)11}

and analogously

myen, A2 d2
det(Az —d,ps 0, [2):d1 det d__d_pz,m212 =

1 1

myenm, Al d2 Al d2
:dl det d_l_pl,lll _d_1p2,mzll -det d_l_pljZIl _d_1p2,mzll

- Al d2
'det d_l_pl’mlll _d_lpz,mzll =

—det| 4, ~(d,p,, +dupy,, )1 |-det| 4, = (d,pys 4 dapy,, )

a4~ (dp, +dop, )]

Generally

(18)

(19)

(20
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detd, =

_ d myemy snze...om,
n-1

m, m,=2 m,—4
'det An—l _ mn _1 An—l + mn _2 An—l — =
dn—l 1 dn—l 2 dn—l

d myemysmse...om,
n-1

An—l An—l An—l
~det J —Duiidi d__pn—l,21n—l J _pn—l,mn,lln—l

o

An—l An—l An—l
-det dn_1 _pn—l,lln—l -det dn_l _pn—l,zln—l ~...- det dn_l “Puim,, In—l =

= det(An—l _dn—lpn—ljlln—l)'det(An—l _dn—lpn—ljln—l)"“'
'det(An—l _dn—1pn—1,m,1,1 In—l)

where p, ., ., 1<i,, <m, are zeros of polynomial

n-1 —

m, m,,— 1 m, | ~2 m, , — 2 m, 4
fo()=x"" - | X + 5 X +

(22)

where the first and the second element of the product (21) are as follows:

A d
dn—Z dn—Z

myemye...om, | An—Z dn—l

=d,., det d Pl _dn—2 Dol |
I An—Z dn—l

det dn_2 _pl,Zln—2 _dn_2 pn—l,lln—Z Teeet

I An—Z d"_l
det dn_z _pl,mn_zln—Z _ZP n—l,lln—Z =

= det[An—z _(dn—zpl,l +d,.p n—1,1)1n—2]'
'det|:An—2 - (dn—2pl,2 +d,.\p 1,1 )In—z] et

'det[A,,_z - (dn_2pl)mH +d, D, )1,,_2}

n-1

A R |

= p n—1,1]n—1 J =

(23)
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n-1

dn—l I
dn_2 d"_z pn—l,Z n-1 |

myemye...om, | An—2 dn—l
=d,’, det d Pl _EP w2l |

I An—Z d"—l
‘det dn_2 - pl,zln_z _Ep n—1,2[n—2 Tt

A

An—Z drl—l
-det dn_2 - pl,m,,_zln—z —Kp n—l,ZIn—Z = (24)

= det':An—z - (dn—zpl,l +d, D )In—Z ]
'det|:An—2 - (dn—2p1,2 +d,,p rl—l,2)ln—2:| et

.det |:An—2 - (dn_2pl)mm2 +d, D ,s )1,,_2}

and the last element is in the form

det(fln—l _dn—lpn—l m In—l ) = d:’_lz'mZ""'m"-l det A”_l - d”_l pn—l m In—l =
Sy dn_2 d RS

n-2

myemye...om, | An—2 dn—l
=d,, det d -, _EP n—l,mn,l[n—Z )

I An—Z dn—l
'det _pl,ZIn—Z - d pn—l,mn_lln—Z Teeet
n-2 n-2

d
An—Z dn—l
- pl,mn_2 In—2 - p n-l,m,_ ]n—2 = (25)
dn—Z

-det

= det|:An—2 _(dn—zpl,l +d,.,p n-lm, )In—z}
'det|:An—2 - (dn—Zpl,Z +d,.,p n-Lm, )[n—2:|‘

e[ A= (dapr +dap )



The determinants of the block band matrices based on the #-dimensional Fourier equation. Part 1 13

Conclusion

This paper is the presentation of the algebraic method for solving a large-size
system of equations occurring, for example, in the heat flow. In the article, the
method of calculating the determinant of the main matrix of the system is given.
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