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Abstract. In the paper, the position of the boundary between burned and healthy tissue is 

described by the NURBS curve. The temperature field in the domain  is calculated  by 

means of the boundary element method.  The influence of  discretization on the temperature 

distribution in the burned and healthy skin tissue is analysed. Different numbers of  bound-

ary elements and internal cells are taken into account. In the final part of the paper the 

examples of computations are shown. 
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1. Description of  boundary 

The domain of burned (Ω1) and healthy tissue (Ω2), as shown in Figure 1, is 

considered. 

 

 

Fig. 1. Domain considered 

The temperature distribution in the domains is described by the system of two 

Pennes equations supplemented by the different boundary conditions [1-4] 
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where x = (x1, x2) are the spatial coordinates, λ1 is the thermal conductivity of 

burned tissue,  λ2 is the tissue thermal conductivity, Te(x) is the temperature, ∂Te/∂n 

denotes the normal derivative (e = 1, 2) and n = [cosα1, cosα2] is the normal out-

ward vector, GB is the blood perfusion rate, cB is the specific heat of blood, TB is the 

arterial blood temperature, Qmet is the metabolic heat source, Ta is the ambient tem-

perature,α is the heat transfer coefficient, Tb denotes the known body core tempera-

ture and q2(x) is the heat flux. 

The position of boundary between burned and healthy tissue Γc is represented 

by the Non-Uniform Rational B-Splines (NURBS) curve. 

A n-th degree NURBS curve is defined as [5] 
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where Pj are the control points forming a control polygon, wj are the weights and 

Nj, n (t) are the B-spline basis functions 
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defined for the set of nodes 
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at the same time the values a and b appear n + 1 times. The number of control 

points equals r + 1 and corresponds to the number of non-zero basis functions. 

2. Algorithm of boundary elements and internal cells generation 

To determine the temperature field in burned and healthy skin tissue, the boundary 

element method is used. This method requires the discretization of healthy tissue 

interior [6, 7]. In this paper the interior discretization algorithm is presented. The 

algorithm generates internal cells independently for each sub-domain. It should be 

pointed out that the coordinates of the boundary nodes located at the common 

boundaries between sub-domains must be the same. In Figure 2, the correctly gen-

erated boundary nodes and internal cells are shown, wherein the double, triple etc. 

nodes appear, which belong to the several sub-domains. 

 

 
Fig. 2. Contact of sub-domains 

If it is possible, we assume the same length of  boundary elements on the whole 

boundary of sub-domains. The domain interior is divided into triangular elements. 

The triangle side length is equal to the average length of the boundary element 

(dmin). The correct discretization of the boundary is essential for discretization of 

the domain interior. Attention should be paid to the correct discretization of curves 
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described by polynomials of higher order, such as NURBS curves. The parametric 

form of NURBS curves does not allow to divide them into equal parts. So, in this 

case one should use additional numerical methods which allow one equal division 

of curve. The algorithm consists of several stages. The first step is to generate 

the vertices of equilateral triangles. Generation of these elements is made by means 

of the regular hexagon shown in the Figure 3, where ge equals dmin. Next, all of the 

vertexes are checked to determine if the triangle belongs to the interior of the domain. 

If so, the triangle is generated, if not, the triangle is not generated (cf. Fig. 4). 

 

 

Fig. 3. Generation of  internal elements and nodes by means of the regular hexagon 

 

Fig. 4. The first stage of the algorithm 

The next step of the algorithm is to search the sides  triangles (so-called “external 

triangles”) which are outside of the domain and have been created in the first step. 

Each side of “external triangle” is connected with the nearest boundary node creating 

a new triangle (cf. Fig. 5). In the third stage each boundary element is connected 

with the nearest triangle with the second step. 
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Fig. 5.  The second stage of the algorithm         Fig. 6. The third stage of the algorithm 

Because the algorithm presented requires the creation of only acute triangles, then 

the last step is to convert obtuse triangles into acute ones. Details of generation are 

available in [8]. 
 

 

Fig. 7. The last stage of the algorithm 

3. Determination of the temperature field 

The domain of dimensions 0.04 x 0.02 m has been considered. It was assumed 

that: λ1 = 0.1 W/(mK), λ2 = 0.2 W/(mK), GB = 0.5 kg/(m
3
s), cB = 4200 J/(kgK), 

α = 10 W/(m
2
K), Ta = 20°C, TB = 37°C, Qmet = 200 W/m

3
. 
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At first, the boundary between burned and healthy tissue Γc has been described 

by the following NURBS curve 
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where P0 = (0.01, 0.02), P1 = (0.03, 0.006), P2 = (0.03, 0.02), w0 = 1, w1 = 0.3, w2 = 1. 

Sub-domains have been divided into different linear boundary elements and internal 

cells (cf. Tab. 1). 

In Figures 8-10 the discretization of boundaries and interior Ω2 is shown. 

The field of the temperature for case D1 is presented in Figure 11. 

Figure 12 illustrates the temperature distribution on the external surface for 

a different number of boundary elements and internal cells. 

Table 1 

Number of boundary elements and internal cells 

 
 

 

Fig. 8. Discretization of boundaries and interior Ω2 (case D1) 

 

Fig. 9. Discretization of boundaries and interior Ω2 (case D2) 
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Fig. 10. Discretization of boundaries and interior Ω2 (case D3) 

 

Fig. 11. Temperature distribution for case D1 

 
Fig. 12. Temperature distribution on the external surface for different number 

of boundary elements and internal cells 

In all of the cases presented here, the results of calculations are very close. Summing 

up, using the boundary element method, both the number of boundary elements and 

internal cells does not have to be too high to ensure high accuracy of the results. 
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