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Abstract. In the article the technique of finding the expected income in multipleline 

queueing systems closed exponential by HM-network with priority messages in a case 

when the income from transitions between its states is random variables with known aver-

age values is described. The intensity of the service of messages in systems linearly 

depends on their number. The approached expressions for the expected income, depending 

on the average numbers of messages in systems are received. For them the system of the 

linear differential equations with broken right parts is made. The example is calculated. 
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Introduction 

Markov HM queueing networks with priority messages in a case when the in-

come from transitions between their states is the determined functions depending 

on states and time were considered in article [1]. Systems of the difference-

differential equations for the expected income of queueing systems (QS) of a net-

work were received and were reduced to systems of the homogeneous ordinary 

differential equations which were solved with the help of differential schemes. 

In this article the expressions for the expected income of such HM network are 

received, but in a case when the income from transitions between its states is 

random variables (RV) with a given expectation. 

Let’s consider the closed exponential HM (Howard-Matalytski) - network with 

the priority messages, consisting of n  QS 
1
S , 

2
S , …, 

n
S . As a state of a network we 

will understand a vector );...;(),();(),((),()(
22211211

tktktktktktk ==  ))(),(
21
tktk

nn
, 

where )(
1
tk

i
, )(

2
tk

i
 - accordingly the number of priority (the first type) and usual 

(the second type) messages in system 
i

S  in an instant t , ni ,1= . Priority messages 

have an absolute priority in relation to usual messages [1, 2]. Let )(
1
tK  and 

)(
2
tK  - accordingly the number of priority and usual messages served in a network, 
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)()()(
21
tKtKtK +=  - the total number of messages in a network; 

i
m  - the number 

of service lines of messages of type s  in QS 
i
S ; ijp  - probability of messages tran- 

sition after service from QS 
i

S  in system jS ; ))(( tk
isis

µ  - intensity of messages 

service of type s  in QS 
i

S , nji ,1, = , 2,1  =s . 

Let’s assume that at any moment t  are satisfied conditions: 

 nimtk
ii

,1  ,)(
1

=< . (1) 

Let’s also enter the following designations: 
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Let’s find expressions for the expected income of network systems 
i
S , ni ,1= . 

1. Expected incomes of network systems 

Let’s consider the dynamics of change of the income of some system 
i

S  of 

a network. Let’s designate through )(tV
i

 its income in an instant t . Let 
0

)0(
ii
vV = . 

The income of this QS in a instant tt ∆+  can be submitted in a look =∆+ )( ttV
i

 

),()( ttVtV
ii

∆∆+= . For finding ),( ttV
i
∆∆  we will write out conditional probabili-

ties of events which can occur during the time t∆  and changes of the income 

of systems 
i
S , connected with these events. 

1) With probability )())(()())((
1111

totptkutktk jijjjj ∆+∆µ  the message of the first 

type will pass after service from system jS  to system 
i
S , thus the income 

of system 
i

S  will increase at a size 
)1(

jir , and the income of system jS  will 

decrease by this size, 
)1(

jir  where 
)1(

jir  RV with expectation (exp.) jid . 

2) With probability )())(()())((
1111

totptkutktk ijiiii ∆+∆µ  the message of the first 

type will pass after service from system 
i

S  to system jS , thus the income 

of system 
i

S  will decrease by size 
)1(

ijR , and the income of system jS  will 

increase by this size, nji ,1, = , ij ≠ , where 
)1(

ijR  RV with exp. ijd . 

3) With probability )()}(),(min{))(())((
12222

totptkmtktkutk jijjjjjj ∆+∆−µ  the 

message of the second type will pass after service from system 
jS  to system 

i
S , 

thus the income of system 
i

S  will increase at a size 
)2(

ji
r , and the income of sys- 

tem jS  will decrease by this size, nji ,1, = , ij ≠ , where 
)2(

jir  RV with exp. 
ji
b . 
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4) With probability )()}(),(min{))(())((
12222

totptkmtktkutk ijiiiiii ∆+∆−µ  the 

message of the second type will pass after service from system 
i
S  to system jS , 

thus the income of system 
i
S  will decrease by size 

)2(
ijR , and the income 

of system jS  will increase by this size, nji ,1, = , ij ≠ , where 
)2(

ijR  RV 

with exp. ijb . 

5) On an interval of time size t∆  the change of a state of system 
i

S  won't happen 

to probability [ ×−+µ−∑
=

≠

n

j
ij

jjjjjj tkmtktktk

,1

12111 )}(),(min{)())((1  

] +∆−µ+µ−∆µ× ∑
=

≠

tptkmtktktktktptk ijiiiiiiii

n

j
ij

jijj )}](),(min{))(()())(([))(( 1222111

,1

22

)( to ∆+ . Besides, for each small period t∆  the system 
i

S  increases the income 

by size tr
i
∆ , where 

i
r  - RV with exp. 

i
c , ni ,1= . 

Let’s also consider that the above-mentioned RV are in pairs independent, it is 

obvious that )1()1(
ijji Rr = , )2()2(

ijji Rr =  with probability 1, i.e. ijji dd = , ijji bb = , nji ,1, = . 

From the above follows: 
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At the fixed realization of process )(tk  it is possible to write down: 

{ } ∑
≠

=

−µ=∆∆
n
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j

jijijjjji dptktkutktkttVM
1
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−−µ+∑
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=
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Averaging )(tk  taking into account a normalization state ( ) 1)( ==∑
k

ktkP , for the 

change of the expected income of system 
i

S  we receive 
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It is obvious that it is possible to remove Heaviside’s functions ))((
1
tku j
, 

))((
2
tku

i
 owing to their definition and existence of other corresponding factors 

in this expression. 

Let’s enter designation )}({)( tVMtv
ii

= , ni ,1= . Let’s have then 

=∆∆+=∆+ )},({)()( ttVMtvttv
iii
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Further, passing to a limit at 0→∆t , we will receive inhomogeneous linear 

ordinary differential equations (ODE) of the first order. 
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Having set initial states 0
)0(

ii
vv = , ni ,1= , it is possible to find the expected 

income of systems of a network. 

Let’s consider that the intensity of a service of messages )(
isis
kµ  linearly 

depend on the number of messages of type s  in system 
i

S , .2,1,,1 == sni    In this 

case 
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In view of states (1), we receive 

)())((
1111
tktk

iiii
µ=µ , )}.(),(min{))((

12222
tkmtktk

iiiiii
−µ=µ  

Function ),min(
ii

mxy =  is convex up and therefore from Iyensen's inequality 

follows that )),(min()),(min(
iisiis

mtNmtkM ≤ , and this equality is reached when 

),()}({)( tktkMtN
isisis

==  .2,1,,1 == sni    This state is satisfied, for example, when 

the flows of messages entering into a network are regular, and holding times of 

messages in systems are constants. Let's also note that this condition is satisfied 

when all QS of a network function are in conditions of small or high loading. 

As approximation of average value of expressions ))((
11
tk

ii
µ  and ))((

22
tk

ii
µ  we 

will take )(
11
tN

ii
µ  and ))(),(min(

122
tNmtN

iiii
−µ , i.e. we believe that 
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))(),(min()}(),(min{
1212
tNmtNtkmtkM

iiiiii
−=− , 

where )(
1
tN

i
 and )(

1
tN

i
 - average of the messages, the first and second types 

respectively, (expecting and being served) in system 
i

S  in an instant t , ni ,1= . 

Taking into account this assumption we receive the following equations 
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from where follows that 

 ∫ =+=

t

jjiii dxnjxNxNfvtv

0

21
),1),(),(()0()( , ni ,1= , (3) 

where ),1),(),((
21

njxNxNf jji =  - the expression standing in the right part (2) at 

xt = . 

2. About finding the average number of messages in systems 

Let’s designate through )(
1
t

i
ρ  and )(

2
t

i
ρ  - an average number of busy service 

lines by messages of the first type and the second type respectively in system 
i
S  

in a instant t , ni ,1= . Then tt
ii

∆ρµ )(
11

 and tt
ii

∆ρµ )(
22

 - the average number of 

messages of the first and second types which have left system 
i

S  in time t∆ , and 

∑
≠

=

∆ρµ
n

ij
j

jijj tpt

1

11
)(  and ∑

≠

=

∆ρµ
n

ij
j

jijj tpt

1

22
)(  - average number of messages of the first 

and second types respectively, arrived in 
i

S  from other QS in time t∆ . Therefore 
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n
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from 0→∆t  where at systems the ODE follow for )(
1
tN

i
 and )(

2
tN

i
: 

 )()(
)(

11

1

11

1 tpt
dt

tdN
ii

n

ij
j

jijj
i

ρµ−ρµ=∑
≠

=

, (4) 
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1

22
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ii

n
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j

jijj
i

ρµ−ρµ=∑
≠

=

, ni ,1= . (5) 

Sizes )(
1
t

i
ρ  and )(

2
t

i
ρ  can’t precisely be found and therefore we approximate 

them in expressions 
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Then systems of the equations (4) and (5) will become 

 )),(min()),(min(
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1
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1

iii

n

ij
j

jiijj
i mtNpmtN
dt

tdN
µ−µ=∑

≠

=

, ni ,1= . (6) 

 )),(min()),(min(
)(

22

1

22

2

iii

n

ij
j

jiijj
i mtNpmtN
dt

tdN
µ−µ=∑

≠

=

, ni ,1= . (7) 

These are systems linear the ODE with broken right parts. It is necessary 

to solve them by splitting of phase space into a number of areas and finding 

the decision in each of them. Systems (6) and (7) can be solved, for example, using 

a package of the applied Mathematica programs. 

If the network functions so )()),(min(
11
tNmtN

iii
= , )()),(min(

22
tNmtN

iii
= , 

ni ,1= , look like: 

 )()(
)(

11

1

11

1 tNptN
dt

tdN
ii

n

ij
j

jijj
i

µ−µ=∑
≠

=

, (8) 

 )()(
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22

2 tNptN
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ii

n

ij
j

jijj
i

µ−µ=∑
≠

=

, ni ,1= .  (9) 
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The last systems of the equations can be presented as a matrix 

 )(
)(

tNX
dt

tdN
ss

s

= , (10) 

where ))(),...,(),(()(
21

tNtNtNtN
nsss

T

s
= , 

s
X  - the square matrix consisting of ele- 

ments jijss px
ij

µ= , if to put 1−=
ii
p , nji ,1, = , .2,1=s  The decision of system 

(10) looks like 

tX

ss
seNtN )0()( = , 

where )0(
s

N  - some set initial states, however, finding of elements of a matrix 
tX
s

e  

is a complex task even for rather small values n . 

3. Example 

Consider the network shown in Figure 1. Let ,1
11
=µ  ,2

21
=µ  ,3

31
=µ  ,4

41
=µ  

,5
51
=µ  ,6

61
=µ  ,7

71
=µ  ,8

81
=µ  ,9

91
=µ  ,101,10 =µ  ,111,11 =µ  ,121,12 =µ  ,131,13 =µ  

,141,14 =µ  ,151,15 =µ  ,161,16 =µ  ,171,17 =µ  ,10
12
=µ  ,14

22
=µ  ,6

32
=µ  ,8

42
=µ  

,10
52
=µ  ,12

62
=µ  ,14

72
=µ  ,16

82
=µ  ,8

92
=µ  ,102,10 =µ  ,122,11 =µ  ,142,12 =µ  

,92,13 =µ  ,82,14 =µ  ,102,15 =µ  ,122,16 =µ  .142,17 =µ  Let also: ,9
10
=v  ,25

20
=v  

,18
30
=v  ,17

40
=v  ,44

50
=v  ,7

60
=v  ,38

70
=v  ,43

80
=v  ,40

90
=v  ,90,10 =v  ,450,11 =v  

,460,12 =v  ,30,13 =v  ,10,14 =v  ,80,15 =v  ,390,16 =v  ;170,17 =v  ,2
14131071
===== ccccc  

,3
2
=c  ,4

15121193
===== ccccc  ,1

1684
=== ccc  ,5

5
=c  .7

176
== cc  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 1. Model of logistic transport system 
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Expectations jid  and jib  we will reduce in matrices: 

,

67398319552373644

96369413684684933

81648148114678223

11298874177783728

22882678295899491

77366711597412279

77351516652734672

91257829217636189

19339993829757865

94262663257453434

38986939979522565

55333571635964597

82333125669383754

16463585151231446

16143518778855972

44241551682326276

71246455344411132
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44412616634497483

48946287985972155

49786517923487861

37484345828971279

55167553869426545

77337156777844346

45135686897428937

67378365489883243

52985317814153962

95269183999947451

28298293866174128

13962222516236641

51236863546445999

87194923415411628

85777574837588953

22476554923148592

81752312348486199

1717
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Solving systems of (8) and (9) of ordinary differential equations of the first 

order with specified initial values used by the Runge-Kutta fourth-order, sold in the 

Mathematica 5.1 package. Then we substitute the solutions obtained in (3) we find 

the expected incomes network systems. 
 

 
Fig. 2. Average of messages of system 

3
S  of the first type 

For example, for system average number of messages of the first type it is 

presented in Figure 2, and the expected incomes for the system is represented 

in Figure 3. 
 

 
Fig. 3. Graph of the income of system 

3
S  of a network 
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