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Abstract. By the method of the classical potential theory, we construct the two-parameter
Feller semigroup of operators associated with such a diffusion phenomenon on a half-line
with a moving boundary where either a reflection or jump phenomenon occurs at a bound-
ary point.
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1. Introduction

In the theory of stochastic processes while studying the diffusion processes
in bounded and half-bounded domains, it occurs the situation in which the continu-
ation of motion of a diffusion particle after it reaches the boundary of the domain
is performed by jumps. The question on construction of semigroups of operators
associated with the diffusion process with the property of a jump-like exit from
the boundary of the domain leads to the statement of a boundary-value problem for
a linear parabolic equation of the second order with a nonlocal boundary condition.
Since the general form of boundary conditions for a one-dimensional (with respect
to spatial variable) time-homogeneous diffusion process was established in the
works of W. Feller [1] and A.D. Wentzell [2], these conditions were called Feller-
-Wentzell boundary conditions.

In the present paper we consider the one-dimensional parabolic boundary-value
problem of Wentzell (with the combination of the derivative with respect to spatial
variable and the nonlocal term) for the case of an inhomogeneous diffusion process
in domain D, = (X(s),0) provided the lateral boundary X (s) satisfies the Holder

condition with respect to the time variable with exponent > 5 This problem is
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stated in Section 2 and is solved there by the method of ordinary parabolic poten-
tials. Using its solution in Section 3, we construct the two-parameter semigroup
of operators 7, 0<s<t<T (T >0 fixed), associated with an inhomogeneous
Feller process on the closure D, =[X(s),0) of D, which coincides in D, with
the diffusion process given there and its behaviour at point X(s), is determined

by the Feller-Wentzell boundary condition.

Note that similar problems were considered earlier in [3, 4] for the case of
bounded and half-bounded domains with fixed boundary points. We also mention
works [5-7] where the related problems were studied by the methods of stochastic
analysis.

2. Parabolic boundary-value problem of Wentzell
Consider on plane (s,x) the set
S, ={(s,x): 0<s<t<T;xeD;}
denoting by S, the closure of S,. Let in S, the parabolic equation

ou(s,x,t) N l 62u(s,x,t)

ou(s,x,t)
2 2b(s,x)ax—2+a(s,x)—=

o 0 (M

is given. We shall seek a solution u(s,x,#) of equation (1) satisfying the “initial”
condition

limu(s, x,1) = p(x), x € D, )
st

and the Feller-Wentzell boundary condition of the form

ou(s, X(s),t)

—q(s) o

+ I (u(s, X (5),1) —u(s,y, ) pu(s,dy) =0 3

s

(0<s<t<T).

The main problem is to find the function u(s,x,#) which belongs to

c'? S)n C(Et) and which satisfies the equation (1) in §,, the “initial” condition
(2) and the boundary condition (3).

In the present paper, the following conditions are supposed to be satisfied:
1. The coefficients a(s,x) and b(s,x) are bounded on [0,7]xR, besides,

there exist positive constants band Bsuch that 0<b<b(s,x)<B for all
(s,x)€[0,TTxR.
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2. Forall s,s, €[0,T], x,x, € R the next inequalities hold:

la(s,x)—a(s;,x)[<c(s—s > +|x—x "),
@
|b(s,x)=b(s;,x)[<c(|s—s > +|x—x %),

where ¢ and « are positive constants, 0 <a <1.

. . . 1+
3. The curve x = X (s) is Holder continuous with exponent 2 on [0,T].

4. peC,(R), where C,(R) denotes the Banach space of bounded continuous

functions on R with norm || ¢ ||=sup | @(X)].
xeR

5. The function ¢(s) is positive and continuous on [0,7].
6. wu(s,-) is the nonnegative measure on D, such that for any 6 >0
[ o-Xous.dy<o, [ plsdv)<e,
Ds (X (s)) D\Ds (X (s))
where D;(X(s))={yeD,: |y—X(s)|<d} and these integrals are continuous
on [0,7T] as functions of s.

Denote by G(s,x,t,y) the fundamental solution of equation (1) (0<s<¢<T,
xeR, yeR). Its existence is assured by 1), 2) (see [5, Ch. II, §2], [8, Ch. 1V,
§11]). Recall that function Gis nonnegative, jointly continuous, continuously
differentiable with respect to s, twice continuously differentiable with respect
to xand satisfies the inequality

_W2r+p (y—x)2

‘D:DXPG(S,)C,t,y)‘SC(t—S) e (= ’ (4)

for all 0<s<t<T, x,yeR, where rand p are the nonnegative integers such

that 2r+ p<2; D, is the partial derivative with respect to s of order », D! is
the partial derivative with respect to x of order p; symbols ¢ and 4 denotes

(here and in what follows) any one of various different positive constants.
Recall also that

G(S,X,ta)”)ZZO(S,X,I")’)+21(S,X,1")’) (5)
where
| o=
e 2b(t,y)(t-s)

Z b 2% = 9
o(8:%.1,) J27b(t, y)(t - 5)
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and the function Z, satisfies inequality

H2r+p-a 7h(y—x)2

D:DfZl(s,x,t,y)‘Sc(t—s) 2 e 9 (6)

where 0<s<t<T, x,yeR, 2r+ p <2, ais the constant in 2.
Having the fundamental solution G, we now define the parabolic potentials that
will be used to solve the problem (1)-(3), namely the Poisson potential

uy(s,x,t)= jG(s,x,t,y)(o(y)dy, 0<s<t<T, xeR,
where ¢ is the function in D(Z), and the simple-layer potential
u, (s,x,t) = jG(s,x,r,X(r))V(r,t)dr, 0<s<t<T,xeR,
with density V' which isscontinuous in s €[0,¢) and satisfies the inequality

|V (s,0) [<c(t—s)

for any ¢ > 0. The last inequality ensures the validity of the formula on the jump
for potential u, (see [9, Ch. V, §§2-4])

t
Dlu, (s, X (5),t) = —[)(IS/LX’Z)) + j D.G(s, X (s),7, X (0))V (z,t)d7, 0<s <t <T, (7)
where
(X (D)X (s)?
DiG(S,X(S), 7, X(7))= X(7)—X(s) e DEX@O)T-s) 4

b(t, X (7)) (7 — S)\/Zﬂ'b(T,X(T))(T —-5)
+ D)ch1 (s,X(s),7,X(1)).

Furthermore, from condition 3 and estimate (6) it follows that

L
D}CG(S,X(S),T,X(T))‘SC(T—S) 2,0<s<t<T. ®)

We find the solution of problem (1)-(3) of the form
u(s,x,t) =uy(s,x,t)+u,(s,x,t), 0<s<t<T,xe l_)s, )

with the unknown function V' to be determined.
If we substitute the expression (9) for u(s,x,t) into (3), we obtain, upon using
the relation (7), the following Volterra integral equation of the second kind

V(s,t) = j K(s,0)V (r,0)dr +¥(s,t), 0<s<t<T, (10)
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where

-

lP(Svt) :b(S9X(S)){D)1cuO(S7X(S)9t) +$ J. (uO(S9y9t) —MO(S,X(S),I))/l(S,dy)

K(s,7)=b(s,X(s))x

x{D}CG(s,X(S),T,X(T)) +$ J. (G(s,y,r,X(r)) - G(S,X(S),T,X(T))),Ll(s,dy) .

In order to solve this integral equation, we have to study the behavior of func-
tion ¥ and kernel K . We begin with estimate for ¥ . Write ‘¥'(s,7) in the form

T(s,r)=b(s,X<s»[Diuo<s,X,-(sm+LS [ (toCs,00) =1y (5, X (5),0) a5, ) -
Ds (X (s))

F T (st g5, X (50,0 .y |=

9(S) p,\py(xsy
= b(s,X(s))(‘I’l(s,t) +W,(s,0)+ l113(s,t)).

For function ¥, (s,¢) we have
1

¥, (s,0)| =|Dhuty (5, X (s),0)| < c || @] (£~ 5) 2. (11)

To estimate ‘W,(s,r), apply the Lagrange formula to the integrand
uy(s,y,t) —uy(s,X(s),t) in its expression. We have
g (5, 3,8) =1ty (5, X (5),0) = Dyt (5, X () + O(y = X (5)),0) - (¥ = X (5)),
where € is some real number from interval (0,1) . Hence

|‘I’2(s,t) =‘L J. (uo(s,y,t)—uo(s,X(s),t)),u(s,dy) =
965) p, (o
S [ Dl X(5) 4 00— X(5).0)- (- X(9)) (s )| <
965) p, xsy
1
<c(O) el (—s) 2. (12)

The same estimate is also valid for ‘¥',(s,?). Indeed, using the triangle inequality,
we obtain
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S (s =5 X (5).0) pls.dy) <

W5 (s.0)| =
4(8) p\pjx ey

1
<Ll f (0 (5, )|+ [ty (5, X (), )] (s ) < () [ @ | (1= 9) 2. (13)
q(s) D\Dg (X (s))

Combining (11), (12) and (13), we conclude that
1

[P (s,0)| <o (8) | @l (£ —5) 2. (14)

where ¢,(9) is some positive constant depending on .

Now consider kernel K(s,7). Write it as follows
K(s,7)=b(s,X(s)) %

X D;G(S,X(s),r,X(r)HL j (G(s, 7,7, X (1))~ G(s, X (),7, X (2))) pa(5, dy)

Ds\Ds (X (s))

[ (2 snn X (@) - Zy(s. X (). X (@) sudy) +
95 by xeon

1
= [ (230 X (@)= 2, (5, X(5),7, X () e, dv) |.
965) pyxisn
The first term in square brackets in the above expression is already estimated
by (8). The absolute values of the second and fourth terms are bounded, respec-
tively, by

1 I+a
c(S)r—s) 2 and c(S)(r-5) 2,
which becomes clear, respectively, after using the inequality (4) with
r=0, p=0 and after applying the Lagrange formula to difference
Z,(s,y,7,X(7))—Z,(s,X(s),7,X (7)) and using the inequality (6) with »r=0,p =1,
successively.
It remains to estimate the third term in the expression for K(s,7) which we
denote by R(s,7). Write it in the form

| -X () (X(0)-X(5)*
R(S,T) — e 2b(z, X ())(7—s) _ e 2b(r, X (7)) (7—s5) ,Ll(S,dy) —
GON27D(E X (DT =9) b visy
PN () g (X)X ()’

1
= 1 f #(S,dy)l% e

B 2b(e X (O)r-s) _
G(sW27b(z, X (D) =5) p, k(o)

e 2b(7, X (7))(z-s) da
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gy =X @) L X=X
)
(e X(NF=s) _,  20(r.X (D))

Taking the derivative 20 e and then using

the equality (y — X (7))’ = (X (1) = X(5))" = (y = X (5))" = 2(X (2) = X (s))(y = X (5)),

we get
R(s,7)= X(@) = X(s) X
q(s)b(z, X (2))(z — $)y27b(z, X (7))(7 — 5)
1 _(1-6) (r-X(0))* (X (s)=X(0)?
XJdH J‘ (y—X(s))| e (X (ONe=s) _ ,  2(0X(2)(z-s) u(s,dy) -
0 Ds(X(s)
2q(s)b(, X (0))(z = $)y27b(z, X (7))(7 - 5)
1 _1-6) (=X (0))* g (X()-X(2))
XJdH J‘ (y—X(s))2 e (rX(ONe=5) _ ,  2b(5,X(D))(7-5) u(s,dy) =
0 Ds(X(s)
=R (5,7)+ R, (s,7).
From condition 3 it follows that
l+a 1 1+7a
[R(s.0)l<c=s) 2 [d0 [ (y-X()uls.dy)<e@)z=s) * .
0 Ds(X(s)

Consider R, (s,7). Since
(1= 0)(y - X (2))* + (X () - X (2))’| 2 (1= 0)0(y - X (5))’,
we have
31 _ (1-6)6 _ 2
3 2 T X)X
|Ry(s,0)[<e(r=s) 2 [dO [ (y=X(s)’e ps,dy) <
0 Ds(X(s))
1

<c(d)z—s)" j 0 2(1-0) 2dO<c(S)r—s)".
0

Thus kernel K(s,7) in (9) has strong singularity which is caused by R, (s,7).
Therefore we do not know yet whether a solution of (10) exists. We shall see
presently that it is nevertheless possible to obtain the solution of (10) by an ordi-
nary method of successive approximations, i.e.,

V(s,t)= iV(k)(s,t) (15)
k=0

where
VO (s,0)=Y(s.0),
t

v ® (s,1) = j K(s,2)V*V(z,0)dz, k e N.
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Let us prove that the integrals on the right side of expression for V, (s,t) exist
and the series (15) is convergent in 0<s<¢<T. To do this, we first break
the expression for K(s,7) into two terms K, (s,7) satisfying the estimate (8) with
some positive constant ¢,(6) and K, (s,7) =R, (s,7) having strong singularity, i.e.,

K(s,7)=K,(s,7)+ K, (s,7), 0<s<r<t<T. (16)

Next, consider V" (s,¢) and represent it as follows
VO (s, =V (5,0 + V1" (s.0),
where

t
VO(s.0) = [K,(s.0)¥(r.00dz, i=1,2.

In view of estimate (8) (with constant ¢ (o)) for K,(s,7) and inequality (14),
we immediately deduce that

t a 1
0.0 @)e@ ol [e-s) 2@-1) 2dr<

(5, e
Sff‘o(5)¢1(5)||(/?||1—(t—s) 272, (17)
J’_
rl-—«
)
To estimate Vz(l), write
t
1
‘Vz(l)(S,t)‘: IKZ(S,T)\P(T,f)dT =mx
! ! 2 i X (@)? (X (5)-X(1)?
x I‘P(T,l‘)drjdé’ (y—X(s)) ,U(S,d)? e « 9’2b(r,X(z’))(z'—s) e 6)21;(7,)((1))(77” <
s 0 ;X6 (b(z, X (1)) —5))2
(-X(s)?
a@lel | ) At
<SCel[do [ (- X)) [ (-7) 2z -s) e ) dr,
2bq(s) 27zb*([ D(;(}[(s)) -!.

where band B are constants in 1.
Denote by [/ (S,T) the inner integral in the last relation. Write it in the form
‘ 1 3 _pag=X O’
I(S,T)ZI(I—T) 2(r—s) %e 2B g =
s
=X 1 3, 179)<y—X(s»2z;r

00 sy ST 2
e (=) I(t—r) 2(r—s) Ze R
s
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Changing the variable of integration 7 into z = - , we obtain
T—S
_g(l_g)w 1 © _l _g(l_g)wz
](S,Z') =e 2B-(=9) —J.Z Ze 2BU=5) gy =
t—s o
PPN (0)
275 1 RNETICRN (18)
(t=5)0(1-0) (y—X(s))
In view of (18), we get
A
V50| <A@ @l -5) 2, (19)

where

A6 )=—( [ o=x(s)uts.dy).

29(s) Ds (X (s))

Combining (17) and (19), we conclude that

[rr9rly),
V| <e@llelie-s) ? 1 (t=5)2 +4(9) |
+a
I —
5")
Choose 0 =0, so small that 4 (J,) <1 and denote
Ay =A(8y), €y =¢4(8y), ¢, =¢,(Jp).

Proceeding by induction, we derive the following estimates for terms V) (s,7)
of series (15)

1
‘V(k)(s,t)‘ﬁco||(o||(t—s)_2zk:£kj hED (), k=0,1,2,. (20)
n=0 n

mi [zﬂ ()
(5]

where

(t—s) 2, n=0,1,2,...
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Hence, for 0<s<t<T, we have

© 1w f k
DV Osn<cllolE-s) 222@%,’;%)" =
k=0

k=0 n=0

Lo kL(n+k
=clloll(t—s) 2D A [ ](/%)"=

k=0 =0\ "
l (k)

=c t—s) 2y — 3L
ol 23

This implies that series (15) is absolutely convergent in 0<s <¢<T and therefore
the function ¥ (s,¢) exists and satisfies the inequality

1
(s, <cllell(t—s) 2, 0<s<t<T. (21)

We have thus constructed a solution u(s,x,?) of the boundary-value problem
(1)-(3) of the form (9). From relations (4)-(6) and (21) it follows that
ueC(S,)NC(S)
and

|u(s,x,t)

<clloll. (22)

The proof of uniqueness of solution of (1)-(3) is based on the maximum princi-
ple for parabolic equations and is a repetition of the proof of the analogous asser-
tion in [3] with obvious changes.

We have proved the following theorem:
Theorem 1. Let the conditions 1-6 hold. Then the problem (1)-(3) has a unique

solution u(s,x,t) in C"? S)nC (§,). Furthermore, this solution has the form (9)
and satisfies the estimate (22).

3. Construction of the Feller semigroup

Consider the following problem: construct the two-parameter semigroup of
operators T,,, 0<s<t<T, which describes the inhomogeneous Feller process
on D, =[X(s),o0) connected with (1)-(3). Such a Feller process coincides in D,
with the diffusion process given by (1), (2) (with drift a(s,x) and diffusion
coefficient b(s,x)) and its behavior at boundary point X(s) is determined by

the Feller-Wentzell boundary condition (3). Note that the two terms of boundary
condition (3)
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ST and. [ (s, X)) (s, 305, )
X Dy

are supposed to correspond to the reflection phenomenon and the jump phenome-
non on the boundary X (s).

—q(s)

We introduce the two-parameter family of linear operators T, ,, 0<s<¢<T,

acting on the space C,(R) by the rule
T, p(x) =u(s,x,t,0), (23)

where u(s,x,t,¢)=u(s,x,t) is the solution of problem (1)-(3) defined by formulas
9), (15).

Let us show that the family of operators 7,

5.t

is the desired semigroup. To do
this, we first note that the operators 7, have the following property: if the se-

quence ¢, € C,(R) is such that lim ¢, (x) = @(x) for all xe D, and sup|| ¢, |< o,
n—>0 n
then lim 7, ¢, (x) =T, ,@o(x) forall 0<s<¢<T, xe ﬁs. The proof of this property

is based on well-known assertions of calculus on the passage of the limit under the
summation and integral signs (here this concerns series (15) and integrals on the
right side of the expression (9)). This property allows us to prove the next proper-
ties of the operator family T, ,, without loss of generality, under the assumption

that the function ¢ has a compact support.

The next lemma asserts that the operators T, are positivity preserving:
Lemma 1. If pcC,(R) and ¢(x)>0 for all xeD,, then T, ,p(x)=0 for all
0<s<t<T,xeD,.
Proof. Let ¢ be any nonnegative function in C,(R) having compact support.
Denote by y the minimum of 7, ,¢(x) in (s,x) €[0,£]x D, and assume that y <0.
From the minimum principle it follows that there exists s, €(0,¢) such that
T, (X (sy)) = 7 . But then the inequalities

LosP TN 5 0 and [ (7, #X(5y) =T, 00 s <0
ox D " )

hold. Furthermore, Theorem 14 in [9, p. 69] assures us that

T, (X (50)) -0
ox '
Next, since ¢(s,) >0, it becomes clear that the fulfillment of condition (3) is

s

impossible. The contradiction we arrived at indicates that y >0. This completes
the proof of the lemma. O
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Another important property of operators T, 1s that they are contractive, i.e.,
1T, 2l<loll, 0ss<t<T.
This property follows from Lemma 1 together with the fact that if ¢,(x)=1 then
T, ,¢y(x)=1 forall 0<s<t<T, xeD,.
Finally, we show that operator family 7, , has the semigroup property
I,=T T, 0<s<r<t<T.

St = S,TTT,t?
This property is a consequence of the assertion of uniqueness of the solution
of the problem (1)-(3). Indeed, to find u(s,x,t) when li%nu(s,x, t)=@(x), we can
st

solve the problem (1)-(3) first in the time interval [7,¢#] with the “initial” function
@(x), and then in the time interval [s,z] with the “initial” function T, ,p(x).
In other words, T, ,o(x) =T, , (TT,,(D) (x), peC,(R), or T, , =T, T,

sctree
The above properties of operators 7, imply the following assertion (see [10,

Ch. 111, §1):

Theorem 2. Let the conditions of Theorem 1 hold. Then the two parameter semi-

group of operators 7, ,, 0<s<7<¢<T, defined by (23) describes the inhomoge-

neous Feller process on 55 which coincides in D, with the diffusion process given

by (1), (2) and its behavior at point X(s) is determined by the Feller-Wentzell
boundary condition (3).
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