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Abstract. The critical 3D all-sided percolation clusters in aL×L×L and aL×aL×L three-

dimensional domains with a side length L and an aspect ratio a obtained from continuous 

percolation problem were analysed in this paper. The simulations of continuous percolation 

were performed in parallelepiped domains starting from a = 1 and ending at a = 10 using 

the Monte Carlo algorithm. The resulting percolation thresholds for the simulated domains 

and percolation clusters as well as variability of number of cells in a domain and in a perco-

lation cluster with variation of a were analysed. The obtained results are useful for evalua-

tion of a content of electrically conducting particles in the dielectric matrix of a composite 

developed for aircraft lightning strike protection purposes. 
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1. Introduction 

The theory of percolation gains its popularity due to a possibility of probabilistic 

description of numerous physical phenomena which are characterized by a sudden 

change of their properties. These phenomena can be described my numerous 

percolation models developed to date which can be classified, in general, into 

lattice-based and continuous percolation models (an overview and characterization 

of these types can be found e.g. in [1]). 

In most cases, the simulations of percolation are performed in square or cubic 

domains for 2D and 3D cases, respectively. It is already known that the percolation 

is a geometric transition, and thus, it is scale-invariant, however, when considering 

a non-equal side length of a domain, this invariance may be impaired. Therefore, 

the influence of an aspect ratio of sides of a domain on properties of percolation 

systems and, in particular, on critical percolation clusters is one of key issues 

which has both theoretical and practical reasons, and which has been examined 

insufficiently to date. The studies on percolation in 2D rectangular domains were 
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initiated by the authors of [2-5]. Later, these studies were continued by Ziff [6], 

Tsubakihara [7], Watanabe et al. [8, 9] and others. In the same period the extensive 

studies were performed on 3D non-cubic domains [10-13]. However, one should 

note that in all of these cases the lattice-based percolation problems were 

considered. This class of percolation problems is inconsistent to numerous physical 

phenomena, in particular, to models of polymers and polymeric mixtures which 

have an amorphous molecular structure, and thus the conducting particles are 

dispersed randomly in the dielectric matrix, and the continuous percolation model 

should be applied. The application of such an approach for characterization of 

critical phenomena occurring in polymers can be found in [14]. The authors of [14] 

based their study on an all-sided percolation cluster, i.e. the cluster which ensures 

connectedness between all sides of a domain. 

To the best of the author’s knowledge, the investigated problem has not been 

considered previously, and in the recent study it resulted from practical aspects  

of manufacturing of composite structures with a conducting filler (see [1, 15, 16]), 

where the content of a conducting filler needs to be determined in order to obtain 

a fully conducting composite (i.e. the percolation cluster of a conducting phase 

needs to be formed). However, based on previously discussed studies, the percola-

tion threshold which characterizes such a cluster may vary depending on the aspect 

ratio of the side lengths of a domain. This issue has an additional practical aspect, 

namely, the aircraft structures are usually manufactured in the form of sheets, 

therefore it is of great interest to evaluate the changes in the percolation threshold 

with an increase of the aspect ratio. 

The performed numerical studies were based on Monte Carlo simulations 

for three-dimensional parallelepiped domains with side lengths of aL×L×L and 

aL×aL×L, where L is a side length and a is an aspect ratio for a = 1,…,10. 

The simulations allow for the finding of the percolation clusters for particular 

values of a and characterize them with respect to thresholds values. 

2. Monte Carlo algorithm and simulations 

The developed software is based on a generator of pseudo-random numbers 

with uniform distribution which generates 3D coordinates of spheres that imitate 

conducting particles into a 3D dielectric matrix. The algorithm is realized as 

follows. First, after generation of a certain number of conducting particles, 

the algorithm checks whether at least one of them is located on the left side 

of the field of percolation. In the case when such a particle was not found, 

the number of conducting particles located in the domain is increased by a prede-

fined number of particles k. While in the case when such particle is detected, 

this particle is considered as a particle that may belong to the percolation cluster, 

and the searching procedure is performed. For such a particle the radius Rc equaled 

the double hopping distance (the distance of tunneling of electrical charge between 
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conducting particles - see [1, 17] for details) was defined, and the next particles are 

searched for in the volume inscribed by Rc. If the searching procedure is successful, 

found particles are classified as particles belonged to the percolation cluster and 

the searching procedure is continued in the analogous way. If in this process 

the formed cluster reaches the rest five sides of a domain, the procedure stops 

and the percolation thresholds of resulting clusters are calculated. Otherwise, 

the additional k particles are added to the domain and the searching procedure 

starts from the beginning [18]. For clarity, the algorithm is presented in the form 

of block diagram in Figure 1. The described algorithm is similar to the algorithm 

presented in [1], however it has a direct control of the aspect ratio of side lengths 

of a domain. 

 

 

Fig. 1. A block diagram of the percolation cluster formation algorithm 
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The simulations were performed in the three-dimensional domain with a side 

length L equivalent to 30 cells and an aspect ratio of a = 1,…,10, thus in the limit 

cases for the aL×L×L configuration, one obtained a cubic domain of 27000 cells 

and an elongated domain with a selected side ten times longer than the other 

270000 cells, while for the aL×aL×L configuration, the upper limit cases consisted 

of 2700000 cells. The parameter k for the aL×L×L configuration was set to 3 during 

simulations, i.e. if the all-sided percolation cluster of n particles was not created 

in a given run, the next run was performed for n + 3 particles. Such a small value 

of k increases the accuracy of the obtained solutions. For the aL×aL×L configura-

tion the parameter k was set as functionally dependent on a following the relation 

3a
2
 which allows for significant acceleration of calculation, however, at the cost 

of accuracy of determination of analysed parameters. In order to verify trends for 

the aL×aL×L configuration an additional study was performed for L–a×L×L for 

a = 1,…29 with k = 3. Simulations for each unique set of parameters were repeated 

20 times in order to ensure statistical justification of results. 

Since the polyaniline was assumed as a conducting filler in the developed 

composite material [15], the numerical model was parametrized for this material. 

Following the literature data [19, 20], Rc was assumed to be equal to 1.045·10
-4

 mm 

(see the description of numerical experiments in [21] for more details), and the side 

length of the domain L was assumed to be equal to 0.01 mm. 

3. Analysis of obtained results 

The obtained results of simulations for both considered configurations of do-

mains for various values of a are presented in Figures 2a 2b, respectively, which 

contain the averaged values of the numbers of cells that participate in the percolation 

process with a corresponding percolation threshold, and the number of particles 

in a percolation cluster with a corresponding clustering threshold with their standard 

deviations. 
 

      

Fig. 2. Influence of the aspect ratio on the numbers of cells and the threshold values 

for the aL×L×L and aL×aL×L configurations 

a) b) 
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Analysing the obtained results, one can observe the increase of numbers of cells 

involved in the percolation process, and the increase of numbers of cells belonging 

to the percolation cluster with an increase of a which seems to be obvious from 

the point of view of the geometrical analysis of the system. However, the percola-

tion and clustering thresholds also reveal the increasing trend for the configuration 

aL×L×L. The increase of these thresholds can be explained by the elongation of 

the percolation cluster in one direction that leads to an interesting and important 

property. Namely, if a → ∞ then the percolation, and consequently, the clustering 

thresholds will increase monotonically to the values of these thresholds which 

characterize the 1D percolation problem. 

The same trends are observed for the configuration aL×aL×L, except the cluster- 

ing threshold which behaves non-monotonically with an increase of a. This phe-

nomenon can be explained by a still small aspect ratio to consider the problem as 

the convergent one to the 2D percolation problem. Theoretically, when aL >> L, 

and thus a → ∞, the formulated problem tends to the 2D percolation problem, 

and consequently, the percolation and clustering thresholds should increase with 

an increase of a. In order to verify this tendency, the additional study was per-

formed for the configuration of a domain L–a×L×L for a = 1,…29. The results 

of these studies are presented in Figures 3a and 3b. 

 

  

Fig. 3. Influence of the aspect ratio on the numbers of cells and the threshold values 

for the L–a×L×L configuration 

These results clearly show that for the increasing aspect ratio, the thresholds 

increase significantly and reach much higher values than for a cubic-shaped 

domain. This confirms the convergence of the 3D percolation problem to the 2D 

one when a increases. According to the observed relations it is possible to 

approximate the obtained results and use this approximation for description of 

a percolation system for arbitrary a. 

 

 

a) b) 
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4. Conclusions 

The 3D electrical percolation problems in non-cubic domains can be studied 

using the Monte Carlo simulation. The relation between the aspect ratio of sides 

lengths of a domain and the resulting percolation and clustering thresholds have 

been analysed in the performed studies. The obtained results reveal small changes 

in percolation threshold with a change of the aspect ratio parameter which confirms 

that this parameter is almost scale-independent. Moreover, it was shown that with 

an increase of the aspect ratio parameter used in one or two sides, the percolation 

problems tend to their one or two-dimensional analogues, respectively. By approxi- 

mation of these trends it is possible to find the percolation threshold for the arbi-

trary value of the aspect ratio parameter. This relation was helpful for theoretical 

estimation of the percolation threshold of conducting particles used as a filler in 

the dielectric matrix of the developed material. The presented procedure is used to 

determine a content of conducting particles necessary for manufacturing of 

the composite of conducting and dielectric particles. Further experimental studies 

[22] on determination of the content of conducting particles necessary to make 

a resulting material electrically conductive confirmed that the considered content 

of 30% vol. (following the simulation results obtained in this study) ensures 

both acceptable electrical conductivity as well as processing parameters during 

moulding process of the material. Considering the relatively high error occurred 

in the Monte Carlo simulations of percolation processes (usually more than 10%) 

the obtained results is in very good agreement with results obtained experimentally. 
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