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Abstract. The aim of this paper is to create an optimal shape of the 2D domain that is
described by the Non-Uniform Rational B-Splines (NURBS) curves. This work presents
a method based on the topological derivative for the Laplace equation that determines the
sensitivity of a given cost function to the change of its topology. As a numerical approach,
the boundary element method is considered. To check the effectiveness of the proposed
approach, the example of computations was carried out.
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1. Introduction

Topological optimization is a mathematical method that allows one to find an
optimal material layout of a domain, such that a cost function gives its optimum
value after optimization under given constraints. Material is removed by creating
a small hole that appears in the optimization process. The topological derivative
(D) indicates the position in the domain of interest where a hole should be formed.
Wherever Dy is low enough, a hole is created. In the opening, the Neumann condi-
tion is taken into account. The topological-shape sensitivity method is utilized as
a procedure to calculate the topological derivative taking the total potential energy as
a cost function [1-4]. The boundary of the domain is described by the NURBS
curves which are commonly used for representing and designing a shape in numer-
ical implementation. In order to determine the temperature field of the domain con-
sidered, the boundary element method (BEM) is used in its direct version. In this
paper, firstly a review of the BEM and the NURBS curves are presented. After
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that, the topological derivative for the Laplace equation is introduced and the
numerical results are shown. Finally, conclusions are expressed.

2. Boundary element method

The domain Q bounded by contour Iis taken into account. The Laplace equa-
tion supplemented by the boundary condition is the following [4, 5]

xeQ: AV T(x)=0
xel): T'(x)=1,
vel,: —22L&_, (1
on
8T(x)
I,: —-A—Z=q(T(x)-T
xelp o ( (x) w)

where x = (x, x,) are the spatial coordinates, A [W/mK] is the thermal conductivity,
T'(x) denotes the temperature, 07'/0n is the normal derivative, n = [cosol;, cosoy] is
the normal outward vector. 7, and ¢, are known as the boundary temperature and
heat flux, respectively. 7., is the ambient temperature and a [W/m” K] is the heat
transfer coefficient. The boundary integral equation for problem (1) is the following

£el: BETE)+[ )T Ex)AT = [T(x)g" (€ x)T @)
r

T

where B(&) € (0,1) is the coefficient connected with the local shape of a boundary,
€ is the observation point and g(x)=—-A n-VT(x)is the heat flux. 7" and ¢ are the

following
1 d
T" (&, )——ln—, q &, X)— (3)
272
where 7 indicates the distance between & = (§, &,) and x = (xy, x,)
r=\/(x1—§1)2+(xz—§z)2 4
while
d=(x-&)n, +(x, —&)n, (%)

n,, n, are the directional cosines of the normal outward vector n.
Using the linear boundary elements, Eg. (2) can be given in the form

Gq=HT (6)
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Considering the known boundary condition, Eq. (6) can be written
AX=B (7

where A is the main matrix, X is the unknown vector and B is the free terms vec-
tor. Equation (7) ensures the determination of the missing boundary conditions.

3. NURBS curves

In the numerical example, we take into account the domain Q where the seg-
ments of the boundary are described by the NURBS curves so, in this part of paper,
we present the main information about these curves. A n-th degree NURBS curve
is as follows

Z N, (Ow, P,
C(n="" ., a<t<bh ®)
z Ny, () wy
k=0

where w; are the weights, P; are the control points forming a control polygon and
N, (¢) are the B-spline basis functions

N ()= 1, ¢,<t<t,,
708710, otherwise
t— topg —t
Nj, n(t): —ij,n—l(t)"_LNjH,n—l(t) (9)
t‘/+n _t‘/ J+n+l T b+
prescribed for the set of nodes
T={a,..a, t,,,. lyymerly (iry-b D) (10)

at the same time the values a and b appear »n +1 times. It should be mentioned that
the number of control points equals » +1 and corresponds to the number of nonzero
basis functions. Details about the NURBS curves can be found in [6].

4. Topological derivative

In this work, the topological derivative for the Laplace equation is considered.
In the inside of the original domain Q, a small hole of radius ¢ is created. The idea
of the topological derivative is based on determining the sensitivity of a given cost
function (total potential energy) when the size of this hole is changed. The local
value of the Dy is defined as follows [1-4]
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D, ()= lim 2=V an

°© f(e)
where () and y(Q,) are the cost functions calculated for the original Q2 and the
new domain Q_, respectively, and fis a regularizing function. There are several

papers in the area of the D for the steady state heat transfer. In this work, we adopt
the definition called the topological - shape sensitivity method proposed in [1],
which is based on the following formula

D (x) — llm W(Qg+§g)_l/j(gg)

(12)
520, fe+d8)= (&)

where J¢ is a small perturbation on the radius of the hole.

5. Problem formulation

Let Q_be the domain with a small hole. The Laplace equation supplemented by
the boundary conditions is taken into account [1-4]
xeQ,: AT (x)=0
xel,: T(x=1,

xel'y: —kw=qb
on (13)
oT.(x)
Iy: A——=a(l,(x)-T,
X e R an ( g(x) oo)
xeH,: _x_(?];(x) =q,
on

where on the holes H, created via Dy, the Neumann boundary condition is pre-
scribed. Problem (13) can be written in the variational form with a test function ¢.

Find T such that

_‘- AWV I -Vg.dQ, + IO!]L@GTR = J.O‘Tac@dr}e - J. 9,9.dLy — J. q;, ¢,dH, (14)
Q, I Iy r, H,

For the perturbed configuration, expression (14) is the following

_‘- }\‘V 7—:s+§g : V¢s+6sng+§g + I a];+&g¢s+5sdrR = I aTx¢e+&sdrR +
Qe‘w)k l—‘R FR (15)
- J. qh¢s+6£dFN - J. q; ¢g+6gng+&s

Iy H..,

£+
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Using the total potential energy [1], the cost function y/(€,) for problem (13)
has the form

gz/(Qg):% [ VI, -VT,dQ, + [aT}dT, |- [al,T.dT, +
Q, Ty Ty (16)
+[qTdr, + [ g T.aH,
Ty H,

The optimization problem can be expressed as the minimization of equation
(16) with the variational formulation (Eq. (14) and (15)) as constraints. All these
equations are used to obtain topological derivative (12). After some mathematical
manipulations, the final expression for the topological derivative is the following

D,(x)=AVT-VT (17)

It is important to mention that 7" is the solution of the original problem (without
a hole). Details of the calculation of D; are described in [1-3].

In this work, the gradient VT is obtained by differentiating the integral equa-
tion

£eQ: T = [T(0q'Ex) T - [ g7 x)dr (18)
T T
with respect to the internal points, so
) orE) _ g (&x) T (&,x)
EeQ: T 1[ T(x)—ax’ dr l q(x)—aXI dr (19)

where 7" and ¢ are given by expressions (3).

In order to obtain an optimal shape of the domain, we perform the iterative pro-
cedure that is carried out in some steps. First, the initial domain described by the
NURBS curves and the stopping criterion are provided. Then, using the BEM, the
temperature field is obtained. Next, the topological derivative at the boundary
nodes is calculated by means of expressions (17). The point with the lowest abso-
lute value of Dy is chosen. On the selected point a hexagonal hole is created
(Fig. 1).

It is assumed that the side length of a regular hexagon is approximately equal to
the length of the boundary element (i.e. the arithmetic average of the length of all
the boundary elements). So, a radius r of the hole can be changed by increasing or
decreasing the numbers of the boundary and internal nodes. Generally the radius is
a fraction (&) of a dimension of the original domain (this means r = ad, where

d = min(height,width)) [3].
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Fig. 1. Hexagonal hole

On the hole the Neumann condition is prescribed. Finally, the boundary of the
domain is rebuilt. All the previous steps are repeated until a given stop criterion is
obtained. The material volume is checked and removed after each iteration until an
expected value is obtained. The elimination process of material is halted when

vol(Q™) = B-vol (""" (20)

where [ presents a determined percentage of material to be eliminated.

6. Numerical example and results

This section presents the solution of a problem defined by (13). It is assumed that
A =30 W/mK. Figure 2 illustrates dimensions of the domain considered while Figure
3 shows the position of control points: Py = (0, 0), P, =(0.02, 0), P, =(0.02, 0.015),
P; = (0.035, 0.015), P, = (0.05, 0.015), Ps = (0.05, 0), Ps = (0.104, 0), P; = (0.104,
0.011), Pg= (0.115, 0.011), Py = (0.126, 0.011), Pyo = (0.126, 0), P;; = (0.15, 0),
P1,=(0.15, 0.075), P;3=(0.075, 0.075), P1,= (0, 0.075).

0075t xmj

Fig. 2. Domain considered
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Since the original domain is symmetrical, only half of the domain will be taken
into account in further examination. The boundary of the region is represented by the
NURBS curves as follows (see Figs. 3 and 4):

I: NI=>01-1)P, +1P,

(1-0’w,P, +2 t(1=1)wP, + *w,P,
(I=0w, +2 t(1=0)w, + 1w,
(1=1’w,P, +2 t(1-)w,P, + *w,P,
(=1 wy +2 t(l—=t)w, + 1w,

I;: N4@)=(1-10)P, +1P,

(1=1)*wyP, +2 t(1 =)W P, + *w,P,
(=0 wy +2 t(1=0)w, +w,
(=1 w,P, +2 t(1—t)w,P, + *w,P,
(=1 wy +2 t(1=0)w, +*w,

I,: N/(O=(1-0)P,+1P,

(1=0y’w,P, +2 t(=1)wP, +*w,P,

N2(f) =

N3(1) =

Wy=w =1, w,=2

N5(f) =

N6(t) =

N8(¢) = , Wwy=w =1, w,=2
(=1 wy +2 t(1=)w, + 1w, o ?
l—‘ .
6"
1-1)’w,P, +2 t(1—1)wP,, +°w,P,
Ng(t):( ) 0213 ( ) 1714 5 270 WO:WIZI, W2:2
A=)yw, +2tA-0)w, + 1w,
0.075
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Fig. 3. Position of control points Fig. 4. Segments of boundary

The gray area (see Figures 2 and 4) will not be perturbed (this is the structural
part of the problem). On the top of the domain (I';), the Robin condition is
considered where the heat transfer coefficient is o = 10 W/ (m’K) and the ambient
temperature is 7, = 20°C. On the boundary I', the temperature 7, = 500°C is

accepted while on I',, 7, = 200°C is given.

On the remaining parts of the boundary the Neumann condition g, = 0 is pre-
scribed. The initial boundary was divided into 90 linear boundary elements and the
grid of 298 internal nodes was used.
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Figure 5 illustrates the temperature distribution while Figure 6 shows the topo-
logical derivative calculated in the first iteration (k = 1). Figure 7 presents the do-
main after the first iteration. In the opening, g, =0 is assumed. Holes with
r =0.002 were used and during each iteration 3% of material was eliminated. The

iterative procedure was stopped when 60% of material from the initial domain was
removed. The final result is presented in Figure 8.
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Fig. 5. Temperature distribution
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Fig. 6. Topological derivative at k=1



A design of an optimal shape of domain described by NURBS curves using the topological derivative ... 75

Fig. 8. Final result

7. Conclusions

In the present work, the boundary element method and the topological
derivative are used to obtain an optimal shape of the domain described by NURBS
curves. The topological-shape sensitivity method gives information about the
position where the opening can be inserted. The appropriate criterion is used to
stop creating holes. After applying the iterative process, an optimal shape of the
domain is found. To inspect the correctness of the method, the example of
computation was conducted. The proposed approach confirms an effective the
BEM coupled with the NURBS curves and the D; implementation for the design
of an optimal topology of the domain considered applied in the heat transfer
process modelling.
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