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Abstract. This paper proposes a method for determining the steady-state characteristics of
two-channel closed queueing systems with an exponential distribution of the time genera-
tion of service requests and the Erlang distributions of the service times. Recurrence rela-
tions for computing the steady-state distribution of the number of customers in the system
are deduced. The obtained algorithms are tested on examples using simulation models
in the GPSS World environment.
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1. Introduction

Closed queueing systems are widely used as models to evaluate characteristics
of the information systems, data networks and queueing processes in production,
transport, trade, logistics and service systems [1]. The closed system is also called
the system with a finite number of sources or the Engset system.

Suppose that a two-channel queueing system receives service requests from m
identical sources. Each source is alternately on and off. A source is off when it has
a service request being served, otherwise the source is on. A source in the on-state
generates a new service request after an exponentially distributed time (the genera-
tion time) with mean 1/ A. The sources act independently of each other. The service
time of a service request has the Erlang distribution. A service request, that is
generated when two channels are occupied, waits in the queue.

To investigate the systems with Erlangian service times, in particular the
MIE,/1/wo system [2], the method of fictitious phases, developed by A.K. Erlang
[3], was applied. The Erlangian service times of the order » means that each
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customer runs sequentially » service phases, the duration of which is distributed
exponentially with parameters ., i,,..., 1, respectively.

The objective of this work is the construction with the help of fictitious phase
method recursive algorithms for computing the steady-state distribution of the num-
ber of customers in two-channel closed queueing systems with an exponential dis-
tribution of the time generation of service requests and Erlangian service times of
the order » =2, n =3 and n >4. A similar approach is used in [4, 5], where recur-
sive algorithms are developed for the systems M/E,/2/m, M/E,/2/w, M/E,/3/m and
MJE,/3/0 as well as for the systems of the same types with threshold and hysteretic
strategies of the random dropping of customers.

2. The system with Erlangian service times of the second order

Suppose that the service time of each customer is distributed under the general-
ized Erlang law of the order », that is, the service time is the sum of » independ-
ent random variables exponentially distributed with parameters p,/,,...,4,
respectively.

Let n, denote the number of customers in the system and let »n,. be the number
of busy channels. In accordance with the method of phases, let us enumerate the
system’s states as follows: s, corresponds to the empty system; s, ,, is the state,
when n,=n, =1 and the service occurs in the phase j (1< j<n); s, is the
state, when n, =k (2<k <m), n,, =2 and the services occur in the phase i and
J (1<i<n, i< j<n) respectively. We denote by py,p,,,, and p,;, respectively,
steady-state probabilities that the system is in the each of these states. Assuming
that p, ;) = pia;) (1<j<n)and f,(k)=(m—-k)A (0<k <m-1), to calculate the
steady-state probabilities, in the case of n =2 we obtain the system of equations:

—1,(0)py + 14 P12, =0,
_(fl(l) + /12)171(02) + M Pyony + 24Py =0,

(D
—(fa(z) + 2#2)172(22) + 1Py =0,
_(f/{(l) + /ul)pl(OI) +mApy + thPyyy = 0;
—(fa(k) + 2#1)Pk(11) + (k=D peany + taPran) =0,
2<k<m-1I;
(2)
_(f/{(k) T U T )Pk(lz) + (k=D Py + 210 Pk + 240 Pz =0,

2<k<m-1,
_(fz (k) + Zﬂz)pk(zz) + (k=D pyoian) + H1Praz) = 0,
3<k<m-1;
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2Py + 2 (m=1Dp,, 41y =0,
=ty + 1) Py + L2 (m =D P, 10y + 21 Piry =0, (3)
24Py + LM =1)p, 00y + 11 Ppiay = 03

Pot Piony T Proay + Z(Pk(n) +Prany T Prany) =1 4

k=2

Introducing the notation

a,:i, 1<l<”l, 77[=—i, 1Sl£l’l, ga(k):(m_k)al, OSkSm—l,
Hi 1
ﬁk(f/)_pgd)a 1<k<m, 1<i<n, i<j<n,
0

and using equations (1), we find:

m(a2 (g, D+ 1)(ga(1)+772)_0‘1)
m(Gm-4ey +7,+2) (5)
l~71(01) =ma, (ga(l) + 772) - 2772132(22)’ i’z(lz) =(g,(2)+mn, )f’z(zz)'

ﬁl(OZ) =ma,, 132(22) =

From equations (2), we obtain the recurrence relations:

D2y = Joo(Prci22)> Proainys Pr—aainys Proiiny)» - 3<k<m—1;
l~7k(12) = f12(1~7k22>1~7k—1,22 ), 3<ks=m-1I (6)
Dran = Jn(Praay Praianys Prain))s - 2Sk<m-—1,
where:
g(x’y’z’u)
2m, (ga(k) +2n, + g, (k-1)+ 2)
g6,y z,0) = 2,8, (k—1)x ~2g,, (k~2)y -
—(g,(k=1)+2)(g,(k—2)z— (g, (k=) +n, +1)u);
S y)= (g, (k) +2m,) x— g, (k=) y;

k)+n,+1 k-1
.f]l(xayaz):ga( )2 772 x_ga(z )y_

f22(x,y,2,1/l) =

hz.

Using equations (3) we find:
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=—1 ((ay +1,+3 -« +2 ,
P2y 217, 42 (( 1+ )pm—1(12) 1(Pm—1(22) pm—2(12)))
| o (7
i)m(ZZ) - 2n, (ali’m—l(n) + i)m(IZ))’ f’m(n) Zjﬁm—l(n)-

Recurrence relations (5)-(7) allow us to consistently calculate py ), Py
Pioys Pa12ys Pr(22y> Pranys Praary G <k <m—=1), Puaays Puazys Pueiany @0d Dy
Using the normalization condition (4), we find steady-state probabilities by the
formulas

-1
Po= (1 +Zl31(0/) +ZZZi’k(g)J S P =PoPrs 1Sk<m;
J=1 k=2 i=1 j=i

®)
D ZZﬁl(oj); D :Zzﬁk(u’)’ 2<k<m.
J=1

i=l j=i

Here n=2 and p, is the steady-state probability that n, =k. We calculate the
steady-state characteristics - the average number of customers in the system E(#,),
the average queue length E(Q) and average waiting time E(/) - by the formulas

m m=2
E(n)=Ykp,. EQ) = kp.,. EW)= E;Q)_
k=1 k=1

av

Here A, is a steady-state value of the arrival rate of customers, defined by the
equality

m—1
ﬂ'av = /12(}1’1 _k)pk'
k=0

The parameter 4,, is a characteristic of the system capacity, because for the

steady-state regime we have the equality of the intensities of flows of customers
arriving and served.

3. The system with Erlangian service times of the third order

To calculate the steady-state probabilities, in the case of =3 we obtain the
system of equations:
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=120V py + 145 Py03) = 0;
(LD + 1) pyory + F2(0) po + 150515y = 05
(£, (D) + )Pl(oz) T H3Dr23) T HPiony = 0;
—(f2 (D) + 13) D3y + 215 P533) + to Pron) = 0
~(f2(K)+21) ey + (k=D pisyany + H3Pragsy =0, 2<k<m-1;
=2 Pwayy + Sr(m =D, 141y =05
—(fL (k) + 1+ 13) Priay + o (k=D Dicyaay + M3 Praasy + 24 Py = 0,
2<k<m-1I;
(1 + 1) Py + L2 (M =D P, 10y + 204 P11y = 0
() + 1y + 13) Drasy + (k=D piiasy + 245 Pz + HoPraz) = 0
2<k<m-1,;
=ty + 13)Pwazy + LM =)D, 03) + o Pyiny = 0;
() +21)Poiiy + By Paicrsy =0, 1=2.3;
—(f2(2)+ py + 13)Pya3) + 245 Dray + D3y =0
—(f,(k)+2u, )Pk(n) + f (k- l)pk—l(iz) Ui Pri-1py = 0,
3<k<m-1, i=2,3;
_2#,Pm(,,) + f(m— 1)pm—l(i1) Ui Py = 0, i=23;
—(fa (k) + ty + 13) Prasy + J2(k = D) Pr_ya3) + 246 Digany + 1Pka3y = 05
3<k<m-1;

—(fy + H3) Py Lo (M =D Py 103 + 20 P2y + 1Pz = 05

(€))

3 m 3 3
P0+2P1<01>+zzzpk<u‘> =1 (10)
j=1

k=2 i=1 j=i

Introducing the notation p,;; = p and using equations (9) we find:

. . 1 - N g,(2)+2n
D3y =MA3, Py :U_((ga(l)+773 )Pi(03) _2773P)v D23 =a77—3P;
2 p

- - - - 1 -
Doy = (g, (D)+m, )Pl(oz) —ThDPy23y, P23 = ﬁ_((ga(l) + 1)171(01) - );
3

- 1 - - - -
Doy = E((ga(z) +m, + 773)P2(23) - P2(13))a Praz) = (ga(2) + 2772)P2(22);
b
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- 1 - - -
D3y = g((l +g,(k—1D+ 773)Pk—1(13) -8, k- 2)Pk-2(13) —ThPra2) )s
3
3<k <m;

- 1 - -

Prsy = ”_((ga(k) +2113) P33 — 8o (k = l)pk—l(33))’ 3<k<m-1I
2

- 1 . . _

Pn3 = 77_(277319;17(33) —-g,(m— I)Pm—1(33)),
2

- 1 - - -
DPrany = 5((1 + 8, (k) + 1) Drin) — ok =D D112y = 13 Prsios) ), 2<k<m-1

. g,(m—1) . )
Py = anm—l(ll)’

- 1 - -
Praz = ”_((ga(k -+ 2)Pk—1(11) -8, (k- 2)pk—2(ll))9 3<k<m;
3

- 1 - - -
Pro2y = 2 ((772 +8,(K)+113) Priasy — 8ok =D Pyy03) — pk(lS))’

p

3<k<m-1; (11)

- 1 . - -
Puy = _277 ((772 +113) Dnazy — (M =1)D,, 1 23) — Pm(13>);

p
Drazy =20y + 8, (k) Doy = 8u (k=1 Dy 22y 3k <m—1;

D12y = 21 P22y — (M =1) D, 12y

Recurrence relations (11) allow us to calculate p,,; and consistently obtain
the expression for 131(03)9 ﬁl(oz)a ﬁz(zs)a 131(01)> ﬁ2<13)> ﬁzm)a l~72<12); ]51((33» ]51{(23)9
Praianys Prasys Prays Praays 3<k<m, and p,, as linear functions of the
unknown parameter p = p,3,- To find p, we use any of the equations

—(fy + 1) Py + L2 (M =)D, 00y + 244 Pyi1) = 0,

(12)
=ty + 1) Pazy + LM =) P, 143 + Mo Py = 0-

Equations (12) were not involved in obtaining (11). Using the normalization condi-
tion (10), we find the steady-state probabilities by (8).

4. The system with Erlangian service times of n-th order

To calculate the steady-state probabilities in the case of n>4, we obtain
the system of equations:
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=1,(0)py + £, Pyomy = 0;

(LD + 1) Pyory + F2(0) po + 1, P21y =05

(2D + 1) Pyojy + HaDagjmy + HjiPro-y =0, 2<j<n—1;

=)+ 1) Prcony + 21, Pauny + 1 Prone1y = 05

(L) +2u) prany + [ (k=D iy + B Py =0, 2<k<m—1;

=24, Ppany + L m=Dp, 41y =0 (13)

(2 (R + py + 1) Doy + Lok =D Py g0y + By Prsiany + 244 Piany =05

2<k<m-1,;

—(#y + 13) Py + Lo (m =) P12y + 214 Dy = 05

(7 (k) + py+ 1) Py + Lk =Dy ) + By Prcaaiimy T B Prjny = 0
2<k<m-1,3<j<n-1;

=+ 1)y T 1M =1)p, 05y + Py =0, 3 <m;

(2B + gy + 1) Piimy + Fa(k =Dy yany + 21, Picsiony + Huc Picgin-1) = 05

2<k<m-1,;

=ty + 1) Py + (M=) py 14y + oyt Prin-ry = 05

—(A+ 2/1,.)]92(,,.) + LDy = 0, 2<i<m

—(A+ i+ 1) Pagavny Y20, P2a0) F B Paerisy =0, 2<i<n-—1;

—(A+ f; + 1)) Dryy + M Do jy + B Pag oy =0, 2<i<n-=2,

i+2<j<m
(2R +20) Priny + Fr(k =D Pyoin + Moo Prgiariy =0, 3<k<m—1,
2<i<m;

20Dy F L2 (M =D Py iy + My Py =0, 20 <m;
(L) + i+ 15,0 Pri gy + Lo (k=D Dy iy + 20 Priny + Bica Pr-1is1) = 05
3<k<m-1, 2<i<n-1,
=+ 1) Pty Y S =D Py 1y + 20Dy + i Prnicisny = 0
2<i<n-1I

(2 () + p + 1) Py + JoCk =D Py + Moo Prgimrjy + B Prgi -1y = 05

3<k<m—1,2<i<n-2, i+2<j<m
(i + B Py + J2(m =D Py 1)+ My Prgior gy T M1 P 1) = 05

2<i<n-2, i+2<j<m
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Introducing the notation p;,,

Po+ meoj) + ZZZPW

k=2 i=1 j=i

(13) we find:

- - 1

Piony =My Prony :m(ga(O)Jrﬂnpzl)a

Doy = ga—(l) o, (77j—1i71(0,j—1) + 77np2j)9 2<j<n-1;

- 1 -

Pran Z—(ga(k ~Dpeany + 77nPk+l,l)’ 2<ks<sm-l
o (k) +2

~ g,(m=1) _

Puan = Tpm 1(11)>

D) = ;( (K =D Pe12) + 2DPpany + 1, Pt 2)
LK)+, +1

2<k<m-1,;

1
D = m—1)p +2p R
Pu2) o (ga( )Pm—1(12) Pm(n))

D) = ( (E=DPe1a gy 1,20 Pkarjory + 1 Pra, /)

g, (k)+n,+1
2<k<m-1,3<j<n-1;

1 .
Pua = n,+1 (g“(m DBty + 1Pt - 1)) 3<jsn-l
J

p2(, 1) 2<i<n-1;

~ i
P e, @2,

Digiiy = (ga(k =D Ppyn + ﬂ;—lﬁk(,—l,,))a

1
g, (k)+2n,
3<k<m-1,2<i<n-1,

- 1 - - .
Puiin = g(ga(m - l)pm—l(u) + 77,'—1pm(,—1,,))> 2<i<n-l

1

1

Dy =———————
DT g ()4, 7,

(277;'}32(/,') + 77/—1l~72(/—1,;+1) ), 2<i<n-124

(14)

=pii»2<k<m, 1<i<n, and using equations
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- 1 - -
== =E— . ~+1n. . R
DPogipy 2, Q)+, +1, (77;—1172(,—1,]) 77]-1}72(1)/—1))
2<i<n-3,i+2<j<n—1;
- 1 - - -
Priiivny = 2 (k)47 + 7 (ga(k =D Diigiieny T 21 Priiy + it Digimrivny ),
3<k<m—-1,2<j<n-2;
- 1 - - -
Pugijsy = —(ga(m =D Dpriisny 20 Pwgiiy T Mt Pingicrinn) ), (15)
77/ + 77/+1
2<i<n-2;
ﬁk(g) = (ga (k- 1)]51{—1(;]) + 77,—11~7k(i—1,j) + 77/—11~7k(,,j—1))a

g (k) + 1, +1,
3<k<m—-1,2<i<n-3,i+2<j<n-];

D) :;(ga(m_l)ﬁm—l(y) F 4 Doy T 11 P 1—1))5

7+ 11, | |

2<i<n-3,i+2<j<n-1.

Recurrence relations (15) allow us to calculate p,,, and consistently obtain
the expression for

Dionys Projy> 1STSn=1 pPrayys 2Sk<m; Prny, 25k <m;
D3> Prayse-+> Prporys 2Sk<m=1; 0 p,q;, 3<j<n-1
Drays 25ks<m; Pynyy, 3S7Sn=1 Drasyp 3k <mg
Droays Pr(asyre- > Prapetys 3Sk<m—=1 P, 4<j<n—1
Drzzy» 25k<m; Dy, A< j<n—1;  Pyayy 3<k<m

i’k(35)>}~7k(36)w-ai’k(3,n—1)s 3<k<m-1; l~7m(3j)> 5<j<n-1

Diiiny» 25k<m; Dy, i+1<j<n=1 Py 3Sk<my

ﬁk(z,z+2)>l~)k(,‘7i+3),..-,f)k(m_])a 3<k<m- I ﬁm(,j), i+2< ] <n-1;
Drtn-ap-2ys 2Sk<m; Prus,y, 3Sk<m;
Din-tn-tys 25k <m,

as linear functions of the unknown parameters p,, (2<k <m, 1<i<n). To deter-
mine p,,;, we use system of n(m +1) equations
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(S, (k) + iy + 1) iy + Sk =D D1y + 21, i) +
+ My Pr(ipeny = 0, 2<k<m-1;
(1 + B) Py + L2 =D Py 1) + Byt Pt ery = 05
(22 +21,) D2y + Hyc1 Pagno1 ) = 05
—(f2 )+ fyy + 1) Poning) F 201 Prnetnety T Bea Poneany = 0
(22 + 1+ 1) Pajiny + HiaPaiciny T MuciPagin-y =0, 2<i<n-=12;
—(f,(k)+2u, )pk(nn) + fk— 1)pk—1(nn) + 1 Pren-iny = 0, 3<k=<m-1;
=24, Doy + S (M=) Pty + By Doty = 05
=2+ py + 1) Prnermy + J2 k=D Dy + 201 Prgnetneny +
+ My Prnamy =0, 3Sk<m—1;
(1 + 1) Pongnt iy + 2=V D101y + 201 Pty +
+ Ly s Prgn-apy = 03
—(f2 (k) + 1+ 18) Priny + S 2 (k=D Py_yimy + i Prgiciny +
+ My 1 Prin-1) = 0, 3<k<m-1,2<i<n-2;
= (Wi + 1) Prsagisy T L2 M+ D) Py T M1 Prsagiorg +
+ MUy Prsagisot) = 0, 2<i<s-2.

(16)

Equations (16) as well as the equation
=L (D + 2, Prcony T 21, Paguny T Ha-1Prcon-1) = 05

were not involved in obtaining (15). Using the normalization condition (14),
we find the steady-state probabilities by (8).

5. Numerical example

Consider a two-channel closed queueing system with an exponential distribu-
tion of the time generation of service requests and Erlangian service times of
the order n =10 for the following values of the parameters: m =12; A =1; x =20,
1<i<10.

The values of the steady-state characteristics of the system, found using
the recurrence relations obtained in this paper, are presented in Tables 1 and 2.
In order to verify the obtained values, the tables contain the computing results
obtained with the help of the GPSS World simulation system [6] for the time value
1=10°
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Table 1
Stationary distribution of the number of customers in the system
Values of the steady-state probabilities p,
¢ Recurrence method GPSS World
0 0.000004 0.000004
1 0.000055 0.000053
2 0.000440 0.000461
3 0.002605 0.002620
4 0.011830 0.011963
5 0.040833 0.040495
6 0.105048 0.104882
7 0.196206 0.196322
8 0.256876 0.256441
9 0.224423 0.224365
10 0.121478 0.122119
11 0.035863 0.036016
12 0.004340 0.004259
Table 2
Stationary characteristics of the system
Method E(n,) E(QO) E(W) Ay
Recurrence 8.000127 6.000191 1.500095 3.999873
GPSS World 8.002 6.001 1.500 -

6. Conclusions

The numerical algorithm for solving a system of equations for steady-state
probabilities, developed in this article, is based on the presence of three or four
unknowns in most equations. The constructed recurrence relations are used for
the direct calculation of the steady-state probabilities, that allows us to reduce
the amount of calculations in comparison with the case of application of the direct
or iterative classical methods. Using the obtained recurrence relations makes it
possible in the case of n=2 to directly calculate the steady-state probabilities,
in the case of n =3 to reduce the system of equations for the steady-state probabili-
ties for a single linear equation for the unknown parameter p, and in the case of

n>4 to reduce the number of solved equations from (n+1)(2+n(m—1))/2 to
n(m—1).
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