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1. Introduction

Let X, Y be two Banach spaces and D a nonempty open convex subset of X let
F : D — Y be an operator. Solving a nonlinear operator equation F(x) = 0 is a basic
and very important problem in computational and applied mathematics. A powerful
technique for solving such a problem is the Newton’s method defined by

Wnil = Wy —FV’VIIF(W,,), n € Np, (D

where wg € D is the initial point and Ng = NU{0}. The semilocal convergence anal-
ysis of method was first studied by Kantorovich [1,2]. Kantorovich’s result provides
a simple and transparent convergence criterion for the nonlinear operator with bounded
second Fréchet derivative F'. There are two disadvantages of Newton’s method (1).
The first step is to evaluate the Fréchet derivative of involved operator and the second
is to find exact solution of the following Newton equation:

Fw//,, (Wn+1 _Wn) = —F(Wn),l’l € Np ()

at each iteration. In many applications, when F\:/n is too large and dense, it may not
be feasible to solve equation (2) exactly. To avoid the first disadvantage of Newton’s
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method, a number of Newton-like methods have been developed in literature. To
overcome the second disadvantage of Newton’s method, linear iterative methods have
been extensively developed to find an approximate solution of Newton equation (2)
(see [3-8]). These methods have been initially introduced by Dembo et al. [9] and
are known as inexact Newton methods. The inexact Newton method is defined by

Xni1 :xn+vn,Fx'"vn = —F(xy) +yn, n€ Ny, 3)

where F is a continuously Fréchet differentiable nonlinear operator defined on
nonempty open convex subset D of Banach space X with values into another
Banach space Y and {y,} is a sequence of elements of ¥ which depends on {x,}.
The convergence behavior of method (3) depends on residual controls of {y, }. Avoid-
ing both disadvantages of Newton’s method, Morini [4] has proposed the following
inexact Newton-like method:

Xn41 :xn+slzaann:_F(xn)+rna n € Ny, “4)

where {r,} is a sequence in finite Banach space Y while {B,} is a sequence of invert-
ible operator from finite Banach space X to Y and established a local convergence
result for the inexact Newton-like method (4) under the following residual controls:

1 Purall < Mul|BoF (x) ||, 7 € No, 5)

where {P,} is the sequence of invertible operators from Y to X. In [5], Li and Shen
generalized the condition (5) by introducing the following condition

|Burall < Ml PLF (30)|]FFY, 1 € N, (6)

where 0 < k < 1 and established local convergence result of order K+ 1 for an inexact
Newton-like method (4). Assuming the Lipschitz continuity condition on Fx’; 'F’ and
adopting the following residual controls

IEL yall < Mall ' F () |71, n € No. (7)

Shen and Li [6] established a Kantorovich-type convergence criterion for the inexact
Newton method (3). Assuming the residual controls (7) with k = 1, the y-condition
and the Smale’s o-theory have been established by Shen and Li in [7] for the inexact
Newton method (3).

Recently, Xu et al. [8], Argyros and Santosh George [10] have studied semilocal
convergence analysis of the inexact Newton method (3) under the residual controls
(7) withk=1and F}~ F’ satisfy the following weak Lipschitz condition (see [8,10]).

e P (xy)
I F=FOI < [ Llwdu ®)
px)
for all x € B,(xo) and y € B(,_p(y)[x], where r is a positive real number, p(x) =
= |lx—xoll, p'(xy) = ||x—x0|| +|[x—y|| < rand L: [0,r] — [0,) is a nondecreasing
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integrable function.

The above discussion is based on the assumption that the involved operator is
Fréchet differentiable. In various cases, the nonlinear operator may not be Fréchet
differentiable, though it can be dissolved as a sum of two nonlinear operators such
that one is Fréchet differentiable and second is continuous. So, we consider the
following generalized operator equation:

F(x)+G(x) =0, )

where F,G : D — Y are nonlinear operators defined on a nonempty open convex
subset D of a Banach space X with values in another Banach space Y such that F' is
Fréchet differentiable operator at each point of D and G is a continuous on D. This
brings us to the following natural question:

Question 1 Is it possible to develop an inexact Newton-like method for solving non-
Fréchet differentiable operator equation (9)? O

The purpose of this paper is to introduce a new inexact Newton-like algorithm and
discuss its semilocal convergence analysis for finding the approximate solution of
generalized operator equation (9). Since our assumptions on F' and G in generalized
operator equation (9) are fairly general, our main result covers a wide variety of
nonlinear operator equations. In fact, our main result provides an affirmative answer
of Question 1 and also significantly improves the corresponding results of [7,8, 10].

2. Preliminaries

In this section, we give some definitions and lemmas which are useful in the main
result of the paper.

Lemmal [10] Let R,r,A,®,b and p be real numbers such that 0 < r <R, A >
0,w>1,p>0and0<b<1. Let L and Ly be two positive nondecreasing integrable
functions defined on any involve intervals. Define two functions f,g: [0,R] — R by

f(t)=/1—bz+pt2+w/0tL(u)(t—u)du70§ISR (10)

g(z):A—t+w/0'Lo(u)(z—u)du,o<t<R. (11

Let rp, s, and © be real numbers which are given by:

rp = sup{r € (0,R): a)/rL(u)du-FZPr < b}, (12)
0

sb:brb—prg—a)/o bL(u)(rb—u)du (13)
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R
and © = a)/ L(u)du+2pR. Then, we have the following:
0

_[ R ifo<b, ) _ " .
(a) rb—{ W ifo>b where r;, € [0,R] is such thata)/o L(u)du—+2pr), =b.

r, r
(b) sp > a)/ : L(u)udu+p(r})* if 6 < b and s, = a)/ hL(u)udu+p(r§))2 ifoc>b.go
0 0

Lemma 2 Suppose all the assumptions of Lemma 1 hold, A < s, and Lo(t) < L(t)
foreacht € (0,r]. Then, we have the following:

(a) The function f is strictly decreasing on [0, rp]| and has a unique zero t* € [0, rp]
satisfying A <t*.

(b) The sequence {t,} generated by

Stn)
g'(tn)’

is strictly increasing and converges to t*. Moreover,

to=0, thyy1=1t,— neN (14)

i1 <t, <t*,n € Ny.

Proof: We shall prove this lemma by method of mathematical induction. One can
easily observe that 0 =7y <t; = A <t*. Let k > 1 be positive integer. Assume that
the following hold forn =1,2,3,---  k

ty > tg—1. (15)

Since g” (t) = wLy(t) > 0, this implies that —g’ is strictly decreasing on [0, r,]. Hence
Tp b
() > -2 () > () =1—0 / Lo(w)du>1—o / L(w)du > 0.
0 0

Note that f(#) > 0 on [0,77]. It follows that
i)

tga1 =1t — > 1.
* g (t)

Thus (15) hold for n = k+ 1. Therefore, by mathematical induction (15) is true for
all n € Ny.
Define a function .4 on [0,7] by

t
Since g’(t) < 0on [0,¢*] and f(¢*) = 0, which implies lim f/((t)) =0and A (") =t".
t—t* g

Thus the function .#(¢) is well defined and continuous on [0,7"]. Now for each
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€ [0,¢*], we have

W,(t):—g’()( ()( g(tgt))z)Jrf() g (1)

Thus .#(¢) is monotonically increasing on [0,7*] which implies that

> 0.

ty <ty =N (ty) <AN({")=1t".

This completes the proof. O

Lemma 3 Let X and Y be two Banach spaces, D a nonempty open subset of X and
A(x) € B(X,Y),x € D such that A(xo) ! exists for some xo € D. Let r > 0 be such that
B,(xo) C D and Ly : [0,r] — R a positive nondecreasing integrable function. Assume
that the following conditions hold:

(=2l

(Cl) ||A(x0)71(A(x) —A(x))|l < /0 Lo(u)du for all x € B,(xo);

(C2) /OrLo(u)du <1 .

Then, for all x € B,(xy), A(x) is invertible and

1 1
laG) Al < <- : (16)
1= ol o (uyau — &' (Ix=xoll)
Proof: Let x € B,(xg). Then
11— A(xo) "A@)= [[A(x0) " (A(x) —A(x0))|
[lx=xo]|
/ Lo(u)du < 1. (17)
0
By Banach Lemma, we have
- 1
lA@) Ao < ——— : (18)
- Lo(u)du
Note
, [lx—=xo]| [lx=xol|
—g(||x—xo||):l—a)/ Lo(u)du < 1—/ Lo(u)du.
0 0
This implies that
1 1
19)

<—= .
1— ol uyau =~ & (Ix—xoll)

Thus, (17) follows from (18) and (19). This completes the proof. O
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3. Semilocal convergence analysis

In this section, we propose a new inexact Newton-like method and study its
semilocal convergence analysis.

Algorithm 1 Let X and Y be two Banach spaces, D a nonempty open convex subset
of X and xo € D. Let F : D — Y be a nonlinear Fréchet differentiable operator and
G : D — Y is a continuous operator and A(x) € B(X,Y) an approximation of F, for
x € D such thatA(xo)*1 exists. Let xo be an initial guess. For the given residual ry
and the iteration x,, we defined the next iterate x,, 1 as follows:

Xn+1 = Xp + Sn, A(xn)sn = _(F(xn) + G(xn)) +7r,, n€ Ny, (20)

where {r,} C Y and in general depends on {x,}. o

Let {r,} satisfy the following residual controls:
1A (x0) ™ ral| < nn”A(XO)il(F(xn) + G(xn))Hz, n € No, (21)

where {1, } is the sequence of forcing terms such that 0 < 1,, < 1 for all n € Ny with

1N = sup{m,}.

Now we shall discuss the semilocal convergence analysis of Algorithm 1 under
the condition (21) and the following weak Lipschitz condition:

DR P’ (xy)
AGo) M (F=F)I< [ Lwdu 22)
px)

for all x € B,(xo) and y € B,_py[xo], where p(x) = [|x — x|, p'(xy) = []x —xo|| +
|lx—y|| <randL:[0,r] — R is a positive nondecreasing integrable function.

Theorem 1 Let X and Y be two Banach spaces, D a nonempty open convex subset
of X and xy € D. Let F : D — Y be a nonlinear Fréchet differentiable operator and
G : D — Y is a continuous operator and A(x) € B(X,Y) an approximation of F, for
x € D such that A(xo)*1 exists. Suppose that all the assumptions of Lemma 2 hold.
Assume that (C1),(C2), (21), (22) and the following conditions hold:

(C3) ||A(x0) ™" (F (x0) + G(x0)) || = B for some B > 0;

(C4) |A(xo) N (G(x) —G())|| < K||x—y|| for all x,y € D and for some K > 0;
(C5) ||A(xo) Y (A(x) — F))|| < & for all x € D and for some & > 0;

(C6) VAl|A(x0) ™" (F(x0) +Glxo))l| < 1,

(1 +f§Lo(u)du)2
(1=

(€7) p=no K=K+8,0=1+y0, b=1-(1+y0)k o
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Assume that A = o3 < min{1/y/1,sp} and By[xo] C Br(xo). Then, the sequence
{xn} generated by inexact Newton-like method (1) is well defined, remains in By~ [xo]
and the following assertions hold:

(@) |A(x) " Alxo)|| < —g'(tn) " nEN;
(b) VllA(xo) ™ (F(xa) +G(xn))| < 1,n €N;
(¢) |[xnr1 —Xnl| < tyg1 —ty,n € No, where {t,} is a real sequence given by (14).

(d) The sequence {x,} converges to the solution x* € B+[xy| of equation (9) with
the following estimate:

3" —xa|| < 1° —tn, 1€ N

Proof: Note that A < min{1/+/7,s,}. Thus, Lemma 2 is applicable. Hence the
sequence {7, } generated by (14) is strictly increasing and converges to t*. For xo € D,
using Algorithm 1, (C3), (C6), (21) and (14), we have

et =0l < [lAGx0) ™ (F(x0) + G(x0)) | +[|A(x0) ™ol
= (1+vM)llA(x0) ™ (F (x0) + Glxo)) | < (1+ym)B =11 <1*

Thus, x| € By (x0). We now proceed with the following steps:
Step I: (a) — (¢) hold for n = 1.
From (16), we have

IAGe) ™ Axo) || < —g' (1)~ (23)
Using Algorithm 1 and (21), we have

1A(x0) ™" (F (x1) + G(x1))]]
= [A(xo) " (F(x1) 4+ G(x1) — F(x0) — G(x0) — A(x0) (x1 — x0)) +A(x0) " ro|
+A(xo)*lr0 —i—A(xo)*1 (G(x1) — G(x0)) H

L ptllxi—xo|
< /0 /0 L(u)duljx; — xo||dt +1|A(x0) ™ (F (x0) + G(x0))||> + &||x1 — x0]|

Again, by using Algorithm 1, we have
14 (x0) ™" A (x0) (21 —x0) || > [|A(x0) " (F (x0) + G(x0)) || = |A(x0) "' ro|| and

Ilx1—xoll > [|A(x0) " (F(x0) + G(x0)ll — VN[l A(x0) ™" (F (x0) + G(x0))
> (1= /M)[|A(x0) ™" (F (x0) 4+ G(x0)) - (24)
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Using (24), we have

(14 VDIAGo) ™ (F () + Gx))|
_ T L ol — )t —T |
= (+\/ﬁ)(/ u)(||x1 —xo u)du (17\/ﬁ)2 X1

< a)/ )01 — u)du+ pr? + (14 k(t —10) = f(1). (25)

ol 4l —xou)

Note that f is decreasing on [0,7*]. This implies that
(1+ v AGo) ™ (F (1) +Glx))[| < f(11) < f(to)) =2 and

VA0 (Fs)-+ Gl )| < 520 = G (o) + Gl < 1.
From Algorithm 1, (23) and (25), we have

1A Ge) A xo) | (1A (xo) ™ (F (x1) + Gla)) || + A (x0) i)
(1M [AG) ™ Alxo) [ 1A (x0) ™" (F (x1) +Gx1)) |
f(t)
= — =t —t 26
gl 2h (26)
and ||x2 —xol| < ||x2 —x1|| + [|x1 — x0|| <12 <#*. Thus, x3 € B+ (xp).
Step II: (a) — (¢) hold and x,, € B;+(xg) for all n € N.
Let k > 1 be a positive integer. Assume that (a) — (¢) hold forn =1,2,--- k.
Using triangular inequality, we have

A

[[x2 —x1]

|11 = xol| < flotksr —xil| + [l = xol| <t =10 <17
This implies that x| € B[xo]. From Lemma 3, we have
1A Gee1) Alxo) | < =8 (1) ™!
Using Algorithm 1, we get

1A (x0) ™" (F (xk41) + G(xir1)) |
1A(x0) ™ (F (xp1) + Gorsr) — F (1) — Gx) — A(xg) (1 — xx0)) +Alxo) "L rg|

[l =20 [| ¢ vk 1 —2xi | .
[ L(u)duer =5t + et =l + A o) 'l

[k —xo |

[kt =l
= /O (ot =5l =)Ll = xo ]| +v)edv + llxicer = xil| + 1A (o) ™ el

Again using Algorithm 1, we have

1A (x0) " Ae) (et —x) | = |AGx0) ™ (F () + Gw)) || — A (x0) ™"
> (1= /M)l A(x0) ™ (F (xe) + Gx) |,

Vv
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which implies that

14 (x0) ~"A (o) ||l tres 1 — e

=y

1A (x0) ™" (F () + G || < 27

Now
1A(x0) 'A(w)|| = HI+A|(XO)|1 (A(xk) —Alxo)) | t
< 1+/0 o Lo(u)dugl—i—/okLo(u)du. (28)
Using (27) and (28), we have
(1+vm)[[A(x0) ™ (F(x11) + Glaarn))|

(k41 —xe |
< o [ e =l =L =l )+ (1 R —
R 2
A G
+ nl++v/n Xk — X
TENGIE k1 — Xk
The+1— Tk
< (0/0 (11—t = V)L(te+v)dv+ (14 /M) Kt — 1) + P (11 — 1)
Tit1
= (D/ (tk+1—u du—a)/ tk—u du—a)/ L l‘k+1—l‘k)d
0
+ P — 17 — 2t — 1)) + (L4 /M) Kkt — 1)
< fltinr). (29)

Since f is decreasing on [0,7], then

(1 +\/ﬁ)HA(x0)71[F(xk+1) +G(Xk+1)]ut< f(ter1) < f(to) =A and
VITIAGo) ™ (F (okg1) + G )| < 1+\Ff VTl[A(x0) ™! (F (x0) + G(x0)) || < 1.

Using Lemma 3 and Algorithm 1, we have

ka+2 — Xk+1 H
< HA(ka)*lA(XO)H(HA(XO)A(F(xk+1)+G () + 1A (x0) ™ rest [])
< (T4 VM) A1) AGo) [ |A (o) ™ (F (k1) + G oxsn)) |
< _f/(tkﬂ) =2 — lit1 (30)
g (tkv1)

this implies ka+2 —X()H < ka+2 — Xk+1 || + ka+1 —)CQH <tyo < .

Therefore, (a) — (¢) hold for n = k+ 1. Hence, by mathematical induction
(a) — (c) is true for all n € N.
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(d) For m,n € Ny, using triangular inequality, we have

m+n—1 m+n—1
Hanrm _xn” < Z ”karl _ka < Z (tk+1 _tk) =tmtn —In- (31)
k=n k=n

Taking n=01n (31), we get ||x, —xo|| <t —10 <t*,m € Np.
Thus, x;, € By (xo). By the definition of majorizing sequence, sequence {x, } must
be a Cauchy sequence, and it converges to x*. Taking limit as m — oo in (31), we have

|X* —xu|| <t° —1,.

This completes the proof. i
If we take A(x) = F}, x € D, then inexact Newton-like method (1) reduces to

Xnt1 = Xn+Sn, Fy Su = —(F(x2) +G(xa)) +ra, neNo, (32)

where {r,} is a sequence in Y which is generally dependent on {x,}. Assume that
sequence {r,} satisfies the following residual controls:

1Eg rall < Ml Bl (F (x0) + G ) |I?, 1 € N, (33)

where {n,} is the sequence of forcing terms such that n = sup{n,} < 1 and F;(;lF !
satisfies the weak Lipschitz condition (22) with A(xg) = Fx’o.

Corollary 1 Let X and Y be two Banach spaces, D a nonempty open convex subset
of X, xo € D. Let F : D — Y be Fréchet differentiable operator such that Fx’; U exists
and G : D —'Y a continuous operator. Suppose that all the assumptions of Lemma

2 hold and F satisfies (22), (C1),(C3),(C4), (61‘6) with A(xo) = F,, (33), (C2), (C7)
with § = 0 and assume that A = off < min{—n,sb}. Then, the sequence {x,} gen-

erated by (32) is well defined, remains in By|xo| and for each n € Ny the following
assertions hold:

(@) |IFFL | < —g' ) (b) VAIEL (Fm) + Gls) < 1,

(c) |xn+1 — Xnl|| < tyg1 —tn, where {t,,} is a real sequence generated by (14) and

(d) The sequence {x,} converges to the solution x* € By+[xy] of equation (9). More-
over,

3" — || < £ — tpyn € N,

4. Kantorovich type condition and y-condition

In this section, we show that some well known results are the special cases of our
main result.

Set A(x) = F] for all x € D, n, = 0 for all n € Ny and L(t) = L for all t > 0
a positive constant in Theorem 1, we have the following result:
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Corollary 2 Let X andY be two Banach spaces, D a nonempty open convex subset of
X, x0 €D. Let F : D =Y be Fréchet differentiable operator such that Fx'of Vexists and
G : D — Y a continuous operator. Assume that F satisfies (C3), (C4) with A(xo) = Fy,
and the following conditions:

(C8) ||F)C/(;1(F)C' —F))|| < L|lx—yl| for all x,y € D and for some L > 0.

_ BL 1
() h=q—gp <7
1-VI=2h B

Let B+ |xo| C D, wh =
et By~ [xo] where v ; K

. Then, the sequence {x,} generated

by Newton-like method
Xpi1 = Xp — Fx’;l (F(xp) 4+ G(xn),n € Ny
is well defined, remains in B,-[xo] and converges to the solution of equation (9). o

Proof: Set L(t) = Lforallt >0, 1, =0 for alln € Ny and A(x) = F, for all x € D in
Theorem 1, we obtain 6 = 0,11 =0,b = 1 — K and ® = 1. Thus, equations (10) and
(11) reduces to

Lt? Lt?

respectively. One can easily observe from (12) and (13) that r, = and
1-K)?
sp = (ZL) The assumption (C9) gives the convergence criterion f = 4 < sp.
1—+v1-2h
Thus the equation f(r) = 0 has a solution v* = h ] P X such that

1—K)?
Wng( )

Thus, all the assumptions of Theorem 1 are satisfied. Therefore, the proof of this
Corollary follows from Theorem 1. This completes the proof.

Let 0 < % < vand F : D — Y have continuous second Fréchet derivative and
satisfy the y-condition [3,6,7]

1 2y
1—1 <
I F 0l < e (34)

1
forall x € By(x),0 <r < ¥ Define

2 1
b _o<i<— 39

1
0<t< - and Ly(t) = —2
3 Y o) = T %

- (1-m)

1
Clearly Lo(t) < L(t) forall 0 <t < P and functions f and g defined by (10) and (11)

reduces to
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2 2
vyt 1 Yt 1
1) = A —bt+pt*+ O0<t<—and gy (t)=A—1t+ 0<t < —
fy(0) P - y 8y (1) 1— %1 %
respectively. One cane easily observe from (12) and (13) that r,, and s;, satisfy
1 yr,%
ol ——-—1 =band sp = —2—. 36
() o= pantsn= 20 G0
Then the corresponding convergence criterion of Theorem 1 becomes
4G (F (o) + Gl < — 2
~ (1=m)?

In the special case when 1, = 0 for all n € Ny, then 1 = 0 and C(7) implies that
p=0,xk=K+06,b=1—x,m=1. From (36), we have

(1 1 >1and 1+b<1 1 >2
rp, = — - Sp — - .

V1+b) Y Y V1+b
Corollary 3 Let X and Y be two Banach spaces, D a nonempty open convex subset
of X and xo € D. Let F : D — Y be a nonlinear Fréchet differentiable operator and
G : D — Y is a continuous operator and A(x) € B(X,Y) an approximation of F, for

x € D such that A(xo) ™" exists. Assume that (C3) — (C5) and the following conditions
hold:
1 1
(I=10llx=xl)>
(€1 AGa) ™ (F R < 1 =TT
(I=rlx=xoll =l —y1)* (1 —=7¥lx—xol])?

forall x,y € By [xo] and ||x —xo|| + ||x — y|| < 5%, where

(C10) [|A(x0) " (A(x) — A(x0))| <

e b+Ay—+/(b+Ay)2—4Ay(1+Db)
N 2(1+Db)y

Let By <2+4b—2v1+b. Then the sequence generated by Newton-like method

Xpi1 :xn—A(xn)_l[F(xn)+G(xn)],n e Ny (37

is well defined, remains in By x| and converges to the solution x* of operator equa-
tion (9). Moreover, ||x,+1 — Xn|| < Spt1 —sn and ||x* —x,|| < 5* —s,,n € Ny, where
{sn} is real sequence generated by

fy(sn)
83/0 (sn)”

Proof: If we take L and Ly defined by (35) and 1 = 0 in Theorem 1, then the proof of
Corollary 3 follows from Theorem 1. O

neN.

50 =0,8,41 =5, —
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Remarks
(1) If Lo = L and G = 0, Corollary 1 reduces to [8, Theorem 3.2].

(2) Corollary 1 is an improvement over the [8, Theorem 3.2] in the sense of larger
convergence domain and tighter error bounds.

(3) If A(x) = F/,G(x) = 0 for each x € D C X and Ly(t) < L(¢) for each ¢ € [0,7],
then Theorem 1 reduces to [10, Theorem 2.2].

(4) For the choice of G = 0, Corollary 2 reduces to the well known Newton Kan-
torovich theorem which was already discussed by Wang [11] and Tapia [12].

5. Conclusions

In this paper we improved and extend the inexact Newton-like methods [7, 8, 10]
in the context of differentiability of involved operator and introduced an inexact
Newton-like algorithm for solving the generalized operator equations. We discussed
the semilocal convergence analysis of our algorithm under the weak Lipschitz condi-
tion.
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