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Abstract. The climb is the steep fragment of the road. In road cycling, climbs should be 

categorized by the effort necessary to overcome it. Two values have the greatest influence 

on a difficulty of the climb: its average slope (rise/run ratio) and length. A simple approach 

to describing a climb's difficulty is multiplication slope squared and run. In this paper,  

the beginning of the climb is mathematically established to get the most reliable difficulty 

index. Moreover, it is presented a special case where the value of difficulty index does not 

depend on the location of the beginning point. 
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1. Introduction 

An important issue in road cycling is overcoming steep fragments of the course. 

In [1] it is said, that the mountain passes (besides the time trials) have a major  

impact on the final overall standings. Steep fragments of the roads, many times 

ended by a mountain pass, in cycling are usually called climbs. This term is used, 

for example, in [2] and [3]. 

It is necessary to describe and classify climbs, for instance, to establish a cate-

gory of a mountain pass. As mentioned in [1], two values have the greatest impact 

on a climb’s difficulty: its length and slope. 

The slope is a rise/run ratio, usually given in percent. Rise (in this paper denoted 

by ℎ) is the difference between the altitude of the end of the road and the altitude  

of the beginning of the road. Run (denoted by �) is just the horizontal length of  

the road (see Fig. 1). Therefore, the average slope (denoted by �) of the climb is 

expressed by the formula 

� = ℎ�. (1) 
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Similarly, in [4] a climbing index is defined, but 

culty of the whole race (the total climbed altitude divided by the total distance).
 

It is good to have one value describing the difficulty of the climb 

like to compare different 

run and slope. One approach to calculating climb difficulty is presented in [5] 

by the formula 

Similar formulas are used in some websites containing descriptions of various 

climbs. This formula is quite simple (even for non

needed values. Simpler formula 

only on rise ��� = �
� �

 

The important issue is the delimitation of the climb from the whole road profile. 

The end of the climb is usually intuitively located close to the peak, but establis

ing the beginning is usually 

and the slope increases bit by bit (Fig.
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Similarly, in [4] a climbing index is defined, but that value describes the diff

culty of the whole race (the total climbed altitude divided by the total distance).

 

Fig. 1. Rise and run of the climb 

It is good to have one value describing the difficulty of the climb 

like to compare different climbs with each other. This value should depend both: 

run and slope. One approach to calculating climb difficulty is presented in [5] 

	 = �
� = ℎ

� . 

Similar formulas are used in some websites containing descriptions of various 

climbs. This formula is quite simple (even for non-scientific use) and includes both 

needed values. Simpler formula 	 = �� would be incorrect, because it depends = ℎ�. 

Fig. 2. Climbs with not obvious beginnings 

The important issue is the delimitation of the climb from the whole road profile. 

The end of the climb is usually intuitively located close to the peak, but establis

ing the beginning is usually not obvious. Often, the initial part of the road is flat 

and the slope increases bit by bit (Fig. 2a). In this case, longer climb has got 

that value describes the diffi-

culty of the whole race (the total climbed altitude divided by the total distance). 

- we would 

climbs with each other. This value should depend both: 

run and slope. One approach to calculating climb difficulty is presented in [5] 

(2) 

Similar formulas are used in some websites containing descriptions of various 

scientific use) and includes both 

would be incorrect, because it depends 

  

The important issue is the delimitation of the climb from the whole road profile. 

The end of the climb is usually intuitively located close to the peak, but establish-

not obvious. Often, the initial part of the road is flat 

2a). In this case, longer climb has got  
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a greater length, but a smaller slope. Another example is that sometimes the road 

rises and then falls a little again (Fig. 2b). In this case, the first climb may be  

included or not. 

In this paper, we are looking for a point where we should establish the begin-

ning of the climb to get the most reliable difficulty index t. 

2. Definitions 

Let us observe that every road profile can be identified with the graph of a certain 

function f where the horizontal distance of the point from beginning of the road 

turns into its altitude. An example of this graph is presented in [2], where it is called 

an altitude profile. Of course, the formula of ��
� is unknown (it comes from area 

measurements), but we may assume that it is continuous and differentiable. 

Let 
� be an argument where the function � attains its local maximum. We are 

interested in determining the difficulty of a part of the road ahead of this point.  

In other words, if a point �
�, ��
��� is the end of the climb, we are looking  

for the beginning point �
, ��
�� for which the difficulty index of the road is  

the greatest. Obviously, 
 ∈ [0, 
��. 

According to (1) for the points �
, ��
�� and �
�, ��
��� we can introduce its 

slope as a function 

��
� = ��
�� − ��
�
� − 
  (3) 

where 


 ∈ [0, 
��. 

Similarly, from (2) we can describe the difficulty index as a function t de-

fined as 

	�
� = ���
�� − ��
�
� − 
 �
 �
� − 
� = ���
�� − ��
��


� − 
  (4) 

where 


 ∈ [0, 
��. 

We are looking for the maximum of the function t. 

3. Calculations  

From (4) we may describe a more general case, where t is defined as 

	�
� = ���
�� − ��
�
� − 
 �� �
� − 
� = ���
�� − ��
���
�
� − 
����  (5) 
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where 


 ∈ [0, 
��. 

Theorem 1. Let �: [0, 
�] → ℝ be continuous and differentiable. If 
 ∈ [0, 
�� 

is an extreme point of the function 	: [0, 
�� → ℝ given by (5) then ��
� =  ��
�� 

or �′�
� =  ���
�

 �!"�� �!�
!"�! . 

Proof. Applying the differentiability of � at 
 ∈ [0, 
�] we easily get the fol-

lowing identities: 

	#�!� = $%��
�� − ��
�&�
�
� − 
���� '

#
=

= (%��
�� − ��
�&�)′�
� − 
���� − %��
�� − ��
�&�[�
� − 
����]′
�
� − 
�
����� =

= *%��
�� − ��
�&�%−�#�
�&�
� − 
���� + �* − 1��
� − 
���

�
� − 
�
����� =

= %��
�� − ��
�&����
� − 
���
-*�−�′�
���
� − 
� + �* − 1�%��
�� − ��
�&.�
� − 
�
����� =
= %��
�� − ��
�&���-−*�#�
��
� − 
� + �* − 1�%��
�� − ��
�&.�
� − 
�� . 

Since a necessary condition for x to be an extreme point of 	 is 	#�
� = 0, we 

get ��
�� − ��
� = 0 

or 

−*�#�
��
� − 
� + �* − 1�%��
�� − ��
�& 

therefore 

 ��
�� = ��
� (6) 

or 

�#�
� = �* − 1�%��
�� − ��
�&*�
� − 
� . (7) 

The case (6) is not useful in our consideration (in this case 	�
� = 0), so let us 

consider the case (7). From (3) and (7) we get 

�#�
� = * − 1* ��
�. (8) 

It is an interesting observation. The value �′�
� is a local slope of the function � 

in the point 
. Thus, there is the following remark. 
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Remark. An optimal beginning point of the road is in the point where the local 

slope equals the average slope of t
 

by  

���
� . 

For p = 2 difficulty index is defined in (4) and an optimal beginning point fulfils 

the necessary condition

4. Graphic interpretation

Figure 3a shows an altitude profile of the road described by the function 

��
� = −50 cos 3 4!
�5556

�′�
� = 4

5 
 sin 3 4!

�5556
called a gradient profile

slope defined by the function (3) and the dashed line presents a half of this 

function. 

Figure 3c shows the difficulty index defined by (4). From Figures 3a and 3c, 

we can read that difficu

the local slope equals a half of the average slope.

 

Fig. 3. Graphs relevant to the profile defined by 

As was mentioned in Section 2, in practical cases the formula of 

unknown. There is usually only an altitude profile read available from measurements

or a numerical terrain model. Using the altitude profile is possible to, with some 

accuracy, draw a gradient profile and graph on the average slope and this way

estimate a point where the difficulty index is the 

Figure 4 is similar to Figure 3, but presents a more complex road profile. In this 

case, the climb contains a little downhill inside. The local slope of 

a half of the average slo

attains its local extremum.

Searching the beginning of the climb to get the most reliable difficulty index 

An optimal beginning point of the road is in the point where the local 

slope equals the average slope of the road from that point to the peak multiplied 

2 difficulty index is defined in (4) and an optimal beginning point fulfils 

the necessary condition 

�#�
� = 12 ��
�. 
Graphic interpretation 

Figure 3a shows an altitude profile of the road described by the function 

6 + 300. In Figure 3b the solid line presents the function 

6. It is a local slope in each point 
, in [3] graph like this is 

profile. On the same graph, the dotted line presents the average 

slope defined by the function (3) and the dashed line presents a half of this 

Figure 3c shows the difficulty index defined by (4). From Figures 3a and 3c, 

we can read that difficulty index attains its maximum in the same point where 

the local slope equals a half of the average slope. 

Fig. 3. Graphs relevant to the profile defined by ��
� = −50 cos 3 4!
�5556 + 300

As was mentioned in Section 2, in practical cases the formula of 

unknown. There is usually only an altitude profile read available from measurements

or a numerical terrain model. Using the altitude profile is possible to, with some 

accuracy, draw a gradient profile and graph on the average slope and this way

estimate a point where the difficulty index is the greatest. 

Figure 4 is similar to Figure 3, but presents a more complex road profile. In this 

case, the climb contains a little downhill inside. The local slope of this 

a half of the average slope in three points. In each of them, the difficulty index 

attains its local extremum. 
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An optimal beginning point of the road is in the point where the local 

he road from that point to the peak multiplied  

2 difficulty index is defined in (4) and an optimal beginning point fulfils 

(9) 

Figure 3a shows an altitude profile of the road described by the function 

. In Figure 3b the solid line presents the function 

, in [3] graph like this is 

. On the same graph, the dotted line presents the average 

slope defined by the function (3) and the dashed line presents a half of this  

Figure 3c shows the difficulty index defined by (4). From Figures 3a and 3c,  

lty index attains its maximum in the same point where  

 

300 

As was mentioned in Section 2, in practical cases the formula of ��
� is  

unknown. There is usually only an altitude profile read available from measurements 

or a numerical terrain model. Using the altitude profile is possible to, with some 

accuracy, draw a gradient profile and graph on the average slope and this way 

Figure 4 is similar to Figure 3, but presents a more complex road profile. In this 

 road equals 

pe in three points. In each of them, the difficulty index  
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Fig. 4. Graphs relevant to the profile defined by 

5. A special case of the road

We can ask the following question: is there any road profile, that no matter 

which point we choose as the beginning point, the difficulty index is the same? 

It would have to be a function that in each point 

we have: 

where ; is a constant. Multiplying both sides of (10) we have

therefore 

 ��

√; is just another constant, so without any loss of generality, (11) can

��
Example of this function is given in Figure 5.

 

Fig. 5. The graph of the function 
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Fig. 4. Graphs relevant to the profile defined by ��
� = −10 cos 3 =4!
�5556 + >

�5? 



A special case of the road 

We can ask the following question: is there any road profile, that no matter 

which point we choose as the beginning point, the difficulty index is the same? 

It would have to be a function that in each point 	�
� is the same. Hence, from (4) 

���
�� − ��
��


� − 
 = ;, 
 ∈ [0, 
�� 

is a constant. Multiplying both sides of (10) we have 

���
�� − ��
��
 = ;�
� − 
� 

�
�� − ��
� = @;�
� − 
�, 
 ∈ [0, 
�� 

is just another constant, so without any loss of generality, (11) can be written as

�
� = ��
�� − ;@
� − 
, 
 ∈ [0, 
�� 

Example of this function is given in Figure 5. 

 

Fig. 5. The graph of the function ��
� = 10 − √10 − 
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We can ask the following question: is there any road profile, that no matter 

which point we choose as the beginning point, the difficulty index is the same?  

is the same. Hence, from (4) 

(10)

(11) 

be written as 
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6. Conclusions 

If the difficulty index is defined by 	 = ���, an optimal place to establish  

the beginning of the climb is in one of the points where the local slope equals  
 

the average slope of the road from that point to the peak multiplied by  

���
� . 

The simplest variant is * = 2. In this case, the difficulty index is defined by 	 = �
� and an optimal point to set the beginning of the climb is in one of the 

points, where the local slope equals a half of the average slope from that point  

to the end of the climb. 

The number of these points may be greater than 1, in some cases, presented  

in section 5, this number is infinite. 
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