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Department of Mathematics, Faculty of Science, Muğla Sıtkı Koçman University
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Abstract. It is difficult and essential to determine appropriate boundary conditions for the
flow averages because they depend on the behavior of the unknown flow near the wall.
Large-eddy simulation (LES) is one of the promising approaches. LES estimates local spatial
averages u of the velocity u of the fluid. The main problem is modeling near-wall turbulence
in complex geometries. Inspired by the works of Navier and Maxwell, the boundary
conditions are developed on the wall. In this study, the appropriate friction coefficient for
2-D laminar flows is computed, and existing boundary layer theories are used to improve
numerical boundary conditions for flow averages. The slip with friction and penetration with
resistance boundary conditions are considered. Numerical tests on two-dimensional channel
flow across a step using this boundary condition on the top and bottom wall and the step are
performed.
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1. Introduction

Large-eddy simulation (LES) is one of the valuable approximations for dynamic
features of the flow. LES estimates local, spatial flow averages above a prespecified
length scale δ . Predicting the behavior of turbulent flows is a common phenomenon
in engineering. Turbulence arising from a flow and a wall interaction is an essential
model in Large-eddy simulations (LES). This interaction is usually seen in complex
geometries. Thus, the difficulties arising from LES in engineering applications cause
to find appropriate boundary conditions for flow averages. Flow averages (with con-
stant averaging radius δ ) are not naturally local, and these flow averages behave
like unknown, primary turbulence flow near the boundary. The problem of finding
boundary conditions with a constant averaging radius δ is called Near Wall Model-
ing in LES. This boundary condition is also known as Near Wall Model (NWM) [1].
We consider this problem in this study.



40 Ö. İlhan

The flow over a backward-facing step is a fundamental benchmark problem as it
occurs in many applications in engineering. These engineering applications include
the flows around the buildings, inside combustors, industrial ducts, and cooling of
electronic devices. In these phenomena, separation, recirculation, and reattachment
are essential in transporting momentum in the flow. Separation, recirculation, and
reattachment can be explained with this example. Inside an expanding duct, recir-
culation influences the recovery of the flow downstream from the expansion. From
this event, it can be concluded that the separation of the boundary layer from the
surface occurs by a reverse pressure gradient. This gradient causes the formation of
a mixing layer that attaches to the surfaces. The flow over a backward-facing step is
an example of the geometry of these events.

The NWM model was firstly studied by Deardoff [2] in LES. A nonlocal condition
on the wall shear stress was firstly used by Schumann [3]. These NWMs are nonlocal.
Thus, LES models are challenging to solve with these boundary conditions. However,
they can be examined as containing a normal derivative of the wall stress against
a complex condition since this imposes higher-order boundary conditions than the
equations do. (Therefore, there are many chances for mathematical understanding of
existing NWMs.)

There are different approaches to NWM. Recently, Bose has applied a dynamic
slip boundary condition to wall-bounded large-eddy simulation [4]. Also, Bostrom
has studied boundary conditions for spectral simulations of atmospheric boundary
layers [5]. Shafiq et al. investigated the stagnation point flow of Walters-B fluid in-
duced by a Riga plate [6]. Recently, Cao studied barotropic compressible Navier-
-Stokes equations with Navier-type boundary conditions in a two-dimensional sim-
ply connected bounded domain [7]. Winter analyzed a novel weak imposition of
the general Navier boundary condition, provided methods to counteract geometri-
cal approximation errors, and showed the applicability of the method within a wet-
ting flow context [8]. Finally, new near-wall models were investigated by Fakhari,
Posa and Balaras [9, 10]. Numerous numerical tests have been studied on turbu-
lence models [11]. Hill considered the α-models of turbulence; these models have
minor differences. In this study, a near-wall model for the Navier-Stokes equation
with a nonlinear time-relaxation model (NSE-NTR) in the light of the [12–16] is im-
proved. The aim is to improve a physical NWM suitable for laminar channel flows.

We consider the following NSE-NTR model [17],

ut +u ·∇u−ν∆u+∇p+κ|u−u|(u−u) = f , in Ω

∇ ·u = 0 in Ω, u = h on ∂ (Ω), u(x,0) = u0(x).

It must be found u ∈ V = (H1
0 (Ω))2 = {v ∈ (H1(Ω))2 : v|∂ (Ω) = 0} and p ∈ P =

= L0(Ω) = {L2(Ω) :
∫

Ω

pdx = 0}. When the NSE-NTR model is discretized in time
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using Backward Euler; it can be written as follows
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where uh
n+1 is the only unknown at each step. uh

n+1 can be found easily using (2).
uh

n is the velocity solution of the previous time step, and vh is test function, the time
step is ∆t = 0.01. This means that one second corresponds to 100 iterations. The Box
filter is given by

g(x) =

{
1, if all

∣∣x j
∣∣< 1

2
0, otherwise

}
(3)

where 1 ≤ j ≤ d. There are many other filters, g(x), see, e.g. [18]. When all functions
except Ω are zero, the large eddies are given as follows

u := g∗u =
∫
Rd

g(y− x)u(x)dx, p := g∗ p, f := g∗ f

The most used boundary condition is u = 0 on Ω. Using the example of the be-
havior of hurricanes and tornadoes [14,15] and the work of Navier [19] and Maxwell
[20], the equations of NWMs can be written as follows

u ·n = 0 and βu · τi +2Re−1n ·D(u) · τi = 0 on ∂ (Ω) (4)

where n is outward unit normal, {τ1,τ2, ...τd−1} is an orthonormal system of
tangential vectors and β is the efficient friction coefficient. β must be computed.
The boundary condition (4) does not impose equilibrium: time fluctuations of the
normal stress at the wall will result through (4) in time fluctuations of the slip
velocity. In this study, we present numerical studies of two-dimensional channel flows
across a step and show the influence of the friction parameter on the position of the
reattachment point.

A mathematical signification of no-penetration and slip with resistance is the
boundary condition (4) which is called Navier’s slip law [19]. In 1879, Maxwell [20]
derived the Navier-Stokes equations from the kinetic theory of gases by use of the
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averaging process and corrected the boundary condition (4). In Maxwell’s deriva-
tion, the friction coefficient β was found as follows,

β ≈ microscopiclengthscale
macroscopiclengthscale

.

This work proposes that for LES, we should find a friction coefficient β scaling with

β ≈ Re−1 L
δ
, L = diam(Ω).

The conditions (4) similar to no-slip conditions as δ → 0 for fixed Re and to free-
slip conditions as Re → ∞ for fixed δ . Therefore, such a scaling is convenient. u on
∂ (Ω) behaves relative to u near ∂ (Ω). The accuracy of the definition of near wall
flows is very important for the used analysis. In section 2, the near wall modeling
for 2-D laminar flows is considered. The optimal friction coefficient (9) is computed.
Its asymptotic behaviors are given as δ → 0 for fixed Re and Re → ∞ for fixed δ in
Proposition 1. It is examined for a flow over the flat plate (and therefore also over
a smoothly curving surface whose curvature is negligible).

In Section 3, numerical tests are presented on a 2-D flow across a step. The bound-
ary condition (4) is applied to NSE-NTR [17] for these tests. These numerical tests
show the dependency of the reattachment point of the recirculating vortex on the
friction parameter.

In this study, a nonlocal condition (4) is replaced by a local condition (no-slip
boundary condition (u = 0)) for u. There are considerable studies about the well-
posedness of nonlocal boundary conditions for the Navier-Stokes equations; thus,
this boundary condition must be reduced to a local boundary condition. Besides, to
calculate the friction coefficient, we must know u near the walls. Here, the boundary
layer theory’s accuracy is analyzed. In some cases, the simple boundary layer theory
should be changed, and the friction coefficient β should be recalculated. These cases
are such that flows against a pressure gradient, geometries for which the curvature κ

of ∂Ω are not negligible, and near stagnation points.

2. Uniform suction in 2-D

In this section, a laminar boundary layer is considered. There are different stud-
ies on the laminar and turbulence boundary layer theory; see, e.g., [3]. The friction
coefficient can be calculated using other descriptions [14, 16, 21], but it is calculated
for the wall law of a laminar boundary layer in this section. Consider the flat plane
Ω = {(x,y),y > 0} [14]. The wall law of a laminar boundary layer on a flat plate is
as follows [18]

u =U∞(1− exp(−|V0|Rey)), for y > 0, v =V0, for y > 0 (5)

where U∞ is free stream velocity and V0 is a negative constant.
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We want to compute the friction coefficient β (δ ,Re) of the boundary layer model
(5). For this purpose, let u = 0, v = 0 on the plane y < 0 and n = (0,−1) be the
outward pointing normal vector with respect to Ω on ∂Ω = y = 0 and τ = (1,0) be
an orthonormal system of tangential vectors. All velocity components are extended
by zero outside Ω. Therefore, using the equations,

u ·n = 0 and βuτi +2Re−1n ·D(u)τi = 0 on ∂Ω

the friction coefficient can be calculated following

β (δ ,Re) = Re−1
∂u
∂y (x,0)

u(x,0)
(6)

At first, using (5) we can calculate u(x,0),

u(x,0) = gu(x,0) =
∫

∞

−∞

∫
∞

0
g(x− x′,y− y′)u(x′,y′)dx′dy′

=
∫ δ

2

− δ

2

∫ δ

2

0

U∞

δ 3 (1− exp(−|V0|Rey′))dy′dx′ =
U∞

2δ
+

U∞

δ 2|V0|Re
(exp(−|V0|Re

δ

2
)−1)

(7)

Also, it can be written,

∂u
∂y

(x,0) = g∗ ∂u
∂y

(x,0) =
∫ δ

2

− δ

2

∫ δ

2

0

U∞|V0|Re
δ 3 (exp(−|V0|Rey′))dy′dx′ =−U∞

δ 2 (exp(−|V0|Re
δ

2
)+1)

(8)

Using (6), (7) and (8), we get the friction coefficient for the laminar boundary layer
wall law

β (δ ,Re) = Re−1
∂u
∂y (x,0)

u(x,0)
=

1
Re

exp(− δ

2 |V0|Re)+1
δ

2 +
1

2|V0|Re(exp(− δ

2 |V0|Re)−1)
(9)

PROPOSITION 1 β (δ ,Re) is given in (9). Thus, the following asymptotic results are
satisfied.

If Re is constant, so, lim
δ→0

β (δ ,Re) = ∞.

If δ is constant, then lim
Re→∞

β (δ ,Re) = 0.

PROOF The proof of limits in Proposition 1 is clear. The asymptotic behaviors are
presented in Figure 1.

REMARK 2 The friction law examined in this section is linear and it is not appro-
priate for recirculating flows. The nonlinear friction laws for recirculating flows has
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Fig. 1. Behavior of β (δ ,Re) with respect to δ and Re, respectively

been studied, see [14, 16]. The formula β = Re−1 L
δ

of Maxwell is satisfied by limits
in Proposition 1.

3. A numerical test

In laminar flow simulations, firstly, the eddies form behind the step; afterward,
eddies interact with the wall, and finally, the eddies detach from the wall to move
towards the channel outlet, and again new eddies form. Hence, the wall model used
is important. We conceive a simple, unresolved flow which is a recirculation
obtained by flow wall interaction. We present a benchmark problem of two-dimensi-
onal channel flow over a backward-facing step. This problem was considered in
[11, 14–16, 21]. We investigate the dependency of the position of the reattachment
point of the recirculating eddy in two-dimensional channel flow with different values
of the friction parameter β .

The domain is a 40×10 channel with a 1×1 step five units into the channel at the
bottom (Fig. 2). Flow on the left-hand side of the channel is prescribed as the inflow
boundary condition. We present results for a parabolic inflow profile. The parabolic

inflow profile is u = (u,v)T , with u =
y(10− y)

25
, v = 0. The boundary condition (4) is

applied on the top and bottom boundary and also on the step. The aim of the boundary
condition (4) is to capture the correct behavior of a flow on a coarser temporal and
spatial discretization. On the right side of the channel, the flow leaves the domain,
and this flow is an outflow boundary condition. No-slip boundary conditions and
boundary conditions (4) are applied to NSE-NTR.

Our aim is to compute the position of the reattachment point of the recirculating
vortex behind the step. The end of the step is at the position x = 6. The slip with
friction boundary condition causes the tangential velocity on the bottom boundary
not to be lost. Therefore, the point where the sign of the tangential velocity at the
bottom boundary changes is called the reattachment point. The tangential velocity is
negative on the left side of the reattachment point and positive on the right.
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Fig. 2. Domain of two-dimensional channel with a step

Fig. 3. Two-dimensional channel with a step, coarse mesh (top, (level = 1))
and fine mesh (bottom, (level = 2))

The computations are applied on a coarse and fine grid. These grids are given
in Figure 3. The solutions obtained are compared for Re = 200 and Re = 600
and the friction coefficients β = 0.001, β = 1 and β = 10. FreeFEM++ [22] is used
for calculations. The NSE-NTR is discretized in time with the Backward Euler and
in space with the Galerkin finite element method.

The coarse mesh requires 33716 and 4305 degrees of freedom for velocity and
pressure, respectively, and similarly, the fine mesh needs 85056 and 10777 degrees
of freedom for velocity and pressure, respectively. The no-slip boundary condition
is implemented in the solution of the NSE-NTR (NSE-NTR+No-Slip), and the

Fig. 4. The streamlines and NSE+NTR+SWF solutions on coarse mesh and at time T = 40,
for Re = 200, β = 0.001
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Fig. 5. The streamlines and NSE+NTR+SWF solutions on coarse mesh and at time T = 40,
for Re = 600, β = 1

Fig. 6. The streamlines and NSE+NTR+SWF solutions on coarse mesh and at time T = 40,
for Re = 200, β = 10

Fig. 7. The streamlines and NSE+NTR+SWF solutions on coarse mesh and at time T = 40,
for Re = 600, β = 10

Fig. 8. The streamlines and NSE+NTR+No-Slip solutions on fine mesh and at time T = 40,
for Re = 200 and Re = 600, respectively (Reference Solutions)
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Fig. 9. Time and reattachment points

SWF boundary condition (4) is implemented in the solution of the NSE-NTR
(NSE-NTR+SWF). We compared the NSE-NTR+No-Slip solutions, taken as ref-
erence solutions and obtained using the fine grid, and NSE-NTR+SWF solutions
obtained using a coarse grid. Comparing different cases in under-resolved simu-
lations with a reference solution will make our study valuable. We also compared
the solutions of NSE-NTR+SWF for different values of the friction coefficients β .
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Fig. 10. Time and reattachment points

For β = 0.001,1 and 10, we can conclude that the flow is periodic, i.e., eddies are
formed behind the step and then shed. This formation is an expected quantitative and
qualitative behavior for the given values of β . But, in our numerical tests for all grids,
we can see that as the friction coefficient decreases, the reattachment points increase.
Similarly, we can observe that as the Reynolds number increases, the reattachment
points decrease. These results are given in Figure 9. For β = 0.001, there are two
important changes in the eddy shedding. First, reattachment points move slower, i.e.,
the eddy is closer to the step. Another change is that the eddies behind the step are
larger. This can be seen in Figure 4.

For β = 1, eddy separates from the bottom boundary at around x = 20 and at time
T = 40 and then moves downstream. This can be observed in Figure 5. Figures 6
and 7 show that for β = 10, the eddy separates from the bottom boundary at around
x = 25 and at time T = 40 and then moves towards to downstream. Additionally,
the eddy is farther from the step. While the SWF boundary condition causes eddy
formation at the top boundary, the no-slip boundary condition does not cause eddy
formation at the top boundary. We can observe this in all figures. Reattachment points
are farther from the step for fine mesh, but they are closer to the step for coarse
mesh (Fig. 9). We can say that the eddy is farther from the step for Re = 200 and
closer to the step for Re = 600. The coarse mesh solutions are shown in Figures 4-7.
When we compare these solutions with the references solutions, we can say that these
solutions can accurately predict the behavior of the eddies behind the step. Moreover,
the streamlines are resolved, and there is no oscillation in the streamlines.

The reattachment points computed using the friction coefficient beta calculated
with formula (9) are very close to the reattachment points calculated using reference
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solutions (Fig. 10). So we can say that the improved NWM is appropriate for the
physical flow of fluid.

Figures 4-7 show that NSE-NTR+SWF simulations are improved NSE-NTR+
No-Slip simulations, and the results of simulations are as expected. In addition,
NSE-NTR+SWF simulations accurately predict the behavior of the flow behind
the step even for coarse meshes.

By an appropriate choice of β on a coarse mesh (level 1), it may not generally
be possible to calculate the reattachment point for no-slip boundary conditions on
a fine mesh (level 2); see [15]. Therefore, no-slip boundary conditions should always
be applied in the standard way with the appropriate degrees of freedom at the bound-
ary. The NSE-NTR+SWF simulations presented in Figures 4-7 (on coarse mesh)
capture more reattachment points than the NSE-NTR+No-Slip simulations presented
in Figure 8 (on fine mesh). Thus, this reduces the computation time and is the cost
of energy.

4. Conclusions

In this study, a NWM is improved for the NSE-NTR model. Box filter and uniform
suction are used to calculate the average velocity u in the NWM. An appropriate fric-
tion coefficient for 2-D laminar flows is computed and then its asymptotic behaviors
are given as δ → 0 for fixed Re and Re → ∞ for fixed δ . The friction law examined in
this study is linear. The Maxwell formula is consistent with the formulas we found.
Numerical tests are presented for the 2-D flow of a fluid over a full step with slip
with friction boundary conditions and Reynolds numbers 200 and 600, respectively.
Results are as expected. For all grids which have been implemented in our numeri-
cal tests, as the friction coefficient increases, the reattachment length decreases, and
the size of the recirculating vortex also decreases. Besides, as the Reynolds number
increases, the reattachment points decrease. Therefore, concerning our study of the
NWM, it can be observed that this NWM improves the estimate of the reattachment
length in all simulations. Using the NWM presented in this study, the results are close
to the reference results. Achieving smooth results on coarse meshes reduces compu-
tation time. The improved NWM agrees with the physics of the flow. All simulations
are appropriate for a real-world problem. 3-D laminar and turbulent flows can be
studied in future works.
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