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Abstract. The article presents a numerical modeling approach that utilizes the Finite Element 

Method (FEM) to simulate the solidification process of a casting in a mold. The study takes 

into account the local width of the air gap at each computational point on the interface between 

the casting and the mold. The developed numerical model provides a detailed understanding 

of the heat transfer between the casting and the mold during the solidification. The study 

shows that the air gap with variable width has a significant impact on the solidification  

process, affecting the cooling rate and the formation of the solidified region. 
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1. Introduction  

Numerical modeling with the use of FEM and computer simulations of various 

physical processes play a crucial role in a wide variety of industrial branches.  

Theoretical investigations into temperature, displacements, or stress distribution in 

manufactured elements and tools are an essential part of numerical modeling of 

various processes and physical phenomena, such as the drawing of wires [1], struc-

tural behavior of sandwich panels [2, 3] or metal casting. The casting solidification 

process is a complex phenomenon that involves heat transfer, fluid flow and phase 

change of liquid metal. The quality of castings depends largely on how well the  

solidification process is controlled and optimized. One of the factors that affects 

the solidification process is the air gap that forms between the mold and the casting 

due to shrinkage of metal during cooling. The air gap acts as a thermal resistance 
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that reduces the heat transfer rate from the casting to the mold, thus prolonging  

the solidification time and increasing the risk of defects such as porosity, hot tearing 

and segregation. Numerical modeling is a useful tool to study and predict the solid-

ification process taking into account the influence of the air gap with variable 

width. Numerical models are built on the foundation of coupled equations govern-

ing mass, momentum, energy, and species conservation for both liquid and solid 

phases. They also incorporate methods for tracking the solid-liquid interface and 

calculating air gap width. Different boundary conditions describing mold cooling, 

electromagnetic stirring, or water immersion are used to simulate different casting 

scenarios. Mortensen et al. [4] coupled modeling of air-gap formation and surface 

exudation during the casting of aluminium extrusion ingots. They found that the 

surface pull-in force magnifies the air-gap during solidification close to the mold 

surface. They also studied how the surface exudation affects heat transfer and  

microstructure formation. The paper [5] studied heat transfer on the solidification 

of the casting process with different mold materials. The authors found that mold 

material properties affect heat transfer coefficient, cooling rate and solidification 

time. They also discussed how the air gap formation influences a heat transfer  

between the casting and the mold. Li et al. [6] measured the air gap formation during 

steel-ingot casting and its effect on interfacial heat transfer. They found that the air 

gap forms earlier and grows larger on the narrow side than on the width side of the 

ingot. They also proposed a simple equation to predict IHTC based on conduction, 

radiation and contact resistance across the gap. Xu et al. [7] simulated the directional 

solidification process with the multi-shell mold being gradually immersed in water 

after pouring. They found that this method can enhance heat transfer by reducing 

air gap formation and achieve fine grains and superior mechanical properties for 

castings. Chawla et al. [8] modeled solidification process taking into account metal- 

-mold air gaps for the horizontal continuous casting of cast iron. They found that 

air gap length and thickness have a substantial effect on solid and eutectic area at 

the top-outlet end of the die. They also aimed to optimize process parameters for 

shell thickness control.  

The presented work takes into account that the rate of the solidification process 

is influenced by the variable size of the air gap between the casting and the mold, 

which is directly incorporated into the model. To achieve this, FEM was employed 

with separate spatial discretization for both the mold and the casting. The thermally 

dependent changes in their volumes were considered, taking into account resulting 

displacements. To obtain temporary temperature fields, the approach involved the use 

of two separate meshes. The appropriate boundary condition describes the thermal 

interaction between the mold and the casting, and the solution is independently  

obtained for each region in each time step using an iterative procedure. A novel  

element of the presented work, compared to the literature, is the method of calculat- 

ing the air gap. During the deformations of the casting and the mold, the width of 

the gap between them is calculated at each time step as the local distance between 

surfaces in thermal contact. A similar approach was presented in [9], but in the case 

of a two-dimensional problem.  
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2. Mathematical model 

Figure 1 provides a schematic representation of the problem at hand, which involves 

the entire region being divided into two volumes. The first volume, represented by 

ΩM 
, is the cast iron mold, while the second part, ΩC 

, comprises the solidifying steel 

that fills the mold. As the alloy undergoes a liquid-solid transition, the heat of  

solidification is released, leading to thermal deformations in both the mold and the 

casting. A gap appears between the internal fragments of boundaries ΓM and ΓC 
, 

except at the local bottom area, where there is almost perfect contact. This gap’s 

local width, h, changes as the temperatures of the mold and casting evolve. Heat 

transfer occurs from the casting to the mold through the forming gap, but its inten-

sity is significantly affected by the increase in thermal resistance. The ambient 

temperature being lower than the mold and casting temperatures means that heat is 

also transported outside through the external surfaces of the mold-casting system. 

Additionally, air is present in the gap between the mold and casting, which can  

affect the heat transport characteristics. Neglected factors in the model include 

gravity forces, mechanical loads, and shrinkage during the liquid-solid phase change. 

 

 

Fig. 1. Mold and casting with a gap between them 

In order to describe the behavior of the presented mold-casting system, the follow- 

ing equations are used as its governing equations: 

The heat conduction equation is used to describe the transient heat transfer in a three- 

-dimensional volume: 
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The equations of static equilibrium: 
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The variables utilized in the presented model are as follows: the coefficient of 

thermal conductivity  [J s–1 m–1 K–1], heat capacity c [J K–1 kg–1], density  [kg m–3], 

temperature T [K], the components of symmetrical stress tensor x 
, y 

, z 
, xy 

, xz 
, yz 

[N m–2], time t [s], Cartesian coordinates x, y, z [m], and the index i denoting the  

i-th volume. It should be noted that in this description, the index i is specifically  

related to either the casting (C) or the mold (M). The initial and boundary conditions 

for Eq. (1) are as follows: 

    ( ) ( ) ( ) ( )
0 0, , ,0 , , , ,0C C M MT x y z T T x y z T   (3) 

  
( ) ( )

( ) ( )
C M

g C M
C b b M

C M

T T
T T

n h n


 

 
   

 
 (4) 

    
( ) ( )

( ) ( ) ( ) ( )
,

C M
C C M M

C C amb M M amb

C M

T T
T T T T

n n
   

 
     

 
 (5) 

The local width of the gap is denoted by h [m], and the local directions of the 

vectors normal to the boundaries C and M are represented by nC and nM 
, respec- 

tively. 
( )C

bT  and 
( )M

bT  [K] signify the local temperatures of the volumes C and M 

at the contact boundaries, while 
( )

0
CT  and 

( )
0

MT  [K] are the initial temperatures of 

the volumes C and M 
, respectively. ( )CT  and 

( )MT  [K] represent the local temper- 

atures of the volumes C and M at the external boundaries. 
( )C

ambT  and 
( )M

ambT  [K]  

are the ambient temperatures outside the casting and the mold while C and M  

[J s–1 m–2 K–1] represent heat convection coefficient at the external boundaries.  

Finally, the thermal conductivity of the medium filling the gap is denoted by g 
. 

The calculation of the heat capacity in the casting can be performed using the 

following relations [10]: 
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where TS and TL [K] denote the solidus and liquidus temperatures, respectively, while 

cs and cl [J kg–1 K–1] indicate the specific heat capacities of the solid and liquid 

phases of the casting. L [J kg–1] represents the latent heat of solidification. 

The equations (2) contain six unknowns, which can be transformed into displace- 

ment-dependent functions. To achieve this, the following relations are utilized: 
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The components of the symmetrical strain tensor are represented by x 
, y 

, z 
, xy 

, 

xz 
, and yz [–]. Meanwhile, the components of the displacement vector are denoted 

by ux 
, uy 

, and uz [m]. Other variables used in the above equations include E [N m–2] 

for Young’s modulus,  [–] for Poisson’s ratio, a [K–1] for the linear thermal expan-

sion coefficient, and T [K] for the temperature difference between the reference 

and current states, which is given by ΔT = T – Tref . 

After utilizing relations (8) in equations (7) and subsequently inserting the stress 

components into the equilibrium equations (2), the resulting equations are as follows: 
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The definitions of  f1 
,  f2 

,  f3 
, and  f4  are provided below: 
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Equations (9) must be supplemented by the appropriate boundary conditions  

defining known displacements at chosen surfaces (most often on the planes of 

symmetry) or in the particular point of the casting and the mold. 

3. Numerical model  

The finite element method (FEM) serves as the foundation for the numerical 

model presented in this study. This model is derived from the method of weighted 

residuals. To obtain the weak form of equations (1) and (9), both equations are multi- 

plied by the weighting function w and integrated over the volume i 
. The resulting 

weak form is as follows:  
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The Galerkin method asserts that the weighting functions, denoted as w, are the 

same as the shape functions employed in the meshing process for finite elements. 

The discretization of equation (11) with respect to time follows the implicit Euler 

method. The final expression for the comprehensive FEM equations is outlined  

as follows: 
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where KT represents the comprehensive thermal conductivity matrix at a global 

scale, while MT stands for the global thermal capacity matrix. The vector BT corre-

sponds to the global vector linked to thermal boundary conditions, and T denotes 

the vector encompassing unknown nodal temperatures at a particular time level, 

represented by f. Additionally, KD signifies the global stiffness matrix, BD is a vec-

tor housing known boundary displacements, and u stands for the vector containing 

unknown nodal displacements. 

At each step, the iterative process independently obtains the solution for equa-

tion (15) in each region. The determined temperatures are subsequently employed 

to calculate the thermal deformations in the casting and in the mold using (16). It is 

important to use the condition (4) during the solution process of the heat transport 

equation [11]. Throughout the deformations of C and M , the mutual positions of 

the casting and the mold as well as the width of the gap change according to time. 

The approach presented relies on disconnected finite element meshes, as the global 

set of equations is constructed and solved independently for each region. 
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4. Example of calculations 

The original computer program was created to simulate the described process. 

Table 1 outlines the material properties of both the casting and the mold. 

Table 1. Material properties used in the simulation 

Material 

property 

Casting 

Mold Air gap 
Liquid 

phase 

Solid 

phase 

 [J s–1 m–1 K–1] 23 35 59 0.5 

c [J K–1 kg–1] 837 644 502 – 

 [kg m–3] 6915 7800 7200 – 

E [N m–2] – 2.1·1011 2.1·1011 – 

 [–]  – 0.28 0.28 – 

a [K–1] – 1.2·10–5 1.2·10–5 – 

TL [K] 1766 – – 

TS [K] 1701 – – 

L [J kg–1] 2.7·105 – – 

 
The mold is a rectangular prism with dimensions of 0.2x0.2x0.25 m, while the 

casting is a cylinder with a base radius of 0.05 m and a height of 0.2 m. The mold 

is initially at a temperature of 600 K, and molten steel with an initial temperature of 

1800 K is introduced. The pouring process and the movement of the liquid metal 

are neglected. Considering symmetry, only a quarter of the casting-mold system  

is analyzed (Fig. 2), with thermal insulation assumed on the xy and yz planes of 

symmetry. It is also important to introduce displacement z = 0 on the xy plane  

of symmetry and x = 0 on the yz plane as well as x = y = z = 0 at the fixed point A. 

Convective heat transfer is specified on the external boundaries of the mold and  

on the top of the casting, with a heat transfer coefficient  = 100 J s–1 m–2 K–1 and 

an ambient temperature T∞ of 300 K. The time step remains constant at Δt = 0.1 s. 

In each time step, the gas gap between the casting and the mold, characterized  

by a variable width and a heat conductivity g = 0.5 J s–1 m–1 K–1, is calculated.  

The geometries and meshes are generated using the GMSH preprocessor [12],  

employing tetrahedrons. The casting mesh comprises 6674 nodes, while the mold 

mesh includes 28801 nodes.  

In Figures 3a-c, temperature distributions in the casting-mold system are pre-

sented at selected moments. Heat transfer primarily occurs through the expanding 

gas gap at the interface of the casting and the mold, and to a much lesser extent 

through heat dissipation from the system to the surroundings. Figures 4a-c present 

successive stages of solid phase growth in the casting until complete solidification 
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(Fig. 4c). It is worth mentioning that the rate of solid phase growth is significantly 

affected by the heat transport reduction due to the widening of the gas gap. Due to 

the rapid heat absorption by the mold, a significantly reduced solid-liquid zone is 

observed (Figs. 4a-b). Deformations of the casting and the mold due to cooling are 

illustrated in Figures 5a-c (magnified 10 times for better visualization). A noticeable 

reduction in the vertical dimension of the casting and gradual widening of the gas 

gap are apparent. After 130 seconds, when the solidification process ends (Fig. 5c), 

the gap width reaches 0.6 mm at the lower part of the mold-casting system, while 

the reduction in the vertical dimension of the casting is approximately 1.6 mm.  
 

a) b) 

      

Fig. 2. Quarter of the casting-mold system (a), finite element meshes composed of  

tetrahedrons (b) 

a) b) c) 

           

 

Fig. 3. Temperature distribution in the casting-mold system at t = 10 s (a),  

t = 60 s (b), t = 130 s (c) 
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a) b) c) 

           

 

Fig. 4. Distribution of the solid phase fraction in the casting at t = 10 s (a),  

t = 60 s (b), t = 130 s (c) 

a) b) c) 

           

Fig. 5. Deformations of the casting-mold system (magnified 10x)  

at t = 10 s (a), t = 60 s (b), t = 130 s (c) 

Assuming that the thermal processes in the casting and the mold are homogene-

ous, one can also analytically estimate the width of forming gap h [m] depending 

on the diameter D [m] of the casting using the following simple formula [13]: 

    0C S C M M Mh a T T a T T D       (17) 

where aC 
, aM [K–1] are the coefficients of thermal expansion of the casting and  

the mold respectively, TS [K] is the solidus temperature, TC 
, TM [K] represents  
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the temperature of the casting and the mold interface, and TM0 [K] is the initial 

temperature of the mold. 

Using (17) the air gap width at the lower part of the mold-casting interface can be 

calculated at the end of solidification (130 s) as: 

    5 5 41.2 10 1701 1250 1.2 10 675 600 0.1 6.31 10h              

The above value of h = 0.631 mm calculated analytically has an acceptable 

agreement with the air gap width measured using deformed finite element meshes 

(0.6 mm). 

5. Conclusions  

The showcased mathematical and numerical models of solidification, along with 

the calculation outcomes, underscore the significance of considering the impact of 

the gas gap on the cooling dynamics of the casting. The proposed methodology, 

utilizing separate meshes for the mold and the casting, enables substantial opera-

tional memory savings by sequentially solving the global set of equations. Further 

efforts will concentrate on incorporating the mechanical interaction of thermally 

deformed regions into the model, as well as accounting for radiation effects within 

the gap. Accurately predicting the location and width of the gap becomes crucial, 

particularly when the casting exhibits complex external boundaries. 
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