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Abstract. We investigate the asymptotic behavior of an eigenvalue problem arising in
a multi-rod structure with clamped ends as the rod thickness tends to zero. For low-frequency
modes, we prove convergence of the eigenvalues and eigenfunctions toward those of the
classical flexural limit model. For higher-frequency modes, we introduce a spectral analysis
framework and show that the associated eigenfunctions admit limit descriptions in terms of
torsional and stretching vibrations, depending on the considered sequences.
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1. Introduction

The asymptotic analysis of eigenvalue problems in thin elastic structures is a fun-
damental topic in mathematical physics and engineering. Understanding the limiting
behavior of eigenmodes as the thickness of these structures approaches zero is essen-
tial for rigorously justifying reduced-dimensional models and accurately capturing
key mechanical effects. The analysis of eigenvalue problems in plates and rods has
a rich and well-established history, with early foundational work by Ciarlet &
Kesavan [1] establishing rigorous approximations of three-dimensional elasticity
problems in plate theory.

A significant amount of research has been devoted to the low-frequency modes
of thin elastic structures. In particular, Le Dret [2] analyzed the eigenvalue problem
for folded plates, while Kerdid [3] extended the study to the eigenvalue problem for
multi-rod structures.

We also highlight several relevant studies on the asymptotic analysis of eigenvalue
problems in various thin linear elastic structures. Notably, Jimbo & Rodriguez Mulet
[4] and Jimbo et al. [5] investigated thin elastic rods with non-uniform cross-sections,
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Bunoiu et al. [6] analyzed the junctions of thin rods and a plate, Tambavca [7] focused
on curved rods, and Gaudiello et al. [8, 9] studied eigenmodes in thin T-like shaped
structures and in a multi-structure composed of two joined perpendicular thin films.
Furthermore, Nazarov et al. [10] developed a one-dimensional asymptotic model for
an L-shaped junction of two thin elastic beams, while Leugering et al. [11] described
the asymptotic behavior of planar elastic beams connected by flexible joints. All these
works aim to rigorously justify one-dimensional or two-dimensional approximations
of higher-dimensional problems.

While low-frequency eigenmodes are well understood and often described by
classical flexural displacement models, the characterization of high-frequency modes
remains a more intricate problem and requires refined asymptotic techniques. In this
work, we analyze the eigenmodes of a three-dimensional eigenvalue problem in lin-
ear elasticity for a multi-structure consisting of two thin rods meeting at a right angle.
The case of low-frequency modes where the multi-structure is assumed to be clamped
at one of its ends only was studied in [3]. Following the same arguments, we estab-
lish the convergence of low-frequency modes, demonstrating that the eigenvalues and
eigenfunctions converge to those of a well-posed, one-dimensional limiting problem
governed by coupled fourth-order differential equations with appropriate junction
conditions. This confirms that low-frequency modes primarily correspond to flexural
displacements in each rod. The limiting junction relations express the fact that the
multi-structure remains in one piece and that the rod axes, after deformation, remain
at a right angle at the junction. They also show that each rod undergoes torsions that
follow the deformations of the end of the other rod at the junction.

The main challenge, however, lies in the characterization of high-frequency modes.
Building on previous works in asymptotic analysis for rods [12,13] and plates [14,15]
we introduce a spectral analysis technique that allows us to characterize the high-
frequency eigenvalues and eigenfunctions, as the thickness of the rods vanishes, by
associating a family of indices that depend on the thickness parameter. These modes
ultimately converge to the torsional and stretching vibrations of the rods. The associ-
ated limiting displacements (""", @*™) are of the form:

i@ "(x) = (§M" (), (v = 1/2)017 (1), — (22 = 1/2)01™ (x1)),
@™ (x) = (63 —1/2)0%" (x2), 03" (x2), —(x1 = 1/2)6>" (x2)),
with ghtm g2m glm g2m c gl([0,1]). (1)

The pair (£'™,&%™) corresponds to the stretching displacements of the rods while
(81 §*™) corresponds to the torsional ones. They verify, respectively, the system
of classical equations of stretching vibrations and the system of classical equations
of torsional vibrations.

The structure of this paper is as follows: In Section 2, we present the three-
-dimensional eigenvalue problem for the multi-rod structure. In Section 3, we
establish the convergence of low-frequency modes and derive the corresponding
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one-dimensional limiting problem. In Section 4, we introduce the asymptotic frame-
work necessary for analyzing high-frequency modes, and we present the main results
concerning their convergence, linking them to torsional and stretching vibrations in
the limiting model. Finally, Section 5 discusses the implications of our findings and
outlines possible extensions to more complex multi-rod configurations.

2. The three-dimensional problem

Consider a multi-structure Q° (Fig. 1) consisting of two thin rods of thickness
€ > 0 meeting at a right angle, defined as

OFf = QFUQS
with Qf={xeR*|0<x <1,0<x,x3 <e},

gz{x€R3|O<x2<170<x1,X3<8}.

A%
0
I
I
I
|
I
]

g

Fig. 1. Shape of the multi-structure
The junction region J¢ is given by
JE={xeQf;0<x,x, <€}
In this work, we consider the case where the multi-structure is clamped on both ends
I'{ and TS defined as
[{=0QiN{x; =1} , I5=0Q5N{x, =1}.

The rod material is assumed to be homogeneous and isotropic, characterized by
Lame’s coefficients A and .

In the sequel, we shall use the repeated index convention. Latin indices take their
values in the set {1,2,3}, Greek indices with exponent 1 take their values in the set
{2,3}, and Greek indices with exponent 2 take their values in the set {1,3}.
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Understanding the free vibration modes of a structure is fundamental for under-
standing its dynamic behavior, particularly the asymptotic behavior as the thickness
goes to zero. In this context, studying the associated eigenvalue problem provides
a rigorous framework to analyse the limit vibration modes and identifying natural
frequencies.

The eigenvalue problem for the multi-structure under consideration consists in
finding pairs (n,u®) satisfying:

—0d;0f; =nuf in QFf,
Gig'(l/le) = A,e;p(us)&] +2!«Lefj(l/l£) in QS, (2)
ut =0 on I'JUIS
ofn® =0 on JQA\I'TUTH,

where 6°(u®) is the stress tensor, n® is the outer unit normal vector to dQ°F, and
e®(u®) is the linearized strain tensor corresponding to the displacement u®:

e ey L (94 duf
eij(u)_2<8xf+8xf. ' 3)

The variational formulation of problem (2) can be written:
Find (n¢,u®) € R x V& satisfying

/ o (u)e;(v)dx® = ng/ usvidx® W e VE, 4)
(ol (ol

where
Ve = {v:(vi) e [H'(Q5))Pv=0 on r‘furg}. )

Thanks to Korn inequality and the clamping conditions, problem (4) has a sequence
of eigenvalues (1)} )s>1 satisfying

O<ni<ni<ni<..<n/<.. (6)
with
lim nf = oo, (7
{—>oo

associated with a family of eigenfunctions (u5*);>1, that is
/S Gf-(ug’g)efj(vs)dxe =n; /QS uf’évfdxg W e VE. (8)
These eigenfunctions can be orthonormalized as
/Q u; """ dXE = 8y Vmyn > 1, 9)

& 1

and make a basis in both Hilbert spaces V¢ and [L?(QF)]°.
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The principal idea in studying the junction problems consists in scaling each part
of the multi-structure independently of the other. Therefore, let us define

Q=0 0=0 =1 =1 (10)
(01:8Qlﬁ{x1:0} (02:8920{)@:0}, (11D
and introduce the double change of scale

¢£Z.QlUQz - QFf

PN (x1,€x2,€x3) if xe Qyq,
(ex1,x2,€x3) if xe Q.

The junction region is counted twice, and it is the image by ¢° of the open sets
Jl={xeQ :xy<e} and JZ={xeQ:x; <&} (12)

We define the space
V = Hy, (Q1,R*) x A, (2, RY), (13)

and we associate to this change of scale the operator:

P*F:VE -V
Ve (0, 8v5,8v5) 0 9F, (8v], V5, €v5) 0 9F).
We denote v(e) = (v!(e),V?(g)) = B (v°). (14)

The scaled displacements (v!(€),v?(¢)) are then defined on two separate domains
and €, and contain a double information on the junction region.
Let

V(e) = ®*(V¥). (15)

It is easy to see that V(£) is the set of pairs (v!(€),17(€)) € V satisfying the relations:

evi(e)(ex;,xa,x3) = vi(€)(x1,€x2,x3),
va(e)(exr,xx3) = v3(e)(x,ex,3), (16)
vi(e)(ex,x2,x3) = v3(€)(x1,€x2,x3).

These relations, known as the junction conditions, express the fact that in J} and J2
the scaled eigen-displacements (v!(£),v?(&)) correspond to the same displacement of
the multi-structure. They establish the necessary constraints that the solutions in Q
and €2, must satisfy to ensure a consistent displacement across the multi-structure.
Finally, we define the space of Bernoulli-Navier on € as

VBN(QI): {VEHI(Ql,RS), eali(v):()}. (17)
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Elements of this space are characterized by

vi(x) = Gi(x) = (g — 1/2) 80 (x1),
va(x) =&(x1)+0(x3—1/2), (18)
v3(x) = G3(x1) —0(x2—1/2),

where {1 € H*(0,1) and {; € H'(0,1), and 6 € R. We define Vgy(Q,) by the
analogue formulas.

3. Convergence of the low frequency modes

The case of low-frequency modes in a multi-rod structure clamped at only one
end was studied in [3]. Therefore, we will refer to this work whenever the proofs are
identical.

We now introduce the following scaled bilinear form
b (u,v) = _4[2,uea1ﬁ1(u)ealﬁn(v)+lea1a1(u)eﬁ1ﬁ1(v)]
72[4.’“‘6051 1(Wegr(v) +A(eqrgr (wen (v) +enn(u)eq g (v)]

(7L +2,LL)€11(M)€11(V),

€
+ €
+

(19)
and a similar expression for bg(u,v). Substituting (14) in (8) and (9), we obtain the

following scaled variational formulation: Find (u(€),u’(€)) € R x V(g), such that
forall v(e) € V(¢)

be(u'(g),v' (€)) dx+ be(u*'(€),v*(€)) dx
Q) Q,\J?

~wle) [ [l @i (€) €2 (e)vi(e) | ax

+p(e) /Q y [ (e)2a(e) + 2 (e)vde) ] 20)

where
w(e) =€ nf, 1)

and with the normalization condition
1,m 1,n 1.m 1,n
/Q [ €Dy () + €} )y ")
2,m 2.n 2 2.m 2.n o
+ /Q L LR )+ " ()] dx = B 22)
2 \Je
The scaled eigenvalues and eigenfunctions satisfy the following bounds:

Lemma 1 For each ¢ > 1, there exists constants & and Cy > 0 independent of &,

such that
He(€) < O, (23)
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| u‘(e) v< Co, (24)

and we can extract, for each integer £ > 1, a subsequence, still denoted €, such that

w(e) = w(0)  in R (25)
and u'(e) = u’(0) weaklyin V(g) (26)
where u'*(0) and u**(0) are of Bernoulli-Navier type. O

PROOF The proof of (23) is exactly the same as in [3]. To establish (24), we choose
v(€) = u’(€) in equation (20). Using the normalization condition (22), we deduce,

||ea1/31(”1’€(8))”L2(91) < CE*<a,

leg (™ (€)llz@) < Cg<Co (27)

leri (" (&)l 2@y < Coy

and the similar bounds for e;;(u>% (€)). Due to the Korn inequality and clamping
conditions, we obtain (24) which yields (26). According to (26) and (27) we have,

eqii(u'(€)) = eq;(u"(0)) = 0.
Then u!*(0) € Vay (1), and the same for u>*(0). n
Since the limiting eigenfunctions are of Bernoulli-Navier type, there exists C(i]g, Cé’f €
H2([0,1]), ¢, &3 e H'([0,1]), and 6"¢,6%! € R such that

W 1,0 1,0

(0 (0)(x) =& (1) = (v = 1/2)(E,0 ) (1),
() =5 )+ (u—1/2)8", (28)
w3 (0)(x) = &3 (x) — (2~ 1/2)6",

nd
) B0)(x) = (x2) + (x3 — 1/2)02,

5 0)(x) =8 (x) = (g2 — 1/2)(823) (x2), (29)
3 0)(x) =8 () = (n —1/2)6%".

Thanks to the clamping conditions, on I'f UT"; we have:

G =8 M=M= @y =o, G0

and
0" =0>" =0. 31)
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Lemma 2 For each integer £ > 1, the axial components of the limiting displacements
vanish

Gi=5"=o, (32)
and the flexural components satisfy the following junction conditions:
21(0) =g 0) =0,
310 =&1(0), (33)
(&0 =~ 0.
PROOF The proof of (32) is analogous to that in [3]. Relations (33) are obtained

by passing to the limit in the junction conditions (16), adapting the techniques used
in [16]. |

Remark 1 The first relation in (33) highlights the rigidification effect induced by
the junction on the two rods. The second relation describes the transmission of the
vertical displacement components across the junction. Finally, the last relation en-
sures that, after deformation, the projections of the rod axes onto the plane remain
perpendicular at the junction. O

Let us now characterize the limiting space of flexion displacements:
Tr o= {( gc“ ;2) €H2(071§R4) : éél(l) = (éolcl)/(l) = éz(l) = ( éz)/(l) =0,
£(0)=&(0)=0, &(0)=&(0), (&)(0)=—(E)(0)}. (34)

Passing to the limit in the scaled variational formulation (20) and following the
same steps as in [3] and [16], we can formulate the variational equation that governs
the flexural displacements.

Theorem 1 The flexural displacements (C;}Z,Ci’f) belong to Vg for each integer
£ > 1 and satisfy the following equation: V(‘g’él , 532) €I,

E/ Illﬁl lf // )(éolll) (Xl)d)C1+E/ 2[32 Zf)”(-x2)( 2) (x2)dx2
+K' (G (0)(&)(0)+ K*(&) (0)(&)(0) 35)
/ C (x1) al (x1)dx1 + e (0 / Coﬂ xz)é:az(xz)dxz

where

_ H(BA+2u)

A+u (56)

is the Young’s modulus, and
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1 1
I(;lﬁl = /(ul (xa1 — E)(xﬁl - E)dXZdX?”

1 1 (37)
Iézﬁz = /aﬂ (xaz - 5) ()CBZ - E)dxld)g,

K :4;.1/1||Vx1||2dx2dx3,
w

K :4u/2||Vx2||2dx1dx3,
(0]

are the inertia moments and the torsional rigidity coefficients of each rod respectively
with )(1 and xz the torsional functions defined on each section by

Ayt =1 in o,
{ fcl =0 on do' (38)

{Ax2 =1 in o
2

x> =0 on Jdo’. (39

PROOF We follow the approach of [16], which involves constructing test functions
that satisfy the three-dimensional junction relations (16), establishing convergence
results, and then passing to the limit in the variational formulation (20) using these
test functions.

More precisely, let & be an arbitrary element of ¥ N%* (0, 1;R4), and consider the
development of its components to order 1 in the neighborhood of 0:

& (x1) =x1(&)'(0)+ g>(x1), &7 (x2) = x2(&7)'(0) + g7 (x2),
&) =& 0)+x1(8)(0)+g5(x1), & (x) =E&(0) +x2(835)'(0) + g3 (x2),
with the estimations

sup{|g3(x1)], g} (x1)|} < Cxt,

sup{|¢1(x2)], 183 (x2)[} < C3.

Let v = (v1,v2) the displacement of Bernoulli-Navier be defined by

n() = (— (o ) (E @)~ (v~ ) (6 (), &), ),
(40)
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We now define approximations of (v1,v;) that belong to V(€) as follows:

(o DEVO) -5 E©0),  0<n<e,
Mwﬂ:—m—;mwwﬂwmm—m}
| (- DIEV O+ @)@ —e)], e <x<2e,
(= )EY )~ (- DE) ), 2e<n <1
(5 EVO) (- EV©O),  0<m<e,
~(n1 ) [(E2Y(0) + (&) (202 — )]
) (o) = | ,
(5= DEV O+ 2l —e)], e<n<e
(0= )E @)~ - )(E) (), 2e<m <

The tridimensional junction relations allow us to write: Vxj,x; € (0,1),

vy (€)(€x1,%2,x3) = €V3(€)(x1,€x2,X3)
1

v%(e) (x1,€x2,x3) = £v{ (&)(x1,€x2,x3)
= (o )(&

So we can define v} () and v?(€) as follows:

(0~ )E0) ~ (5 5)(E0),

oy | E Ol e

VH(E)(X) =

2 ~e[L(EY/(0)+ (1~ 3)(EV 0],
g - L ey 4 e - D
(12— S)EV0)~ (15— (& 0),

ey O+ =)

Vil€)(Xx) =

| ~e[5(E)(0) + (s - )(EV ),
200) — A2 60y(0) (- )18

3

1

1

(0 el = 5)(8

)'(0)],

= —¢(x1 = 5)(§1)'(0) — e(xs = 5)(§3)'(0),

)'(0).

0<x <eg,

£ <x <2¢,

2e <x1 < 1.

0<x<e,

£ < xp <2€,

2e <xp < 1.
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For the third tridimensional junction relation to hold, we define the functions v} ()
and v3 (&) as follows:

&3 (x1) + &3 (ex2) — &5(0), 0<x <Eg,
v3(e)(x) = 1 1= xi s )

53(x1)+i[§3(8x2)—§3(0)], €<x <1,

&3 (x1) + &5 (ex2) — &3 (0), 0<x <Eg,
v3(e)(x) = ) 1—x 1

53(%1)+71_8 (& (ex2) —&3(0)], e<xm <.

The function v(€) thus defined satisfies the following convergence results:

vi(g) —v! strongly in L*(Q"),
ert(v1)(€) = et (v') strongly in L*(Q'),

- 1 .
g 2en3(v')(g) = Exz(l —x1)(E2)(0) strongly in L*(Q!), 41

e tenn(v)(€) - 5 | 5(6/(0) + (x5~ 3)(E)(0)| strongly in L2(@"),

\8_1613(\/1)(8) — —%xz(éf)'(O) strongly in L2(Q").

We prove similar results for va(€).
Passing to the limit in (20) and using convergences (41), we obtain the result. n

Remark 2 The following figure illustrates the limiting flexural modes (Fig. 2). o

Fig. 2. Limiting flexural modes
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Remark 3 The second line of equation (35) highlights the contribution of the torsion
experienced by each rod at the junction in the limiting model. This contribution is
captured through the torsion angles of the two rods and is explicitly represented by

(&) (0) and (&) (0). 5

Lemma 3
1
vmnz1, [ Ll +/c §2'dxy = Gy, 42)
0

PROOF The result is obtained by passing to the limit in the normalization condition
(22). n

Theorem 2 The limiting components of the flexion displacements are solutions of the
system of classical equations of flexion vibrations:

d? d? ” 1,0
Ed 2 (11 B iy 2 ) = we(0)&s  in (0,1)

2 zgu (43)
— 2 _ 2,0
de2 (1 e ) ne(0)Czs  in (0,1)
with
CH ) =¢5 () = (Y (1) = (52 (1) =0, (44)
20) = o) =0, (45)
J0) = g(0), (46)
(&0) = =590, (47)
O
31,0 3 2.0
1 ol 2 a? _
Ioc13 dx? (O>+Ia23 dx% (0)*07 (48)
2 +1.0 d2 2.0
1L, —"2(0) = 125, — "2 (0),
dx1 de
2 1.0
ol | WA
sz (0) = K*(&)'(0), (49)
d2c2,23
los=g6-(0) = K/ (&) (0)

PROOF We obtain the result by performing an integration by parts in the left side of
equation (35). n
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4. Convergence of the high frequency modes

The main objective of this paper is to analyze the convergence of high-frequency
modes in a multi-rod structure as the rod thickness approaches zero. Unlike the case
of low-frequency modes, whose limiting behavior can be characterized using stan-
dard methods, the study of high-frequency modes presents significant challenges,
requiring a different approach. To address this issue and effectively capture the be-
havior of these modes, we adopt the strategy introduced in [13] for the case of a thin
rod. This approach allows us to reach the high-frequency modes and characterize the
corresponding limiting problem in a rigorous manner.

First, let us introduce the new scaled eigenvalues:
Mn(€) =115 = € (), (50)

and reformulate the scaled variational problem as follows: Find (n,,(€),u™(¢€)) €
R x V(¢), such that for all v(g) € V(¢) the following holds:

/ Bé(ul’m(e),vl(s))dx—l— Bﬁ(ulm(e),vz(e))dx
Q Q\J2

— 1(e) /Q | L ()L, () + €2 (e (e)] d

(127" (€)v22 (&) + €%y (e V3 (€) ] dx, (51)

where
bi(u,v)=¢72 [2uea151 (U)eqip1(v) +Aeqigr (u)epgip (v)]
+ [4“6041 1(w)egn (V) +A (eala] (Lt)en (V) +err(u)ey o (v))] (52)
—I—Sz(l —|—2/.L)e11(u)e“(v),

and the similar expression for b2 (u,v).

From (23) we know that 1,,(€) < 8,,&>. Consequently, for a fixed index m, letting
€ tend to zero implies that the entire sequence 1,,(€) converges to zero.
Let (7)n(€))m>1 denote the sequence of torsional and stretching modes of the multi-
structure. As established in [17], these modes are arranged as follows:

me) - me) - pa)
n(&e) - m(e) - M2(&)
Men) - e) e M@
{ ¢ N\
0 11(0) M2(0)
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To characterize this class of frequencies, we introduce a subsequence of indices
{€%'}>1 such that

ﬁm(g) = Nem (8)

where £ denotes the position of the m" torsional and stretching modes within the
sequence {1,,(€)}m>1. The elements of this subsequence are defined by

07 = max{j € N*: n;(e) < 8,}, (53)

where §,, is an increasing sequence of constants defined in (23), satisfying the fol-
lowing properties:

* Ve > 0,{nem(&)}m>1 is a subsequence of {1n,,(&)},>1 that contains the modes
associated with the torsional and stretching vibrations of the multi-structure;

* Vm > 1, we have 1y (€) < 6

m

The family {¢}'}¢~ is increasing, i.e., for € < €’ it holds that ¢§ < ¢7;

* Ve > 0, the sequence {/}'},,> consists of increasing positive integers satisfy-
ing 03’ > m,Vm > 1,

* As e — 0, we have lim £ = +oo.
£—0

Now, to pass to the limit in these sequences and characterize the limiting problem,
we begin by establishing the following bounds:

Lemma 4 For each m > 1, there exists a constant C,, > 0 independent of €, such that

1l€m
I ua'ls(g) HLZ[o.,l;[Hl(o,l)]Z] < G,
1,0m

| eu; (&) lm@) < Cm, (54)
2,01
and | ugo® (&) llzpasmi 0 < Coms
2,0
| €uy"* (€) ) < G (55)
O
PROOF Let us define the scaled strain tensors k! () as
1,07 _ g
Ka/lﬁl(g) = € lealﬁl(ul’(s (8))7
10m m
Kol (8) - eoc‘l(uw8 (8)>7 (56)
o m
ki) = een(u(e)),

and the similar formulas for k> (g).
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Using the definitions (51) and (52), we have
2u]| M (&) |2 @0 + 20l K> (€) | 20y

< / be (" (&), (&) ) dx+ [ be (12" (€)1 () dx
Q) Q‘Z\Jg

= MNey (€) < O

So, we obtain Lo
1% (€l 2,y < Cms

2,0m
1% (el 2 () < Comy (57)

and consequently

IN

legipr (u"% (&) 2(@)

Cne <Gy,
legri ("€ ()]l 2(ay) Cin, (58)
] m

@)l < G

IN

llerr (u

and the similar bounds for e;; (1> (g)).
Therefore, inequalities (54)-(55) are obtained using Korn inequality in Hrll (Ql;]R3)
and Hllz (Qo:R?) respectively. n

Now, we can pass to the limit in the scaled eigenvalues and eigenvectors.

Lemma 5 For each m > 1, there exists a subsequence, still denoted € such that

Nez(€) = M (0), (39

(gt (), () — (", @) weakly in (L2[0, 1;[H'(0,1)2)*  (60)

ol o2 al o2

(Sui’élg(s),sui’@(e)) — (ﬁi’m,fé’m) weakly in Hl(Ql) X Hl(Qz) (61)

where

a"(x) =),
iy (x) = (3 —1/2)8""(x) + & (x1), (62)
ay"(x) = —(n—1/2)0""(x) + & (),

" B = (= 1/2)82(x) + {7 (x),
" (x) =" (x), (63)
a3 (x) = (0 —1/2)07"(x) + " (x),

with

gl g2rgtm g2m glm g2m e B ([0, 1)), (64)

ol
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satisfying the limiting clamping conditions:

Cul"(1) = G2 (1) = £ (1) = £27(1) = 017(1) = 02"(1) =0, (65)

PROOF By construction, {Wg" }m>1 is a bounded sequence. Convergences (60)-(61)
are deduced from (54)-(55). From (58) we have

€ql ! (ul’zgl(e)) — 0 strongly in L*(Q), (66)
and since Lo
u,\¢ (€) — " weakly in L2[0, 13 [H'(0,1)]], (67)
we have .
eqip (1% (€)) = egupi (@) weakly in L*(Qy). (68)

Thus, eq1p1 (#'"™) = 0. Therefore, we deduce the last two equations in (62). In addi-
tion, we deduce from (54) that

eu' (g) — (ﬁ%’m,0,0) weakly in H'(Q),
and €ig (sul‘[?(e)) — 0 strongly in L*(Q). (69)

Thus, ﬁ}m does not depend on x, and x3 which gives the first equation in (62). By
the same argument we prove (63). The limiting clamping conditions (65) are directly
obtained from the clamping conditions on I'; UT. ™

In order to pass to the limit in the scaled variational formulation, we need the
following convergence result regarding the scaled strain tensors.

Lemma 6 For each m > 1, there exists a subsequence, still denoted by €, such that

K% (e) = K"(0)  weakly in L2(Qy), (70)
K (e) = K7"(0)  weakly in L?(Qp), (71)
with 51" (0)(x) = (&) (x1), (72)
" (0)) = Kl 0)) = 55 (€ ) 3
3"(0)(x) =0, (74)
k3" (0)(x) = (0" (x1)ds' (x2,%3),
K13"(0) (x) = =(8"") (x1) D2t (x2,%3), (75)

where x' is the torsional function of @' defined in (38), and the similar formulas
for Kl.zj’m(O). O



Asymptotic analysis of flexural, torsional, and stretching modes in a multi-rod structure 21

PROOF The proof being independent of each rod, we employ the same techniques as
in the single rod case (see [13]) to establish this result. n

As demonstrated in the following lemma, the flexural components of the limiting
displacements disappear.

Lemma 7 Foreachm > 1, if N,(0) #0 then

g =" =0. (76)

ol

PROOF Consider a test-function of the form v(¢) = (v!(¢),0) with

vi(€) = (0,& (x1),& (x1)), and &3, € 2(0,1). (77)

For € sufficiently small, we have éé. (ex1) = 0; therefore, this test-function satisfies
the junction relations (16) and belongs to V(€). Moreover, we have the following
strain components:

1
eqip(v'(€)) =0, eqi(v'(€)) = 5(551)'7 and e;(v!(g)) =0. (78)
Substituting (77) and (78) into equation (51) and taking the limit as € — 0, we obtain
1,m = _1,m
[ RO)EYdr=7(0) [ @, (79)
Using (75), we get
1
[ )& dr= [ o am)dnds [ (017)(E)dx
. Ql (] 0
and

- 1
Ll == [ o' odnds [ (6'7) (@) an
1 1

Since [ 9gix' (x2,%3)dx2dx; = 0, it follows that / K'7(0)(&)) dx = 0 and then

1
o o, o'l
_1,
/ uaf" Olcldx:O.
Q

1
Using (62) and the fact that / (X1 — E)dxzdxg = 0, we obtain

[0]]

1
/0 CELdn =0 VEL € 2(0,1).

Thus, it follows that
CLm -0

al
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Applying the same argument with the test function v(g) = (0,v?(g)) with
vi(e) = (§7(x2),0,&5 (x2)), and &5, € 2(0,1), (80)

we similarly obtain C;’zm =0. -

Remark 1 The flexural components vanish in the high-frequency limit, reflecting
the well-known fact that torsional and stretching modes in elastic rods occur at higher
natural frequencies than flexural ones.

We now derive the limiting junction condition satisfied by the stretching components
of the limiting eigenvectors.

Lemma 8 For each integer m > 1 we have the following limiting junction conditions:

¢hm(0) = ¢>™(0) =0. (81)

PROOF The scaled modes (1" (g),u*" (€)) satisfy the multidimensional junction
relations (16). In order to pass to the limit in these relations, let us define

m

e 10m L (& g m
Ty ug, (8)()627)63):5 | Yo (&) (x1,x2,x3)dx1,

e 1,0 L& qm
Iiu (5)()62,)63):5 0 €u, (8)(X17X2,X3)dxza

- . 2,0m
and the similar relations for 75 u; te (€)(x1,x3).
Consider the junction relation

1,0m 2,0m
eu; F (€)(&xy,x2,x3) = uy ©(€)(x1,€x2,X3).
Integrating both sides, we obtain

m m
€

/] Sui’é (€)(&x1,x2,x3) dx1dxadxs :/ZM?’Q (&) (x1, €x2,x3) dx1dxpdxs
Q

Q

L [ qem L (& 2pm
/ 7/ Eul’S(S)(xl,xz,x3)dx1dx2dx3:/ 7/ uy ¢ (€)(x1,x2,x3) dxadxidxz,
w! € J0 w2 €Jo

and then
/ Tlgu}’@ (€)(x2,x3)dx2dxs3 = /2Tfu%[?(8)(x1,x3)dx1dX3. (82)
()

Since u;"* (g) € H'(Q)) — H'([0,1];L* (@), Tfu}" (¢) € L*(w)) and we have,
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foreachm > 1,

e, 1A e 2
e ) e e, |,
1 € 1 477'1 lzm 2
= f/ eu; (&) (x1,x2,x3)dxy — €u; * (€)(0,x2,x3)
€Jo ()
1,0m 2
gCe’eul E(e)” < Cke.
H'(Q)

Since sui’@sﬂ(e)‘ — ﬁ}7m|m1 in the H? (m) sense, we deduce that

o]

Tg l,f’s" _1.m . 2
Tuyc(€) =™, strongly in L7 (o).
By the same argument, we show that
Tfu?’&” (€) — ﬁ%’m‘wz strongly in L2 ().

Now passing to the limit in the relation (82), we obtain

/ L_t}’m(o,xZ,x_O,)dedx_g = / ﬁ%’m(xl,o,x3)dx1dx3,

[} ()
which gives .
/ EHm(0)dxydxs = / (3 — =) 0™ (0)dx1dx3,
4] ] 2

and then {'""(0) = 0. By the same argument we prove that {>™(0) = 0. n

We can now characterize the limiting space of stretching and torsional displacements:
7/ST — {(Cl,m, Gl,m’ CZ,m7 92,m> e Hl (0, 1;R4) . Cl’m(()) — Cz,m(o) — 0’
§1 (1) = £2m(1) = 8" (1) = 62" (1) = 0 }. (83)

Theorem 3 For each m > 1, the limits ({01, £>™ 6*™) belong to Vsr and
satisfy the following equation:

V(éla(pl>§27(p2) € %T
EA(QI)AI(CI’m)/(él)/dxl+4,u.]1/01(91’m)/(([?1)/dxl
FEA?) [ (O (€ dna +4u [ (627 (92 d
0 0
1 1
— 7 (0) [A(a)l)/o Cl’méldx1+(1212+1313)/0 91°m(p1dx1]

1 1
+11(0) [A(w2> /0 $PERdxy + (I + 1) /O 92’m(P2dx2]- (84)
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where
1
Jl = /|(x[x| - 5)8a1x1(x2,x3)dx2dX3 (85)
(0]
1
and 2= / (g2 = 5)92 2 (153 (86)
[0}

are the torsional rigidity coefficients and I' B az B, the inertia moments of each rod.

PROOF Let (&', 9!, E2, ¢?) belong to ¥sr. We denote by (v!,1?) the displacements

V) = (7 (), (5 - 3)0' (1), (1~ 5)9' ()

&7)
00 = (- 3)0%(), e 8 (w), (1~ 5)97 ().

As in [Theorem 1], we construct an approximation (v!(g),v*(¢)) of (v!,v?) that
belongs to V(&) and satisfies the following convergence properties:

( vii(g) = strongly in L?(Q,),
evi(e) — ( 1) strongly in L*(Q,),

eqi1 (V' (8)) = eg1 (V) strongly in L?(Q,), (88)
gey (vi(e)) — ( D (xp) strongly in L2(,),
ey B! 1(vi(e)) = strongly in L2(Q)).

and the similar properties for v*(&).
Passing to the limit in (51) when € — 0, and using convergences (70)-(71) and (88),
we obtain

[ w1 Oean (st [ [2um170) + 4" (0)] (01 (i)

+4I'L /QZ\JZ Ki?zn;(O)eazz(vz)der [2‘1_“(222’”(0) +A,K5m(0)} ((P2)/()C2)dx

Q,\J?

= Tm(0) [/Ql " ()va (x)dx+ ﬁi’m(x)(pl(xl)dx}

Q)

+7m(0) [ /Q o (x)v2a (x)dx + " (x)(pz(xz)dx} :

Z\Jg o 92\12

Replacing @' (x), i*™(x), k'""(0), and k>™(0) by their expressions (62)-(63) and
(72)-(75), we obtain
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1 ! ! !/
4.“/1(xocl —5)9a1%1(x27X3)dx2dx3/0 (81 (1) (@) (x1)dx
(0]

1 1
+4H/2(xa2 —5)8azxz(x1,x3)dx1dx3/0 (62™)'(x2)(9?)' (x2)dx2
(O]

3/1)L++,,¢2u / dx dx/ (CH) () (&1 (xr )y
1
+W /wzdxldx3/o (E2™) (2) (&%) (x2)dix2

_ 1 1 1 "
:rlm(())/wl [(x2_§)2+(x3_§)2}dx2dX3/0 ol q)ldxl

1 1 1
+1m(0) /aﬂ {(xl — 5)2—1- (x3 — 5)2} dxldX3/0 0% @ dx,

1 1
7 (0) / dxrdxs / CYE dxy + T (0) / dxydxs / £2mE2 iy, .
! 0 ®? 0
Equation (84) is obtained using definitions (36)-(37), and (85)-(86). n

Let us now give the strong formulation of the limit variational problem. The lack
of strong convergence of the eigenfuctions does not allow us to assure that this limit
is not zero. However, if this limit is not zero, then it is a torsional or stretching eigen-
mode associated to the limit eigenvalue.

Theorem 4 For each m > 1, the limiting solution (1),,(0), ™, 0™) verifies:
o If(EI™ £2M) £ (0,0) then (,,(0), E1™, &™) is an eigensolution of the system of
classical equations of stretching vibrations:

d2 1 )
%ﬁ—ﬂmmm
o (89)
2

o If(8Y™ 6%™) £ (0,0) then (,,(0),0™ 6*™) is an eigensolution of the system of
classical equations of torsional vibrations:

de!
—4ud! = =l +153)8" in (0,1),

g 912 (90)
G =+ R0t i (0.1)

PROOF The result is obtained by carefully performing an integration by parts in the
left side of equation (84). n
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5. Conclusions

In this paper, we performed a detailed asymptotic analysis of the eigenvalue prob-
lem for a multi-rod structure clamped at both ends within the framework of linear
elasticity. We investigated the convergence of both low-frequency and high-frequency
modes as the thickness of the rods tends to zero. For low-frequency modes, we
established the convergence of eigenvalues and eigenfunctions to a well-posed one-
-dimensional limiting problem. Specifically, we showed that:

* The eigenfunctions primarily correspond to flexural displacements in each rod.
The limiting problem is governed by coupled fourth-order differential equa-
tions with appropriate junction conditions.

e The derived junction conditions ensure the continuity of displacements and
maintain the perpendicularity of the rod axes after deformation.

* These results confirm that the limiting model accurately describes the behavior
of the multi-rod structure under low-frequency vibrations.

The study of high-frequency modes is more complicated, and the classical techniques
used for low-frequency modes could not be applied in this setting. To address this,
we:

* Defined a subsequence of eigenvalues associated with torsional and stretching
modes and characterized their asymptotic behavior.

* Established the convergence properties of the scaled eigenfunctions.

* Derived the governing equations for the high-frequency limiting problem,
demonstrating that these modes correspond to pure torsional and stretching
vibrations.

This work specifically concerns a multi-rod structure that is clamped at both ends.
The case of a multi-rod structure clamped at only one end for high-frequency modes
presents additional complexities and will be addressed in a forthcoming study.
Our findings provide a rigorous mathematical justification for reduced-dimensional
models in multi-rod structures, capturing both flexural (low-frequency) and torsional/
stretching (high-frequency) behaviors. Future work may explore numerical simula-
tions to validate these asymptotic results and extend the analysis to more complex
multi-rod configurations with varying boundary conditions.
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