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Abstract. A two-dimensional physical-mathematical model is proposed for analyzing the
plane-deformed state of a nonferromagnetic plate under the action of a quasi-static electro-
magnetic field. Two-dimensional problems of electrodynamics, thermal conductivity, and
thermoelasticity are formulated to find the determining functions, which are the tangential
component of the magnetic field intensity vector, temperature, and components of the quasi-
static stress tensor. To solve these problems, all determining functions are approximated
by cubic polynomials in the thickness variable. This allows the initial two-dimensional
problems for determining functions to be reduced to one-dimensional problems with respect
to their integral characteristics. General solutions to problems for integral characteristics are
obtained using a finite integral transform with respect to the transverse variable, as well as
a Laplace integral transform with respect to the time variable. The change in time of the
Fourier intensity of stresses in a lead plate under the action of a quasi-static electromagnetic
field and their distribution across the plate cross-section at the moment of reaching maximum
values are analyzed. The dependence of these quantities on the parameter characterizing
surface and deep induction heating, as well as the conditions of convective heat transfer of
the plate base and its side edges, is investigated.
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1. Introduction

Lead plates are widely used as shielding elements against external electromag-
netic radiation and ionizing γ- and X-ray exposure in medical, scientific, and indus-
trial facilities. In medical environments, such plates operate under electromagnetic
fields generated by computed tomography scanners and other electrical diagnostic
equipment [1].

Compared with other non-ferromagnetic metals, such as alloyed stainless steels
and tungsten, lead exhibits a significantly lower melting temperature and elastic de-
formation limit. In addition, the application of lead in medical practice is associated
with certain adverse effects on the human body [2]. These limitations have stimulated
active research into structurally heterogeneous metal composite materials, in which
lead is incorporated as a constituent phase in order to retain its favorable shielding
properties while improving mechanical performance and reducing toxicity [3]. In par-
ticular, studies [4] support the incorporation of bismuth particles into nanocomposite
systems, since bismuth possesses physical characteristics similar to those of lead and
is recognized as a low-toxicity heavy metal.

Recent reviews [5, 6] are devoted to hybrid and newly developed materials for
electromagnetic shielding. Traditionally, metals such as stainless steel, copper, alu-
minum, and silver have been preferred for shielding against electromagnetic interfer-
ence due to their high shielding efficiency. However, the high electrical conductivity
of metals often results in shielding through reflection, which can cause secondary
electromagnetic pollution. Lead has viscous properties due to its internal structure,
so its use as a protective shield minimizes secondary reflection.

The thermophysical behavior of metallic components subjected to electromag-
netic excitation has also been investigated. For example, Lee et al. [7] analyzed
the temperature distribution and bending response of a thick metal plate during high-
-frequency induction heating. Numerical simulation of induction heating processes
involving coupled electromagnetic and thermal fields remains computationally
demanding, particularly for ferromagnetic materials. To improve efficiency, Ref. [8]
proposed a semi-analytical approach combining finite-element preprocessing with
analytical electromagnetic formulations. Methods for analyzing the thermomechani-
cal response of electroconductive elements are discussed in [9].

A number of studies [10, 11] examined the thermally stressed state of homoge-
neous and bimetallic plates using one-dimensional models under unsteady induction
heating. In the study [12], a numerical framework combining electromagnetic, ther-
mal, and mechanical processes was created to model the turbine rotor straightening
process using induction heating. In the paper [13], a magneto-thermal bidirectional
coupled model is developed to predict temperature fields under various structural
factors. Numerical studies are conducted to optimize the structural parameters of the
inductor to improve the welding strength of large-sized conductive plates. Tempera-
ture regimes and stress states have also been reported for plates made of copper [14]
and tungsten [15].
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Despite these achievements, the available literature contains insufficient analysis
of the temperature change and stress-strain state of lead plates exposed to external
quasi-static electromagnetic fields. Lead is a very soft and ductile material for which
the elastic deformation zone is very short, which is shown in the diagram of the
dependence of the stress intensity σi on the deformation intensity εi. The elastic de-
formation limit σd of pure lead and some alloys based on it is in the range 4-12 MPa.

Therefore, based on a validated two-dimensional physical-mathematical model,
the present work aims to investigate the stress intensities arising in a lead plate under
two induction heating regimes: near-surface and deep heating induced by a quasi-
static electromagnetic field.

2. Thermomechanical problem formulation
for an electroconductive plate

2.1. Problem description

In the Cartesian coordinate system OX1X2X3 an electroconductive plate with thick-
ness of 2h and a width of 2d∗ is considered. Here h and d∗ are dimensional half-
-thickness and half-width of the plate. The origin O is located at the symmetry center
of the rectangular cross-section. The plate is assumed to be infinitely extended in the
OX2 direction, with its width aligned along OX1 and its thickness along OX3 (Fig. 1).
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Fig. 1. An electroconductive plate of rectangular cross-section with thickness of 2h and a width of 2d∗.
The magnetic field inside the plate is described by the intensity vector H⃗ = {0,H2,0},

where the component H2 is directed parallel to the plate bases

The material of the plate is homogeneous, isotropic, and non-ferromagnetic. Its
electrical, thermal, and mechanical characteristics are taken as constants correspond-
ing to their averaged values over the heating process.
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Induction heating is produced by an externally applied uniform quasi-static elec-
tromagnetic field. The induced currents give rise to Joule heat inside the plate, act-
ing as time-dependent volumetric heat sources. These sources generate a transient
temperature distribution, which subsequently leads to the development of thermally
induced stresses.

To investigate this coupled process, a two-dimensional physical-mathematical
framework is formulated and implemented in three successive steps. At the first
stage, Maxwell’s equations are employed to evaluate the electromagnetic field and
the volumetric Joule heat generation. In the second stage, the heat conduction equa-
tion with internal heat sources is solved to obtain the temperature field. Finally,
the thermostressed state of the plate is determined by solving the two-dimensional
quasi-static thermoelasticity equations, yielding the components of the stress tensor.
This sequential methodology enables a consistent description of the interaction
between electromagnetic excitation, thermal response, and mechanical stresses in
the conductive plate.

2.2. Definition of a two-dimensional electromagnetic field

The spatial coordinates x1,x2,x3 are scaled by the half-thickness h, and the di-
mensionless variables x1 = X1/h, x2 = X2/h, and x3 = X3/h are introduced. Accord-
ingly, the normalized plate width is defined as d = d∗/h. Consider a magnetic field
within a plate characterized by the intensity vector H⃗(x1,x3, t) = {0,H2(x1,x3, t),0}.
The component H2(x1,x3, t) aligns with the bases of the plate at x3 =±1 and its end
sections at x1 =±d, while t represents time. This configuration enables the analysis
of magnetic field diffusion in the plate.

To describe the spatial and temporal evolution of the component H2(x1,x3, t),
we use the equation derived from Maxwell’s relations [16]:(

∂ 2

∂x2
1
+

∂ 2

∂x2
3

)
H2 −

∂H2

∂τ
= 0. (1)

Here, the dimensionless time τ =
t

σ µh2 governs the diffusion process, where σ and

µ are the electrical conductivity and magnetic permeability of the plate material,
respectively.

Boundary conditions for solving this equation are given by:

H2 (x1, ±1, τ) = H±(0)
2 (x1, τ) , (2)

H2 (±d, x3, τ) = H±(0)∗
2 (x3, τ) .

The functions H±(0)
2 (x1,τ) and H±(0)∗

2 (x3,τ) define the magnetic field on the plate’s
surfaces.

If initially, at τ = 0, the electromagnetic field (EMF) is absent, the initial con-
dition is:
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H2 (x1, x3, 0) = 0. (3)

At the corners of the plate cross-section, continuity conditions for H±(0)
2 and

H±(0)∗
2 must be satisfied:

H+(0)
2 (d, τ) = H+(0)∗

2 (1, τ) , H−(0)
2 (d, τ) = H−(0)∗

2 (−1, τ) ,

H+(0)
2 (−d, τ) = H−(0)∗

2 (1, τ) , H−(0)
2 (−d, τ) = H−(0)∗

2 (−1, τ) . (4)

The associated electric field intensity vector E⃗ is determined as:

E⃗ =
1
σ

(
rot H⃗

)
. (5)

The non-zero components of E⃗ are:

E⃗ (x1, x3, τ) = {E1 (x1, x3, τ) ; 0; E3 (x1, x3, τ)} ,

where:

E1 =
1
σ

∂H2 (x1, x3, τ)

∂x3
, E3 =

1
σ

∂H2 (x1, x3, τ)

∂x1
.

The Joule heat density, given by Q = σ E⃗2, can be expressed as:

Q =
1
σ

[(
∂H2

∂x1

)2

+

(
∂H2

∂x3

)2
]
. (6)

2.3. Definition of a two-dimensional temperature field

The temperature field T (x1,x2,x3,Fo) within the plate, influenced by time-
-dependent, continuously distributed Joule heat sources Q, can be evaluated using
the heat conduction equation derived in [17]:(

∂ 2

∂x2
1
+

∂ 2

∂x2
3

)
T − ∂T

∂Fo
=−h2

λ
Q. (7)

Here, Fo = at/h2 represents the Fourier criterion, while a and λ denote the thermal
diffusivity and thermal conductivity, respectively.

On the plate surfaces x3 = ±1, the conditions for convective heat exchange with
the external environment are given by:(

∂T
∂x3

)±
±Bi±(T±−T±

c ) = 0. (8)
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Here, Bi± = H±h is the Biot criterion; H± is the relative heat transfer coefficient

for the surfaces x3 =±1; T± and
(

∂T
∂x3

)±
are the temperature and its gradient at the

surfaces x3 =±1, respectively. T±
c represents the external environment temperatures

at these surfaces, with initial values T±
c (x1,x2,0) = T (0)

c (x1,x2,0), where T (0)
c denotes

the initial external environment temperature.
Similarly, at the end sections of the plate x1 = ±d, convective heat exchange

conditions are described as:(
∂T
∂x3

)∗±
±Bi∗±(T ∗±−T ∗±

c ) = 0. (9)

The symbol ∗ in equation (9) indicates that these values are specific to the end
sections x1 =±d.

The initial temperature distribution within the plate at Fo = 0 is assumed to be:

T (x1,x2,x3,0) = T (0)
c (x1,x2,0). (10)

2.4. Definition of a plane-deformed thermostressed state

It is known from previous studies [18] that during the induction heating of an
electroconductive body by a quasi-static EMF, the stress state of this body is mainly
determined by the Joule heat Q, and the influence of the ponderomotive forces F⃗
is negligible. Therefore, in the case of a plane deformation of a body with plane-
-parallel boundaries (plate) caused only by the temperature field T (x1,x3, t). Thus,
following [19] the governing system of equations of the two-dimensional quasi-static
thermoelasticity problem has the form:(

∂ 2

∂x2
1
+

∂ 2

∂x2
3

)(
ψ

(s)+
αET
1−ν

)
= 0. (11)

(
∂ 2

∂x2
1
+

∂ 2

∂x2
3

)
σ
(s)
13 =− ∂ 2ψ(s)

∂x1∂x3
. (12)

∂ 2σ
(s)
11

∂x1
=

∂ 2σ
(s)
13

∂x3
. (13)

σ
(s)
33 = ψ

(s)−σ
(s)
11 . (14)

σ
(s)
22 = νψ

(s)−αET. (15)
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Here, σ
(s)
11 ,σ

(s)
22 ,σ

(s)
13 ,σ

(s)
33 are the components of the tensor σ̂

(s) of quasi-static stresses;
ψ

(s) = σ
(s)
11 +σ

(s)
33 , α , ν are the linear thermal expansion and Poisson’s ratios; E is

the Young’s modulus.
The boundary conditions on the surfaces x3 =±h of the plate are

∂ψ(s)±

∂x1
+

∂σ
(s)±
13

∂x3
= 0, σ

(s)±
13 = 0, σ

(s)±
11 = ψ

(s)±, (16)

and on the end surfaces x1 =±d of the plate are written in the form

∂ψ
(s)±
∗

∂x3
+

∂σ
(s)±
∗13

∂x1
= 0, σ

(s)±
∗13 = 0, σ

(s)±
∗33 = ψ

(s)±
∗ . (17)

The symbol ∗ in (17) means that these values are considered at the end sections of
the plate x1 =±d.
In the relations (11)-(17), the dimensional Cartesian coordinates are used.

3. Methodology for constructing solutions to problems of
electrodynamics, thermal conductivity and quasi-static
thermoelasticity

To find the determining functions

Φ = {H2(x1,x3, t);T (x1,x3, t);σ11(x1,x3, t);σ13(x1,x3, t);σ22(x1,x3, t);σ33(x1,x3, t)}

their distribution over the thickness variable x3 by cubic polynomials [19] are approx-
imated:

Φ(x1,x3, t) =
3

∑
j=1

aΦ

( j−1)(x1, t)x
j−1
3 . (18)

The coefficients aΦ

( j−1)(x1, t) of the approximation polynomials (18) are written in
terms of the integral characteristics Φs(x1, t) of the determining functions Φ(x1,x3, t)

Φs(x1, t) =
2s−1

2

∫ 1

−1
Φ(xl,x3, t)xs−1

3 dx3 (s = 1, 2) (19)

and the boundary values Φ
±(x1, t) of these functions on the surfaces x3 = ±h are

given. The equation for determining the integral characteristics Φs(x1, t) is obtained
by multiplying equations (1), (7), (11)-(13) by xs−1

3 and their integration over the
variable x3, taking into account the formulas (18), (19).

The resulting systems of initial equations for finding the integral characteristics
Φs(x1, t) (s = 1, 2) of the determining functions will be systems of one-dimensional
equations in the spatial variable x1.
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To find their solutions, we use finite integral transforms in the variable x1 in accor-
dance with the boundary conditions imposed on the determining functions at the end
sections x1 =±d of the plate under consideration. Note that the integral characteris-
tics H2s of the component H2(x1,x3, t) of the magnetic field strength vector and the
temperature Ts are also determined using the Laplace integral transform in the time
variable t.

A detailed description of the method of determining the function H2(x1,x3, t) and
the temperature T is presented in the paper [20]. Since the purpose of this work is to
study the thermomechanical behavior of an electroconductive plate under the action
of a quasi-static EMF, we will further use the methodology for constructing a solution
to the two-dimensional quasi-static problem of thermoelasticity in stresses, presented
in the work [19] and tested in the articles [14, 15].

The general procedure for obtaining a solution to the quasi-static thermoelasticity
problem in terms of stresses is outlined below.

To solve the formulated quasi-static thermoelasticity problem for the plate,
governed by (11)-(15), the distribution of the functions ψ

(s)(x1,x3) and σ
(s)
13 (x1,x3)

across the thickness coordinate x3 are first approximated using cubic polynomial
expressions:

ψ
(s) =

4

∑
j=1

ψ
(s)
j−1(x1)x

j−1
3 . (20)

σ
(s)
13 =

4

∑
j=1

α
(s)
13( j−1)(x1)x

j−1
3 . (21)

Then, the coefficients ψ
(s)
j−1,α

(s)
13( j−1) of the approximation polynomials (20), (21)

are expressed in terms of integral characteristics

N(s) =
1
2h

∫ h

−h
ψ

(s)dx3; M(s) =
3

2h2

∫ h

−h
ψ

(s)x3dx3;

N(s)
13 =

1
2h

∫ h

−h
σ
(s)
13 dx3; M(s)

13 =
3

2h2

∫ h

−h
σ
(s)
13 x3dx3 (22)

of the functions ψ
(s)(x1,x3) and σ

(s)
13 (x1,x3) on the thickness coordinate x3 and the

boundary values of these functions as follows

ψ
(s)
(0) =

3
2

N(s)− 1
4

ψ
(s)
∗ ; ψ

(s)
(1) =

5
2h

M(s)− 3
4h

ψ
(s)
∗∗ ;

ψ
(s)
(2) =

3
4h2 ψ

(s)
∗ − 3

2h2 N(s); ψ
(s)
(3) =

5
4h3 ψ

(s)
∗∗ − 5

2h2 M(s);
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α
(s)
13(0) =

3
2

N(s)
13 ; α

(s)
13(1) =

5
2h

M(s)
13 ;

α
(s)
13(2) =− 3

2h2 N(s)
13 ; α

(s)
13(3) =− 5

2h3 M(s)
13 . (23)

Here,

ψ
(s)
∗ = ψ

(s)++ψ
(s)−; ψ

(s)
∗∗ = ψ

(s)+−ψ
(s)−.

The system of equations for determining the integral characteristics N(s), M(s), N(s)
13 ,

and M(s)
13 (analogs of forces and moments), is obtained by averaging the first two

equations of the system (11)-(15) over the thickness coordinate x3, and these equa-
tions multiplied by x3, according to the formulas (22). As a result of the transfor-
mations performed, the integral characteristics N(s), M(s), N(s)

13 , M(s)
13 are determined

from the system of one-dimensional equations(
∂ 2

∂x2
1
− 3

h2

)
N(s) = Φ

(s)
1 − 3

2h2 ψ
(s)
∗ , (24)

(
∂ 2

∂x2
1
− 15

h2

)
M(s) = Φ

(s)
2 − 15

2h2 ψ
(s)
∗∗ , (25)

(
∂ 2

∂x2
1
− 3

h2

)
N(s)

13 =
1
2h

∂ψ
(s)
∗∗

∂x1
, (26)

(
∂ 2

∂x2
1
− 15

h2

)
M(s)

13 =
3
2h

∂ψ
(s)
∗

∂x1
− 3

h
∂N(s)

∂x1
. (27)

Here,

Φ
(s)
1 =− αE

1−ν

{
∂ 2T1

∂x2
1
+

1
2h

[(
∂T
∂x3

)+

−
(

∂T
∂x3

)−
]}

;

Φ
(s)
2 =− αE

1−ν

{
∂ 2T2

∂x2
1
+

3
2h

[(
∂T
∂x3

)+

+

(
∂T
∂x3

)−
]
− 3

2h2 (T
+−T−)

}
,

where Tn =
2n−1

2hn

∫ h

−h
T xn−1

3 dx3, (n = 1,2) are integral temperature characteristics;(
∂T
∂x3

)±
=

∂T (x1,±h, t)
∂x3

.
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The boundary values of ψ
(s)± of the function ψ

(s) on the surfaces x3 =±h, which
are included in the system of equations (9)-(12) are found by averaging the boundary
conditions (16), (17) in accordance with the relations (22).

In the case of a plate with end sections free from external force load x1 = ±d,
the conditions for conjugation of the values of the functions ψ (x1,τ) and σ13 (x1,τ)
(the component of the stress tensor) at the vertices of the rectangle of the plate cross-
-section are taken into account:

ψ(d,τ) = ψ(1,τ); ψ(d,τ) = ψ(−1,τ);
ψ(−d,τ) = ψ(1,τ); ψ(−d,τ) = ψ(−1,τ).

σ13(d,τ) = σ13(1,τ); σ13(d,τ) = σ13(−1,τ);
σ13(−d,τ) = σ13(1,τ); σ13(−d,τ) = σ13(−1,τ).

(28)

By averaging the boundary conditions at the end sections according to the formula
(22), the corresponding boundary conditions along the x1 coordinate on the functions
ψ

±, N, M, N13, M13 are obtained.
To solve the system of interdependent equations (24)-(27), a finite integral trans-

form with respect to the variable x1 is employed. The transform kernel is chosen as

K(αk,x1) =
sinαk(x1 +d)√

d
, where αk =

πk
2d

.

Solutions to the formulated quasi-static thermoelasticity problem have been re-
ported in [19], and these results were subsequently employed in [14] and [15].

Once the functions ψ
(s) and σ

(s)
11 are known, the components σ

(s)
22 , σ

(s)
33 of the

stress tensor can be evaluated using relations (14) and (15).
To characterize the thermomechanical response of the considered plate, the stress

intensity σi is introduced. For the present two-dimensional thermoelastic formulation,
it is defined by [21]

σi =
1
2

√
(σ11 −σ22)2 +(σ22 −σ33)2 +(σ33 −σ11)2 +6σ2

13. (29)

4. Analysis of the stress intensities of a lead plate under its induction
heating by a homogeneous quasi-static EMF

Let us consider the induction heating of an electroconductive plate by a homoge-
neous quasi-static EMF. Accordingly, the values of the component H2 (x1, x3, τ) of
the magnetic field intensity vector H⃗ at the bases x3 =±1 and end sections x1 =±d
of the plate are given by the expressions:

H2 (x1, ±1, τ) = H0ϕ (τ)eibτ , H2 (±d, x3, τ) = H0ϕ (τ)eibτ . (30)
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At the same time, the conditions (4) of matching the values of the functions H±(0)
2

and H±(0)∗
2 and the condition (28) the conjugation of the values of the functions ψ

(s)

and σ
(s)
13 at the corner points of the plate cross section are fulfilled identically.

In the expressions (30), the function ϕ (τ) has the form:

ϕ (τ) = 1− eβτ . (31)

Here i =
√
−1; b = 1/

(
2δ

2
0
)
; δ0 =

(
2ωσ µh2)−1/2

is a parameter that determines
the depth of penetration of induction currents of frequency ω relative to the half-
-thickness of the plate h; β = lnε/τ∗; τ∗ is the dimensionless time corresponding
to the output of electromagnetic oscillations of frequency ω to the steady state with
amplitude H0; ε = 0.001.

Substituting the expressions (30) into the corresponding formulas, taking into
account (18), (19), the expression of the component H2 (x1, x3, τ) of the magnetic
field strength vector H⃗ is obtained. Using the formula (6), the specific heat density of
Joule Q is found. The resulting expression for Q is then incorporated into the corre-
sponding relations presented in [20], which enables determination of the temperature
field T (x1,x3,Fo) within the plate.

According to the found expression of the temperature field T (x1,x3,Fo) based on
the relations (20)-(28), the expressions of the function ψ(x1,x3,Fo) and the compo-
nents σ13(x1,x3,Fo) and σ11(x1,x3,Fo) of the quasi-static stress tensor are obtained.
According to these functions found from the relations (14)-(15), the expressions of
the components σ33(x1,x3,Fo) and σ22(x1,x3,Fo) of the quasi-static stress tensor are
found.

The numerical experiment was performed for an ideal lead plate using its physical
and mechanical properties given in the Table 1 [22].

Table 1. Physical and mechanical properties of lead

Property Symbol Value
Electrical conductivity σ 0.48 ·107

Ωm−1

Thermal conductivity λ 35.3 W/(m ·K)
Thermal diffusivity coefficient κ 0.25 ·10−4 m2/s
Poisson’s ratio ν 0.44
Young’s modulus E 0.16 ·105 Pa
Coefficient of linear thermal expansion α 0.289 ·10−4 K−1

The thickness of the plate is 2h = 2 mm, the width is 2d∗ = 80 mm (relative
half-width of the plate is d = 40). The calculations were performed for two values
of the parameter relative to the half-thickness of the plate h of the induction current
penetration depth:

1) δ0 = 0.1 corresponds to near-surface heating;
2) δ0 = 1 corresponds to in-depth heating.
The circular frequency of electromagnetic oscillations ω1 = 8.28 · 106 1/s cor-

responds to the surface heating of the plate under consideration, and the circular



78 R. Musii, M. Klapchuk, V. Pabyrivskyi, Z. Kohut, D. Całus, P. Domanowski, P. Gȩbara

frequency of electromagnetic oscillations ω2 = 8.28 · 104 1/s corresponds to the
in-depth heating.

Figure 2 shows the change in the dimensionless Fourier time Fo of the stress in-
tensities σi/H2

0 under near-surface δ0 = 0.1 induction heating with quasi-static EMF
at the value of the Biot criterion Bi = 0.1 (a); Bi = 1 (b) at the characteristic points
M1 (0.25 d, 0.25), M2 (0.5 d, 0.5), M3 (0.9 d, 0.9) of a rectangle of cross-section of
a lead plate.
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Fig. 2. Time variation Fo of the stress intensities σi/H2
0 under near-surface δ0 = 0.1 induction heating

with quasi-static EMF at the value of the Biot criterion Bi = 0.1 (a); Bi = 1 (b) at the characteristic
points M1 (0.25 d, 0.25), M2 (0.5 d, 0.5), M3 (0.9 d, 0.9) of a rectangle of cross-section of a lead plate

Figure 3 shows the change in stress intensities σi/H2
0 over the cross-sectional

area of a plate under consideration and the Fourier time Fo = 4 (corresponding to
the time when the stress intensity reaches its maximum value) under near-surface
induction heating with quasi-static EMF at the value of the Biot criterion Bi= 0.1 (a);
Bi = 1 (b).
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Fig. 3. Variation of the stress intensities σi/H2
0 over the cross-sectional area of a plate under

near-surface δ0 = 0.1 induction heating with quasi-static EMF at the value of the Biot criterion
Bi = 0.1 (a); Bi = 1 (b)
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Figure 4 shows the change in the dimensionless Fourier time Fo of the stress
intensities σi/H2

0 under in-depth δ0 = 1 induction heating with quasi-static EMF at
the value of the Biot criterion Bi = 0.1 (a); Bi = 1 (b) at the characteristic points
M1 (0.25 d, 0.25), M2 (0.5 d, 0.5), M3 (0.9 d, 0.9) of a rectangle of cross-section of
a lead plate.
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Fig. 4. Time variation Fo of the stress intensities σi/H2
0 under in-depth δ0 = 1 induction heating with

quasi-static EMF at the value of the Biot criterion Bi = 0.1 (a); Bi = 1 (b) at the characteristic points
M1 (0.25 d, 0.25), M2 (0.5 d, 0.5), M3 (0.9 d, 0.9) of a rectangle of cross-section of a lead plate

Figure 5 shows the change in stress intensities σi/H2
0 over the cross-sectional

area of a plate under consideration and the Fourier time Fo = 4 (corresponding to
the time when the stress intensity reaches its maximum value) under in-depth δ0 = 1
induction heating with quasi-static EMF at the value of the Biot criterion Bi= 0.1 (a);
Bi = 1 (b).
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Fig. 5. Variation of the stress intensities σi/H2
0 over the cross-sectional area of a plate under in-depth

δ0 = 1 induction heating with quasi-static EMF at the value of the Biot criterion Bi = 0.1 (a);
Bi = 1 (b)

Expressions of stress intensities σi/H2
0 have the dimension N ·m2/A2. Accord-

ingly, the value of stress intensity is measured in Newtons N. As a result of the
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numerical analysis of the change in time Fo of the stress intensities at the charac-
teristic points M1 (0.25 d, 0.25), M2 (0.5 d, 0.5), M3 (0.9 d, 0.9) of a rectangle of
cross-section of a lead plate of half-width d = 40 during its induction heating by
a quasi-static EMF, it was found that: the maximum values of stress intensity in both
cases – near-surface and in-depth heating – are obtained at the point M3. This means
that such values of stress intensity are achieved at the corner points of the cross-
-sectional rectangle, i.e., on the edges of the plate. In the case of near-surface heat-
ing at δ0 = 0.1, the maximum stress intensity values are approximately several times
higher than their maximum values for in-depth heating at δ0 = 1.

5. Conclusions

In summary, this research reveals the following key findings:
1. The maximum values of stress tensor components and stress intensities in the

considered plate during its induction heating with quasi-static EMF significantly
depend on the dimensionless parameter δ0 and the Biot criterion.

2. The time for stress intensities in the plate to reach steady state increases substan-
tially with a one-order decrease in the Biot criterion.

3. Depending on the values of δ0 and the Biot criterion, the distributions of stress
intensities vary at selected characteristic points of the cross-section.

4. For a fixed δ0 value, as the Biot criterion Bi value decreases, the values of stress in-
tensities at characteristic points of the plate’s cross-section become approximately
equal. Specifically, when the value of the Biot criterion Bi equals 0.01, they nearly
coincide due to the heating regime approaching conditions of thermal insulation
of the plate’s lateral faces.

5. The values of stress intensities significantly depend on the dimensionless parame-
ter δ0. Under near-surface heating conditions with δ0 = 0.1 and the Biot criterion
Bi = 1, the maximum values of these quantities are much larger compared to the
conditions of in-depth heating with δ0 = 1 and the Biot criterion Bi = 1.

6. With an increase in the magnitude of H0, corresponding to the amplitude of steady
electromagnetic oscillations, in both considered cases of near-surface and in-depth
induction heating, the maximum values of stress tensor components and stress
intensities increase according to a quadratic law.

7. Experiments have shown that the elastic deformation limit of a lead plate is reached
at stress intensities σi of 4-12 MPa. Based on the numerical analysis conducted
according to Figures 2 and 4, it was established that the lead plate under con-
sideration loses its load-bearing capacity as a structural element in the case of
near-surface heating (δ0 = 0.1) at a value of H0 ≈ 3 ·103 A/m, and in the case of
deep heating (δ0 = 1) at H0 ≈ 3 ·104 A/m, respectively.

The numerical analysis of the thermostressed state of a lead plate performed in
this paper and the new regularities of the behavior of the studied stress intensities
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depending on the conditions of induction heating and convective heat transfer are of
great theoretical and applied importance in the practice of engineering calculations
for predicting the bearing capacity of electroconductive plate elements subjected to
an external quasi-static electromagnetic field.
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