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Abstract. We present analytical magnetohydrodynamic (MHD) equilibria constructed through 
Euler potentials (EPs) under aligned force-free magnetic fields (FFMFs). Two classes of  
solutions are developed by introducing different functional dependencies for the governing 
free function, resulting in distinct velocity and magnetic field configurations. The equilibria 
capture key properties of coronal and prominence plasmas. Analysis of the figures shows 
how variations in the functional form influence the spatial distribution of kinetic energy, with 
quadratic and exponential profiles producing a stronger concentration near the lower bound-
ary, which suggests enhanced flow stabilization. The squared velocity field highlights the 
importance of energy localization in determining equilibrium characteristics. These results 
extend earlier approaches to steady-state MHD equilibria and provide a theoretical frame-
work for understanding plasma structuring in solar and astrophysical environments within  
an idealized incompressible MHD approximation. 
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1. Introduction  

MHD equilibria play a fundamental role in understanding plasma confinement 
and stability in both laboratory and astrophysical environments [1-3]. Many classical 
studies have employed axisymmetric or cylindrical configurations within the Grad-
Shafranov framework, which has been widely used to model tokamak equilibria and 
related plasma systems [4-8]. Extensions of the Grad-Shafranov equation to treat 
non-axisymmetric magnetic fields have also been developed [9]. In addition, several 
numerical approaches have been proposed to compute more general MHD equilibria, 
including spectral and modern regularization-based methods (e.g., Belien et al. [10]; 
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Huang et al. [11]). A number of analytical solutions are known, including the classi-
cal solutions of Meyer and Schmidt [12] and the later formulation by Lortz [13]. 

However, deriving analytical 3D MHD solutions without assuming spatial sym-
metry remains a formidable challenge, with only limited success using either numer-
ical methods or symmetry-based reductions [14-16]. 

In astrophysics, especially in solar contexts, magnetic fields are often force-free 
due to the dominance of magnetic energy over kinetic and thermal energies [17]. 
Realistic configurations such as sunspots and coronal loops demand nonlinear  
approaches with spatially varying force-free parameters [18]. Existing analytical 
models largely assume constant force-free parameter, limiting their applicability to 
observed solar structures where magnetic complexity and gravitational influence are 
significant. 

The novelty of this work lies in the development of exact 3D solutions for incom-
pressible, inviscid MHD flows with nonlinear force-free magnetic fields (NLFF-
MFs) in a gravitational field. The incompressibility assumption is adopted here as an 
analytical simplification that allows tractable exact solutions while still capturing 
key features of magnetically dominated plasma environments such as solar coronal 
structures [19]. The solutions should therefore be interpreted as idealized analytical 
models that help reveal the role of magnetic topology and flow structure in solar 
plasma configurations. By introducing EPs, tools previously underutilized in fully 
3D solar modeling, we formulate a self-consistent class of solutions for velocity, 
magnetic field, current density, and pressure. While EPs have been explored in mag-
netospheric and limited solar contexts [20], their integration into 3D nonlinear MHD 
equilibrium theory is new. 

Our examples demonstrate that this approach captures key features of solar prom-
inences, coronal loops, and sunspots. This work thus provides a more flexible and 
analytically tractable framework for modelling complex solar magnetic environ-
ments, offering a meaningful extension beyond prior symmetry-constrained or  
numerically limited studies. 

2. Fundamental equations of field-aligned incompressible  

MHD equilibrium  

In the present formulation, the alignment between the velocity and magnetic field 
naturally arises from the assumption of field-aligned flows, which is commonly 
adopted in steady MHD equilibrium models. Under this assumption, the velocity is 
taken to be parallel to the magnetic field, i.e., � ∥ �, which ensures that the flow does 
not distort magnetic field lines and remains consistent with the frozen-in condition 
of ideal MHD. Such configurations are physically relevant in magnetically domi-
nated (low-�) plasma environments, such as solar coronal loops and prominences, 
where plasma flows are frequently observed to follow magnetic field lines. 

The fundamental equations governing field-aligned, incompressible MHD equi-
librium are derived from the conservation laws of fluid dynamics and electromag-
netism, specifically incorporating Gauss’s law, Faraday’s law, and Ohm’s law: 
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 �(� ⋅ ∇)� = −∇� − �∇Θ + � ∧ �, (1) 

the continuity equation with incompressibility condition  

 � ⋅ ∇� = 0, ∇ ⋅ � = 0, (2) 

 ∇ ⋅ � = 0, (3) 

 ∇ ∧ � = 0, (4) 

 � + � ∧ � = 0, (5) 

Throughout this work, we adopt the standard notation: � for fluid velocity, � for gas 
pressure, � for fluid density, Θ for gravitational potential, � for current density, � for 
magnetic field, and � for electric field. 

Using the vector identity:  

(� ⋅ ∇)� = 1
2 ∇(��) + (∇ ∧ �) ∧ �, (6) 

equation (1) becomes  

�∇ ���
2 � − �� ∧ � + ∇� + �∇Θ − � ∧ � = 0, (7) 

where � ≡ ∇ ∧ � stands as usual for the vorticity field. 
The nonlinear FFMFs are described by � = ��, where � = �(�, �, �), i.e.,  

 � ∧ � = 0. (8) 

Using Eq. (8), Eq. (7) leads to  

∇ !� + 1
2 ��� + �Θ" − �� ∧ � − �Θ + ��

2 � ∇� = 0 (9) 

From Eq. (2), the dot product of Eq. (9) by the velocity field yields  

� ⋅ ∇ !� + 1
2 ��� + �Θ" = 0. (10)

Therefore, a class of solution (particular case of the general solution) can be obtained 
from Eqs. (2) and (10) by putting  

� + 1
2 ��� + �Θ = #(�), (11)

where #(�) is a function of �. 
Substituting by Eq. (11) into Eq. (9), we get  
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�$#
$� − Θ − ��

2 � ∇� − �� ∧ � = 0. (12)

The dot product of Eq. (12) by � yields  

 � ⋅ ∇� = 0. (13) 

3. General formulation of 3D MHD equilibria 

Building on the analysis presented above, we construct a class of 3D solutions 
corresponding to the flow configurations discussed in Section 2.  

To construct 3D magnetic field configurations, we employ EP, which provide  
a convenient representation of divergence-free magnetic fields in the form  � = %(�, &)'(�, &)∇& ∧ ∇�, where � and & are scalar functions. This formulation is 
particularly useful in analytical MHD equilibria, as it naturally satisfies ∇ · � = 0 
and allows flexible construction of complex magnetic topologies. In this framework, 
the velocity field is assumed to be aligned with the magnetic field � ∥ �, consistent 
with the field-aligned flow assumption discussed earlier. 

� = '(�, &)∇& ∧ ∇�,   & ≡ &(�, �, �),   � ≡ �(�, �, �), � = %�, % = %(�, &),   � = ��,   � = �(�, &), 
# = * �Θ + �'(� ⋅ ∇&) + ��

2 � $�, 
� = #(�) − 1

2 ��� − �Θ,   #(�) ⩾ 1
2 �(�� + 2Θ) 

(14)

with  

,'
,& ||∇& ∧ ∇�||� = '∇� ⋅ ∇ ∧ (∇& ∧ ∇�). (15)

In what follows we prove the solutions introduced in Eqs. (14) and (15). Using  � = '∇& ∧ ∇� in Eq. (2), we have  

 � ⋅ ∇� = '(�, &)∇� ⋅ (∇& ∧ ∇�) = 0. (16) 

Using the following identity  

 ∇ ⋅ (. ∧ /) = / ⋅ (∇ ∧ .) − . ⋅ (∇ ∧ /), (17) 

we have,  

∇ ⋅ � = '∇ ⋅ (∇& ∧ ∇�) + !,'
,& ∇& + ,'

,� ∇�" ⋅ (∇& ∧ ∇�) = 0. (18)

Thus, Eq. (2) holds true. 
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To demonstrate that the momentum equation is satisfied, it is sufficient to verify 
that its equivalent form, given by Eq. (12), holds. To this end, we make use of the 
following vector identity  

 . ∧ (/ ∧ 0) = (. ⋅ 0)/ − (. ⋅ /)0, (19) 

to calculate � ∧ � as  

 � ∧ � = '� ∧ (∇& ∧ ∇�) = '[(� ⋅ ∇�)∇& − (� ⋅ ∇&)∇�]. (20) 

Substituting Eq. (20) in Eq. (12) yields  

!$#
$� − Θ − 1

2 ��" ∇� + �'[(� ⋅ ∇�)∇& − (� ⋅ ∇&)∇�] = 0. (21)

Using Eq. (13), we get  

!$#
$� − Θ − 1

2 �� − �'(� ⋅ ∇&)" ∇� = 0. (22)

Comparing Eq. (22) with the expression for the gravitational potential Θ(�, �, �) 
given in Eq. (14), we confirm Eq. (1) is satisfied. What remains is to verify the  
compatibility condition expressed in Eq. (15), which we establish in the following 
analysis. 
Applying Eq. (14) together with Eq. (19), we obtain the following result:  

� = ∇ ∧ � 
 = '∇ ∧ (∇& ∧ ∇�) + (∇' ⋅ ∇�)∇& − (∇' ⋅ ∇&)∇�. (23) 

Since ' = '(&, �), hence  

∇' ⋅ ∇� = ,'
,� ||∇�||� + ,'

,& ∇& ⋅ ∇�, (24)

∇' ⋅ ∇& = ,'
,& ||∇&||� + ,'

,� ∇� ⋅ ∇&. (25)

Therefore Eq. (23) becomes  

Ω = !∂f
∂ξ ∇ξ ⋅ ∇ρ + ∂f

∂ρ ||∇ρ||�" ∇ξ + f∇ ∧ (∇ξ ∧ ∇ρ) 

− !,'
,& ||∇&||� + ,'

,� ∇� ⋅ ∇&" ∇�. (26)

Taking the scalar product of Eq. (26) by ∇�, we get  

� ⋅ ∇� = '∇� ⋅ ∇ ∧ (∇& ∧ ∇�) + ,'
,& [(∇& ⋅ ∇�)� − ||∇&||�||∇�||�]. (27)
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Using the identity  

 ||. ∧ /||� + (. ⋅ /)� = ||.||�||/||�, (28) 

Eq. (27) becomes  

� ⋅ ∇� = '∇� ⋅ ∇ ∧ (∇& ∧ ∇�) − ,'
,& ||∇& ∧ ∇�||�. (29)

Using Eqs. (13) and (29), we obtain the compatibility condition presented in Eq. (15), 
considering a magnetic field aligned with the velocity field, then  

 � = %�. (30) 

Substituting by Eq. (30) into Eq. (3), we get  

 ∇ ⋅ � = ∇ ⋅ (%�) = %(∇ ⋅ �) + � ⋅ ∇% = 0. (31) 

Using the equation of incompressibility, we get  

 � ⋅ ∇% = 0. (32) 

Using Eq. (14), we have  

 '(�, &)(∇& ∧ ∇�) ⋅ ∇% = 0, (33) 

hence,  

 % = %(�, &). (34) 

Substituting Eq. (30) into Eq. (5), we get  

 � = 0, (35) 

so, Eq. (5) is satisfied. 
Since � = ∇ ∧ � and � = ��, then we have  

 ∇ ∧ � = ��. (36) 

Taking the divergence to Eq. (36), we have  

 ∇ ⋅ (��) = �(∇ ⋅ �) + � ⋅ ∇� = 0. (37) 

From Eq. (3), we get  

 � ⋅ ∇� = 0. (38) 

Using the expression of the magnetic field, we have  

 %'(�, &)(∇& ∧ ∇�) ⋅ ∇� = 0. (39) 
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Therefore,  

 � = �(�, &), (40) 

which completes the proof of Eqs. (14) and (15). ◼ 

4. Plasma flow in an exponentially stratified atmosphere 

We consider the EP and density profile  

 &(�, �, �) = 9:;<=>;?=@;A, �(�) = �B9CA/E , (41) 

where FG, HG, and IG control the orientation of the &-surfaces, �B is the density at  � = 0, and J is the density scale height. 
The gravitational potential is taken in the local linearized form  

 Θ(�) = K⊙�. (42) 

This form is appropriate for coronal structures at heights much smaller than the solar 
radius, with K⊙ ≈ 274  m sC�. 

From Eq. (15), the compatibility condition yields  

'(�, &) = R(�)
& . (43)

We adopt the scaling  

 R(�) = RB �S, (44) 

where RB and T are constants. 
The vector  

 U = ∇& × ∇� (45) 

becomes, for the choice (41),  

U = �(�) &(�, �, �)
J  (−HG, FG, 0). (46)

The velocity is then  

� = 'U = RBJ �S=G(−HG, FG, 0), (47)

which is purely horizontal and decays exponentially with height. Its magnitude is  

��(�) = RB�J� (FG� + HG�) �(�)�(S=G). (48)



90 E. Hussain, D. Ibrahim, O. El-Kalaawy, S. Moawad 

The vorticity � = ∇ × � leads to  

� ⋅ ∇& = RBJ� (FG� + HG�)(T + 1) & �S=G. (49)

Thus,  

� '(� ⋅ ∇&) = RB�J� (FG� + HG�)(T + 1) ��S=�. (50)

From Eq. (14),  

#(�) = * WΘ + � '(� ⋅ ∇&) + 1
2 ��X $�. (51)

Expressing Θ in terms of � via � = −Jln(�/�B) gives  

Θ(�) = −K⊙Jln ! �
�B". (52)

The integrand becomes  

−K⊙Jln ! �
�B" + RB�J� (FG� + HG�) !T + 3

2" ��S=�. (53)

Integrating term-by-term yields  

#(�) = −K⊙J W�ln ! �
�B" − �X + RB�(FG� + HG�)

2J�  ��S=\ + #B (54)

where #B is an integration constant. 
Using Eq. (14),  

� = #(�) − 1
2 ��� − �Θ, (55)

and substituting (54), (47), and (42), all nonlinear ��S=\ terms cancel, leaving  

 �(�) = K⊙J� + #B. (56) 

For #B = 0, the pressure is directly proportional to the density, consistent with  
a hydrostatic atmosphere. 

The exponential forms adopted for & and � in this example are not arbitrary but 
are physically motivated by common solar atmospheric models. The density profile �(�) = �B9CA/E represents an isothermal gravitationally stratified plasma, frequently 
used for the corona and prominences, where the scale height J depends on temper- 
ature and solar gravity [21]. The EP & = 9:;<=>;?=@;A produces planar magnetic-flux 
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surfaces whose inclination can be adjusted via FG, HG, IG to mimic different orienta-
tions of coronal loops or filament channels. The local gravitational potential Θ(�) =K⊙� is a valid approximation for heights that are small compared with the solar  
radius. 

The resulting velocity field � is purely horizontal and decreases exponentially 
with height, consistent with the observed reduction of plasma flow speeds in the 
upper corona [22]. The vorticity term � ⋅ ∇& takes a compact analytic form propor-
tional to �S=G, simplifying the computation of #(�) and �(�). The derived pressure 
distribution, �(�) = K⊙J� + #B, is linear in �, indicating a hydrostatic balance. 
This is physically consistent with the force-free condition (� × � = 0), under which 
the Lorentz force vanishes and the momentum equation reduces to a balance between 
the pressure gradient and gravity. 

5. Three-dimensional NFFF with hyperbolic density core 

We now consider a second family of exact equilibria, obtained by choosing  
the EPs  

 &(�, �, �) = 9:;<=>;?=@;A, �(�, �, �) = cosh(`), ` = F�� + H�� + I��. (57) 

The gradients of & and � are linearly independent for generic (Fa , Ha, Ia), ensuring  
a non-trivial U = ∇& × ∇� with all three components generally nonzero. 
From the definitions in Section 2, the components of .: = (cG, dG, eG) are  

 cG = HGI� − IGH�,    dG = IGF� − FGI�, eG = FGH� − HGF�, (58) 

and  

 f� = cG� + dG� + eG�. (59) 

The function '(�, &) satisfying Eq. (15) takes the separable form  

'(�, &) = 1
& g(�), (60)

with g(�) to be specified. 
The velocity field is  

�(�, �, �) = sinh`
g(�)  .. (61)

The magnetic field in the nonlinear force-free formulation is  

�(�, �, �) = %(�, &)
g(�)  . sinh`, (62)
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and the associated current density is  

�(�, �, �) = %(�, &) �(�, &)
g(�)  . sinh`. (63)

Here %(�, &) and �(�, &) are related through the force-free condition ∇ × � = � �, 
which constrains their functional form. 
From Eq. (63), with g(�) = gB > 0 (constant) and Θ(�) = ΘB + KB � (gravity 
depending only on � for compatibility), and using  

 cosh` = �,   sinh�` = �� − 1, (64) 

the Bernoulli equation reduces to  

$#
$� = ΘB + KB � + f�

gB�
j�� − �(�� − 1)

gB + 1
2k. (65)

Integrating in � yields  

#(�) = #B + ΘB � + KB2  �� + f�
gB�

��\
3 − �l

4gB + �
2�, (66)

where #B is an integration constant. 
From Eq. (64), the pressure is  

�(�) = #(�) − � #′(�) + � f�
gB�

j�� − �� − 1
gB k. (67)

Substituting #(�) and simplifying gives  

�(�) = �B − KB2  �� + f�
2gB\

 �� − f�
4gB\

 �l, (68)

with �B ≡ #B representing a constant background pressure. 
The configuration represents a NLFFM structure embedded in a stratified solar 

atmosphere, where the density � forms a dense core along ` = 0 and decreases out-
ward. The density distribution seen in prominences and coronal loops is replicated 
by this hyperbolic profile, � = cosh`, which has smooth lateral decay along field 
lines and center augmentation [23]. These characteristics align with force-free prom-
inence models [24], in which curved field lines provide magnetic support for dense 
cores. Straight and arched prominence threads can be modeled without singularities 
in pressure or density thanks to the hyperbolic function’s symmetry. 

The field-line bundle’s orientation is set by the vector . = (c, d, e). The twisted 
field lines with finite parallel current density that result from a nonzero . imply that ∇& and ∇� are not parallel. This is consistent with NLFFF structures deduced from 
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magnetograms [25], where magnetic twist and shear are indicated by the spatially 
varying force-free parameter �. 

The equilibrium between gravity, pressure gradients, and magnetic tension is  
controlled by the Bernoulli function #(�). The conflict between magnetic tension 
and pressure forces under gravitational stratification is shown in the pressure law in 
Eq. (68), which exhibits quadratic rise and quartic decrease with �. Stable (� > 0) 
or unstable (� < 0) structures that are pertinent to pre-eruptive prominences can be 
represented by adjusting KB and gB [26]. 

In contrast to the potential-field situation in Section 4, setting g(�) constant re-
sults in a field with spatially variable �(�, &) ≠ 0 that can store magnetic helicity 
and free energy. When kink or torus instabilities form, such fields may appear before 
eruptions [27]. According to low-� coronal conditions, the solution meets the NLFF 
condition ∇ ∧ � = �(�, &)� [19]. Localized current concentrations along twisted 
flux bundles are revealed by nonlinear force-free extrapolations, which are consistent 
with the spatial variation of � [25]. 

6. Results and discussion 

The vertical density profiles �(�) for various scale heights J in Eq. (41) are 
shown in Figure 1. As expected from the exponential dependence, the density de-
creases monotonically with altitude, with larger values of J producing slower decay 
rates. For example, at � = 10, the density drops to nearly � ≈ 0.02 when J = 2, but 
remains as high as � ≈ 0.37 for J = 10. This behavior highlights the role of gravi-
tational stratification in plasma confinement: smaller J values correspond to cooler 
or more compact plasmas, whereas larger J values reflect hotter or more extended 
structures. Such exponential stratification has been widely recognized in MHD mod-
eling of astrophysical and laboratory plasmas. 

In Figure 2, the squared velocity profiles are shown for different values of the 
exponent parameter T in Eq. (44). All profiles decrease sharply with height, with the 
most rapid decay observed for larger T. Near the base (� ≤ 1), the velocity squared 
is close to 0.05, while by � = 5 the values have dropped below 0.005 for T = 1.5. 
Physically, this indicates that steeper exponents accelerate the damping of flow with 
altitude, which is consistent with the stabilizing role of gravity-modified flows in 
stratified plasmas. Similar damping behaviors have been reported in studies of steady 
and stratified MHD equilibria. 

The squared velocity field in Eq. (61) for various functional forms of g(�) at  � = 0 and � = 0 is shown in Figure 3. The highest velocity amplitudes are obtained 
in the unshifted case g(�) = �, where �� ≈ 0.32 at � = ±3. The velocity field 
steadily decreases across the domain as constant shifts (g(�) = � + 0.5, � + 1, � +1.5) are applied, reaching only �� ≈ 0.16 for g(�) = � + 1.5 at the same position. 
This demonstrates how sensitive equilibrium velocity structures are to functional 
changes in the radial dependency and emphasizes the relationship between density 
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profiles and flow strength. These findings are in line with other symmetry-based  
approaches to MHD equilibria research, which emphasize the role of functional  
invariants in determining the velocity and magnetic field configurations [3, 16]. 
 

 
Fig. 1. Vertical density profile �(�) on a semilogarithmic scale. The exponential decrease 

with scale height H produces a straight line in log coordinates, highlighting the role  
of gravitational stratification. Different values of J correspond to different thermal  

conditions, with larger J indicating hotter or more extended plasmas 

 
Fig. 2. Square of velocity profiles for different values of the exponent parameter T  

in Eq. (44) 

Figure 3 illustrates how the kinetic-energy distribution is controlled by the selec-
tion of g(�). While quadratic and exponential forms localize energy close to the 
lower boundary, increasing shear and possible instability, linear and inverse forms 
create broader, more stable profiles. Therefore, stability is directly impacted by g(�) 
by energy localization. 

The magnetic structure is shown in Figure 4, with flow-aligned field lines that  
are ordered and force-free. These equilibria extend earlier work [6, 7] and apply to 
coronal loops and prominences [23-26], along with stratification (Fig. 1), damping 
(Fig. 2), and sensitivity to g(�) (Fig. 3). 
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Overall, density and flow behavior are controlled by the parameters J, T, and g(�), providing a versatile analytical framework in line with previous research [4]. 
Magnetic hoop-stress limitations are reflected in Figure 4, where the pressure 

profile from Eq. (28) exhibits a limiting quartic behavior at high � and a stabilizing 
quadratic term at low � [28, 29]. By varying KB and gB, structures can either develop 
instability sites (� < 0) or stay stable (� > 0). 
 

 
Fig. 3. The distribution of kinetic energy density for various functional forms of g(�)  

at � = 0 and � = 0 is represented by the squared velocity field 

 
Fig. 4. Equation (28) yields the analytic pressure-density relation �(�)  

7. Conclusions 

In this work, Euler potentials were used to explicitly solve the steady MHD equa-
tions with aligned FFMFs analytically. The analysis showed that altering the free 
function’s form results in various equilibrium configurations, especially with regard 
to the distribution of kinetic energy. Increased energy concentration close to the 
lower boundary was the outcome of quadratic and exponential forms, which might 
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help stabilize the flow. The inverse and linear forms, on the other hand, generated 
wider energy distributions, which would have permitted the emergence of instabili-
ties. These results highlight how the choice of free functions affects equilibrium sta-
bility characteristics. In addition to their analytical utility, the solutions can be used 
to analyze structuring in prominence plasmas and solar coronal loops and can be 
used as standards for numerical magnetohydrodynamic programs. The present solu-
tions are obtained within the incompressible ideal MHD framework, which provides 
analytically tractable models for magnetically dominated plasma environments. 
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