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Abstract. In this study, the effect of viscous forces on magnetohydrodynamic (MHD) flow
between two coaxial cylinders is investigated, where the inner cylinder undergoes linear
axial stretching while the outer cylinder rotates with a constant angular velocity. A first-order
slip boundary condition is imposed at the surface of the inner cylinder to account for the
possibility of partial slip at the boundary. In addition, viscous dissipation is incorporated into
the model to evaluate its contribution to the thermal behavior of the fluid. The governing
partial differential equations for mass, momentum, and energy conservation are converted
into a dimensionless system of ordinary differential equations by suitable transforma-
tions. The resultant equations are solved numerically with an efficient technique, specifically
the Legendre Smooth Composite Pseudospectral Method. The influences of key parameters
such as the curvature parameter, cylinder gap, magnetic parameter, and slip parameter are
presented graphically, demonstrating that increasing the distance between the cylinders leads
to higher fluid velocity and temperature levels. Furthermore, the results indicate the existence
of a critical gap parameter at which the heat transfer rate reaches its minimum value. This
observation provides useful physical insight for the optimal design of rotating cylindrical
systems in engineering applications such as cooling devices, rotating machinery, and thermal
energy transport systems.
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Nomenclature

By Magnetic field strength

Cp Specific heat capacity of the fluid
Ec Eckert number

f(n) Dimensionless stream function
f'(n) Dimensionless velocity component

Ha Hartmann number

k Thermal conductivity parameter

m Magnetic interaction parameter

Nu Nusselt number

p Dimensional pressure

P(n) Dimensionless pressure distribution

Pr Prandtl number

Gy Wall heat flux

r Radial coordinate

Re Reynolds number

T Fluid temperature

T, Temperature at the cylinder surface

T- Ambient fluid temperature

u,v Velocity components in axial and radial directions
Mo Dimensionless gap parameter between the cylinders

u Dynamic viscosity

\% Kinematic viscosity

p Fluid density

(o) Electrical conductivity

0(n) Dimensionless temperature function
(0] Angular velocity of the outer cylinder

1. Introduction

Magnetohydrodynamic (MHD) flows play a significant role in engineering and
industrial applications such as magnetic material processing, rotating machinery,
and energy systems [1,2]. Flows in cylindrical and annular geometries are frequently
encountered in systems including rotating shafts and turbines. For example, the steady
torsional flow behavior of pseudoplastic fluids between rotating coaxial cylinders was
investigated by Shaikh et al. [3]. Dou et al. [4] investigated the distribution of energy
loss in Taylor-Couette flows and emphasized the importance of viscous friction.

Flows in coaxial cylindrical configurations have recently attracted attention due to
their capability to control heat transfer characteristics. Turkyilmazoglu and Pop [5]
investigated the transport phenomena induced by the axial stretching of an inner
cylinder placed inside a fixed outer coaxial cylinder in the absence of a magnetic field.
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Bilal et al. [6,7] examined the dynamics of magnetohydrodynamic (MHD) flow in
stretching and rotating cylinders, taking viscous effects into account. In addition,
the effects of Joule heating and variable viscosity on MHD Couette flow between con-
centric pipes were studied by Makinde and Eegunjobi, while Taiwo [9] analyzed ver-
tical concentric annuli under the influence of a radial magnetic field. Non-Newtonian
fluids inside rotating cylinders under the influence of a magnetic field were investi-
gated by Dizaji et al. [10].

Viscous dissipation denotes the irreversible transformation of mechanical energy
into thermal energy, particularly significant in flow regimes characterized by high
velocity gradients [11]. In MHD convective flows, viscous dissipation together with
the influence of Joule heating on the temperature distribution was examined [12].
In studies [13-15], slip boundary conditions were also incorporated into the model
for micro-scale applications. In addition, the effects of slip parameters on momentum
transport in the flow over cylinders under magnetic influence were investigated in
[16,17].

From a computational standpoint, the governing equations characterizing MHD
flow and heat transfer in coaxial cylindrical configurations exhibit significant nonlin-
earity and strong coupling. Because of this, obtaining accurate numerical solutions
remains challenging. Convergence problems or a lot of computer work may make
traditional numerical methods less useful. Pseudospectral methods [18, 19], on the
other hand, have attracted considerable attention because they are highly accurate and
computationally efficient, especially for problems with smooth solutions. Further-
more, smooth composite pseudospectral formulations guarantee improved numerical
stability and solution smoothness throughout computational subdomains, rendering
them particularly suitable for intricate coupled boundary value problems [20-22].

Recent investigations have further advanced the understanding of magnetohydro-
dynamic flows in rotating and porous configurations. For instance, the behavior of
non-Newtonian Bingham fluids subjected to magnetic fields and radial electric forces
has been analyzed in rotating disk systems, demonstrating significant interactions
between viscous effects and electromagnetic forces [23]. Moreover, the asymptotic
characteristics of viscous MHD flow through porous-walled pipes have been exam-
ined to clarify the influence of magnetic fields on transport mechanisms in confined
geometries [24]. These studies highlight the growing interest in complex MHD flow
configurations and provide additional motivation for the present investigation of vis-
cous magnetohydrodynamic flow induced by stretching and rotation in coaxial cylin-
ders with slip and thermal effects.

This study focuses on the numerical analysis of viscous magnetohydrodynamic
flow and heat transfer in coaxial cylinders and investigates the influence of physical
parameters such as the inter-cylinder gap, magnetic field, slip coefficient, and vis-
cous dissipation using an advanced pseudospectral method based on shifted Legendre
polynomials. An error analysis and a convergence study are presented to evaluate
the accuracy and effectiveness of the proposed numerical method.
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The novelty of the present study lies in the combined investigation of viscous dis-
sipation, slip boundary conditions, and rotational MHD effects in coaxial cylindrical
configurations within a unified computational framework. From an engineering per-
spective, the identification of a critical gap parameter is important for the optimal
design of rotating cylindrical systems, including cooling devices, heat exchangers,
and thermal insulation applications. The present results provide physical insight into
the selection of appropriate inter-cylinder spacing for controlling heat transfer perfor-
mance. Furthermore, for the considered parameter ranges, the numerical simulations
converge to a unique physically stable solution branch, while the investigation of pos-
sible multiple solutions under extended conditions remains a topic for future research.

2. Mathematical model

The problem considered in this study consists of a steady viscous fluid with elec-
trical conductivity located between concentric cylinders, where the motion is gener-
ated by the stretching of the inner cylinder along its axis and the continuous rotation
of the outer boundary at a constant angular velocity. This configuration is also inves-
tigated in [6] and is illustrated in Figure 1. A uniform magnetic field is applied in
the radial direction, and the Lorentz force accounts for the influence of this magnetic
field on the flow.

W ,

r uT

i
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Stretching inner cylinder with slip mechanism \

Rotating outer cylinder
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Magnetic Field B,

Fig. 1. Schematic diagram of the physical model showing the coaxial stretching and rotating cylinders
under an applied magnetic field. Reproduced from [6]

The conservation of mass for the axisymmetric flow is expressed as

9 () + 2 () =0, <1>

where u and v denote the axial and radial velocity components, respectively.
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The axial momentum balance, accounting for viscous diffusion and magnetic
effects, is given by

du  du 10 [ du d%u of}
“ox Ve =V <rar <a> * az) T @

while the radial momentum equation takes the form

8v+ av 13p+v 19 [ dv +82v v 3)
U=+ V= ———=— - | r= — - |-
dx  dr p or ror\ or ax2  r?

The thermal behavior of the fluid, including the contribution of viscous dissipa-
tion, is described by the energy equation

or  dT 10 [ 9T\ 0T u [ou\?
Mébc+v5h*_5<r8r <r8r>+8xz>+pcl,<o7r> . ()

It should be noted that certain rotational effects such as centrifugal and Coriolis
terms are not explicitly included in the present formulation. This simplification is
based on the assumption of axisymmetric flow and moderate rotational intensity, for
which the dominant influence of rotation is adequately represented through the im-
posed boundary motion of the outer cylinder. Such an approach is commonly adopted
in the literature dealing with magnetohydrodynamic flow in cylindrical geometries,
where the primary objective is to investigate the coupled effects of viscous dissipa-
tion, magnetic interaction, and slip boundary conditions under controlled rotational
conditions.

The model incorporates a first-order slip mechanism on the surface of the inter-
nal cylinder, accompanied by a vanishing radial velocity condition. The temperature
at the inner cylinder is assumed to be constant. These boundary conditions can be
written as

u(r

ar’
v(r=R,x) =0, ®)
T(r=R,x)=T,.

du
R,x) =ax+ov——
,X

while at the outer rotating cylinder, the velocity and temperature conditions are given
by

(6)

Here, the velocity component v represents the radial velocity of the fluid, while
the rotational motion of the outer cylinder is introduced through the tangential
velocity imposed at the boundary. The present formulation assumes axisymmetric
flow without an explicit azimuthal velocity component.
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To transform the governing partial differential equations into a dimensionless
form, the following similarity variables are introduced:

u=axf'(n), VZ—%f(n)a

p=p <yR> P(n), ™
 T-T. _rP—R?

o) = S "
(1) T L B
Substituting these transformations into Eqs. (1)-(4) yields a set of coupled non-
linear ordinary differential equations governing the flow, pressure, and temperature
fields:

2= 11" = Cm+ 0" +2yf" —mf, ®)

/ /?
P+f + m - Po, (9)
2yn+1)68" +2y68’' = —Prf6’ — Ec(2yn +1)(f")>. (10)

The corresponding boundary constraints, expressed within the similarity domain,
are defined as follows:

f10)=1+27f"(0),

£(0) =0, S (Mo)
17

8(no) =

o,
0 (11)
6(0) ‘

The physical characteristics of the flow are represented by the following dimen-
sionless parameters identified in the governing equations:

2 2
Pr:X, 5:L7 m:%7 Ec= 1wl (12)
0 pcp pa k(T — Tw)
with
QKR v K2 —1
L= _ ~ Y = 13
adr, @ ax , Y ClRZ’ Mo 2,}/ ( )
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3. Shifted Legendre smooth composite pseudo spectral method

In the context of solving initial or boundary value problems (IVP or BVP), one
typically writes the approximation polynomial as,

N
y(x) =Y ana(x), (14)
n=0
where
1 N
an=——= Y Ou(x;) y(x;) w;. (15)
| @nl| j=0

In the above equation, N is polynomial degree, @,(x) is an orthogonal polynomial,
and w; is the Gauss-Lobatto quadrature (GLQ) weight. In this study, shifted Legendre
polynomials are used as trial functions in the pseudo spectral method. The shifted
Legendre polynomials are introduced as

. 2 (—1)" R (n+ k)
Pn(x):kgé (n)_k)(!(W (2x— 1)k, (16)

respectively. The composite pseudo spectral methods are based on splitting the do-

(b—a)
M

main into the M-subdomains with the step size h = . The collocation points

are chosen as

1
xp = xk;_ , where (1—-x2)Py(x) =0, k=0,1,...,N. )
i(b— i+ 1)(b—
The transformation to the j-th subdomain |a + i i %) , a+ ks ])V(I 9) is given
as
b—
I Gl (e +i), i=0,..,M—1. (18)
M
The numerical solutions for the i-th subdomain are defined as
N
vilx) = Z ain Py (x) (19)
n=0
where
Al 1
ain:anz zyi(xj)P;(xj)’ (20)

5 (B
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where
2n+1
%, I’l:O,l,...,]\,—l7
o, = NN+ Q1)
—_— n=N.
(N+1)

The m-th order derivatives of the approximation polynomials at the nodes are

N
W)=Y d" yix)). (22)
Jj=0
where
d™ = Z 0 P (x 1) P (). (23)
5J (P* )C] =

The expansion of (23) for Legendre is defined by [19]

) " (n+s)! .
4y = ) ) 2 oy, P; ~Pn('W) :
o (Pz’G xj)) 2;6; C(s—m+1)(n—s)(s!) n ()P (x)
(24)
For smoothness,
Whio) =y ew). r=0,1,0 [m—1] (25)

must be satisfied. The present method reduces the problem to a set of algebraic equa-
tions. Combining the approximation polynomials for each subdomain, y;(x) yields
the general solution, Py(x) € C!"[a, ).

4. Convergence and error analyses of Legendre SCPSM
4.1. Convergence analysis

Theorem 1 Let y;(x) be a continuous function on [0,1] and ‘yl(m) (x)‘ < C;. Then,
the equation (14) converges uniformly to the function y;(x), when N — oo [19].

Thus, y(x U vi(x) also converges. u]

The proof of Theorem 1 is provided in Appendix A.
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4.2. Error analysis
Theorem 2 Assume that the approximation polynomial for i-th subinterval is defined

N
by Pyy; = Z ainP,(x). The error is presented as
n=0

1
lyi — Py yil| < O(W) (26)

forVyi(x) € H'[0,1], m>0[19]. u!

The detailed derivation of the error bound presented in Theorem 2 is given in
Appendix A for completeness.

5. Numerical illustrations

In this section, the numerical results obtained from the proposed shifted Legendre
smooth composite pseudospectral method are presented and discussed in detail.
The accuracy and stability of the numerical scheme are first examined through
the evaluation of the residual errors associated with the governing momentum and
energy equations. Subsequently, the effects of the key physical parameters on the
flow, thermal, and pressure fields are analyzed graphically. Unless otherwise stated,
the results depicted in Figures 3-8 are computed for y = 0.5, @ = 0.5, A = 0.6,
m=03,Pr=7,Ec=0.1,Ph=0,and g = 1.

The accuracy of the numerical solution is assessed by evaluating the absolute
residual errors Ry (7)) and R,(n), which are expected to approach zero throughout
the computational domain.

Ri(n) =|@m+Df"+2vf" —mf — (f* - ff")
Ry(n) =|(2yn+1)6" +2y0" + Prf6’ + Ec(2yn + 1)(f”)2\.

)

27

Figure 2 illustrates the numerical stability and convergence behavior of the present
composite pseudospectral scheme through the residual errors R and R, correspond-
ing to Eqgs. (8) and (10), respectively, for different values of the polynomial degree
N and the number of subdomains M. It is clearly observed that increasing either N
or M leads to a significant reduction in both residuals throughout the computational
domain.

Table 1 shows that the present calculations are in good agreement with the results
reported in [5] for the parameter values y=0.5, o =0, A =0, m =0, Pr =7, and
Ec = 0. To further validate the proposed method, Table 2 presents a comparison of
the skin friction coefficient —f”(0) with the results reported in Ref. [7], where one
parameter is varied at a time while the others are kept fixed under the same parameter
settings.

Figure 3 illustrates the influence of the gap parameter, 7)o, on the dimensionless
velocity f, the axial velocity gradient f’, the temperature 6, and the pressure distribu-
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tion P. As 1) increases, corresponding to a widening of the annular region, noticeable
increases are observed in f, ', and 8, whereas a decrease is observed in the pressure
function P. This behavior can be attributed to the reduced viscous resistance resulting
from the weaker confinement of the flow region and to the larger fluid volume, which
allows greater storage of thermal energy, and the reduction in geometric restriction
leads to less steep pressure gradients.

(=)

N=6 N=8

|
]

LoglO[|R1]]
L

LoglO[|Ry[])
L

|
N = O

-8
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0N=6 0N=8 —M=4
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P
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I
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n n

Fig. 2. Logarithmic plots of the residual functions R; and R, for different values of N and M

Table 1. Comparison of physical quantities for different values of 1ng

no =0.5 no =1 N =1.92 No=>5
[5] Present [5] Present [5] Present [5] Present
—f7(0) 2.62818 2.62818 1.72441 1.72441 136354 136352 120686 1.20507
(o) 0.22834  0.22834 0.41437 0.41437 0.66852 0.66852 1.10140 1.10152
—0'(0) 2.85466 2.85466 2.14260 2.14260 2.01464 2.01464 2.04783  2.04749

Table 2. Comparison of the skin friction coefficient —f”(0)

Varied parameter  Value [7] Present method
Y 0.5 0.80101 0.80100
1.0 0.57329 0.57322
(0] 04 1.31470 1.31470
0.8 0.61381 0.61381
A 0.8 1.09162 1.09162
1.0 1.04823 1.04824
M 0.8 1.21735 1.21735
1.0 1.24823 1.24823

Figure 4 illustrates the influence of the curvature parameter y on the flow and ther-
mal characteristics. As Y increases, the viscous resistance becomes stronger, leading
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to a reduction in fluid motion. Consequently, the velocity field weakens and both
the velocity component f(1) and the axial velocity gradient f'(n) exhibit a decreas-
ing trend. The reduction in flow velocity weakens convective heat transport, which
results in lower temperature levels. In addition, the geometric constraints caused by
curvature lead to higher pressure levels in the annular region.
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Fig. 3. Effect of the gap parameter 7o on the velocity profiles £(n) and f'(n), dimensionless
temperature 6 (1) and pressure distribution P(1)
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Fig. 4. Effects of the curvature parameter y
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Figure 5 shows how the slip parameter A affects the fields of temperature, pres-
sure, and velocity. As A goes up, both f and f’ go down. This means that a stronger
slip makes it harder for the stretching inner cylinder to transfer momentum to the
fluid. In contrast, as A increases, both temperature 6 and pressure P also increase.
The lower flow intensity makes it harder for heat to escape, which raises the temper-
ature. At the same time, the changed balance of forces in the flow causes the pressure
in the flow domain to increase.
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Fig. 6. Effects of the rotation parameter @
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The influence of the rotation parameter  is illustrated in Figure 6. As the value of
o increases, the enhanced rotational effect of the outer cylinder accelerates the fluid
motion, leading to an increase in both f and f’, while the temperature 6 and pressure
P decrease.

Figure 7 illustrates the influence of the magnetic parameter m on the flow and heat
transfer characteristics. As the value of m increases, the velocity functions f and f’
decrease due to the strengthening of the Lorentz force induced by the magnetic field.
In addition, a slight increase is observed in the temperature profile 0 and the pressure
P as a consequence of the magnetic damping effect.
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Fig. 7. Effects of the magnetic parameter m
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Fig. 8. Effects of the Eckert number Ec

Lastly, the influence of the Eckert number (Ec), which represents viscous dissipa-
tion, is presented in Figure 8. It is noted that augmenting Ec exerts an insignificant
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effect on the velocity components f and f’, as well as the pressure P. A small rise in
the temperature 0, on the other hand, is noticed. This behavior is physically expected
because viscous dissipation converts kinetic energy into thermal energy without sig-
nificantly altering the momentum field. This causes a small rise in temperature while
leaving the velocity structure almost unchanged.

6. Conclusions

In this study, the influence of viscous forces and slip conditions on magnetohydro-
dynamic (MHD) flow between coaxial cylinders is investigated. The flow is generated
by the stretching of the inner cylinder along its axis and the rotation of the outer cylin-
der at a constant angular velocity, and the flow behavior is governed by the geome-
try of the cylinders, magnetic effects, and temperature. The cylinder gap, curvature
parameter, magnetic parameter, slip parameter, angular velocity, Eckert number, and
Prandtl number are considered as the governing parameters of the system.

The numerical results reveal the effects of the investigated parameters on the flow
and heat transfer characteristics. An increase in the angular velocity of the outer
cylinder enhances the fluid velocity, does not significantly alter the temperature dis-
tribution, but leads to an increase in the Nusselt number. As the magnetic parameter
increases, the fluid motion slows down, resulting in a reduction in heat transfer effi-
ciency. Increasing the slip parameter decreases the fluid velocity while increasing the
Nusselt number and reducing the skin friction at the wall. An increase in the distance
between the cylinders leads to higher velocity and temperature levels. In contrast,
narrower gaps allow heat transfer to occur more effectively. As the cylinder curvature
increases, both the fluid velocity and temperature decrease, and the critical gap value
also shifts. An increase in the Eckert number raises the fluid temperature but does
not significantly affect the wall shear stress. However, a slight decrease in the Nusselt
number is observed.

The obtained results provide important insights into the interaction of viscous
dissipation, slip conditions, and magnetohydrodynamic (MHD) forces in influenc-
ing the flow and heat transfer characteristics within coaxial cylinders. These findings
are particularly significant for engineering applications where optimizing the spacing
between cylinders, surface slip properties, and heat transfer performance is essen-
tial. The results also indicate the existence of a critical gap at which heat transfer
reaches its minimum value, and further demonstrate that this critical gap shifts as
the cylinder curvature increases.

From a practical engineering perspective, the identification of a critical gap para-
meter provides useful guidance for the optimal design of rotating cylindrical systems.
In applications such as cooling devices, rotating machinery, heat exchangers, and
thermal insulation systems, selecting an appropriate spacing between the cylinders
can help control the heat transfer rate and improve the overall thermal performance
of the system. Therefore, the present results offer a physically meaningful criterion
for determining the optimal geometric configuration of coaxial cylindrical devices.
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The present study focuses on the physically stable solution branch of the govern-
ing boundary value problem. For the considered range of physical parameters, the
numerical simulations consistently converged to a unique solution, and no evidence
of multiple solution branches was observed. The investigation of possible multiplicity
of solutions under extended parameter regimes may be considered as an interesting
direction for future research.
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Appendix A: Proofs of Convergence and Error Estimates

PROOF 4.1 By using the orthogonality property of the shifted Legendre polynomials, a;, can be
expressed as

1
ain = (2n+1) [ 3i(0P; (x)dx. 28)
0

By using integration by parts and recursion relation of Legendre polynomials

1 /
ain = 3 /y[ (x)o1(x)dx, n>1, 29)
0

where 01 (x) = P;_;(x) — Py (x) < 0(n°) and the same procedure is applied once more:

.
1 1

ain =5 [ 3 @ox(d (30)
b

Pl —P(x)  Br(x)—Fi ()

where 03 (x) = <o(m™h).

4n+6 4n—2
Performing the above procedures (m — 2) times gives
1
lain] <Oy ) 31)

A similar procedure to the one in the Chebyshev method gives an upper bound for the approxi-
mation

i) = | Y ain Py (0)| < Y lain] < laiol + Y lain| < oo, (32)
n=0 n=0 n=1
Consequently, the solution is bounded by
< i < i i oo, 33
()| < léniagxM yi(x)] < lgliagxM <|a10|+r§,1 azn|> < (33)
PROOF 4.2 Since
yi—Pvyill <| Y anPi(®)|<| Y an|, 34
n=N+1 n=N+1
then considering (34) with the integral test for series, we obtain
7 1
yi—Pvyill = [ awdx<0( ). (35)

N+1



