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Abstract. This paper aims to explore the numerical and theoretical solution of the time-
-fractional convection-diffusion equation with a nonlinear source term over a bounded region.
We provide a high-order Crank-Nicolson scheme-based L2−1 approximation via piecewise
quadratic interpolation polynomials for the Caputo-derivative operator in the temporal direc-
tion and a fourth-order compact exponential difference technique for the spatial direction.
Following the linearization of the nonlinear term, the method’s unconditional stability and
convergence with an improved order of accuracy O(τmin(2,3−θ)+ h4) are investigated using
Fourier analysis and the energy method, respectively. In order to illustrate the theoretical
analysis and validate the suitability of the suggested approach, numerical results are provided.
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1. Introduction

In order to connect theoretical models with real-world phenomena, such as chem-
ical and biological processes [1], financial systems [2], pattern dynamics [3, 4], and
so on, it is essential to validate and analyze these models through numerical inves-
tigation. Thus, effective and precise numerical techniques have become more cru-
cial for completing the solutions of time-fractional convection-diffusion equations
(TFCDE). Analytical and exact solutions are used in [5,6] for the nonlinear fractional
problems based on the Caputo-derivative sense. Accurate and efficient methods are
proposed [7, 8] to solve the fractional reaction-diffusion-convection equations based
on the Caputo-Fabrizio derivative. A Crank-Nicolson scheme based L1 approxima-
tion for the Caputo time derivative and the Weighted Shifted difference scheme for
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the Riesz space derivative is applied [9, 10] to the nonlinear time-space fractional
convection-diffusion equation to obtain a O(τ2−θ + h2) convergence order. In order
to solve the linear TFCDE [11], a high-order compact exponential difference method
with implicit L1-approximation is taken into consideration to produce an accuracy
of O(τ2−θ +h4). Till now, the majority of researchers have worked with a 4th-order
compact difference scheme for spatial and (2 − θ)th-order implicit scheme based
L1-approximation for Caputo-derivative.

This paper considers the theoretical investigation and numerical validation of the
nonlinear time-fractional convection-diffusion equation (TFCDE) over a bounded
domain. The implementation of a Crank-Nicolson scheme based L2−1-interpolation
combined with a compact exponential difference method for the nonlinear TFCDE
has not been studied before. Here, we have proposed a compact exponential differ-
ence method for the convection-diffusion term and a Crank-Nicolson scheme based
L2−1-approximation for Caputo-time derivative, where the spatial order is four and
the temporal order is min(2,3− θ) arising from the truncation error of the Crank-
-Nicolson scheme and L2−1-approximation. Following the application of the lin-
earization technique for the problem’s nonlinearity, we employed the energy method
for the theoretical analysis of convergence order and the von-Neumann Fourier ana-
lysis method for the stability of the suggested scheme to guarantee the method’s
robustness.

2. Problem formulation

2.1. Spatial discretization

Take the one-dimensional ordinary differential equation over a bounded domain
Ωh = [0, l′] as:

−D
d2s
dx2 +V

ds
dx

= r(x), (1)

where r is the source term, and a high-order compact exponential difference scheme
for (1) has been constructed [12] as,

−ρδ
2
x sl +V δxsl = rl +ρ1δxrl +ρ2δ

2
x rl, (2)

with δx,δ
2
x are average difference operators that are given at the space grid point xl

as,

δxsl =
sl+1 − sl−1

2h
, δ

2
x sl =

sl+1 −2sl + sl−1

h2 .

To get the coefficient values, we have used the following coefficient values:

ρ =
V h
2

coth
(︃

V h
2D

)︃
, ρ1 =

D −ρ

V
, ρ2 =

D(D −ρ)

V 2 +
h2

6
. (3)
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Combining (2) and (3), one finds that(︁
−ρδ

2
x +V δx

)︁
sl =

(︁
1+ρ1δx +ρ2δ

2
x
)︁

rl +O(h4), (4)

in which the Taylor series error for this high-order compact exponential difference
scheme, which is given as O(h4). The formulation expressed in (4) gives the diago-
nally dominant tridiagonal linear system of equation that can be expressed as,(︁

1+ρ1δx +ρ2δ
2
x
)︁−1 (︁−ρδ

2
x +V δx

)︁
sl = rl. (5)

By substituting s(x) by u(x, t), and r(x) via −cDθ
τ u(x, t)+ g(u,x, t), we have devel-

oped the nonlinear time-fractional unsteady convection-diffusion equation, which has
never been taken into consideration in the previous literature. The one-dimensional
nonlinear time-fractional convection-diffusion equation (TFCDE):⎧⎪⎪⎨⎪⎪⎩

cDθ
τ u(x, t)+V

∂u(x, t)
∂x

−D
∂ 2u(x, t)

∂x2 = g(u,x, t),

u(x,0) = ψ(x),(x, t) ∈ (0, l′)× (0,T ],
u(0, t) = φ1(t), u(l′, t) = φ2(t), t ∈ (0,T ],

(6)

where u(x, t) is the concentration, θ ∈ (0,1) is the fractional order, V > 0, and D > 0
are convection and diffusion coefficients, respectively, with ψ(x),φ1(t),φ2(t) known
smooth functions over a bounded domain. Here g(u,x, t) is a nonlinear function of u
that satisfies the Lipschitz condition with respect to the function u as:

|g(u,x, t)−g(v,x, t)| ≤ L|u− v|,∀u,v, (7)

in which L is the Lipschitz constant. From (5), we have the operator

Λ
c
xDθ

τ u(x, t) = ρδ
2
x u(x, t)−V δxu(x, t)+Λxg(u,x, t), Λx =

(︁
1+ρ1δx +ρ2δ

2
x
)︁
. (8)

2.2. Temporal discretization

At the grid point (xl, tn− 1
2
), the discretization of (8) using the Crank-Nicolson

method yields,

Λ
c
xDθ

τ u(xl, tn− 1
2
) = ρδ

2
x un− 1

2
l −V δxun− 1

2
l +Λxg(un− 1

2
l ,xl, tn− 1

2
)+O(τ2). (9)

Therefore, assuming u(t) ∈ C 3[t0, tn], the Caputo-fractional derivative cDθ
τ u(t) is

approximated using the L2−1 quadratic interpolation, and c
0Dθ

t u(t) is approximated
using L1-linear interpolation [13] with 0 < θ < 1, then
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cDθ
τ u(tn) =c

0 Dθ
t u(tn)+

τ2−θ

Γ(2−θ)

n

∑
k=2

ν
(θ)
n−kδ

2
t uk−1

=
τ−θ

Γ(2−θ)

(︃
υ
(θ)
0 u(tn)−

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
u(tk)−υ

(θ)
n−1u(t0)

)︃
+T n,

(10)

where T n is the Taylor series truncation error for the L2−1 approximation scheme that
can be estimated as

T n ≤ 1
2Γ(2−θ)

(︃
1
4
+

θ −1
(2−θ)(3−θ)

)︃
max

0≤t≤tn
u
′′′
(t)τ3−θ . (11)

Lemma 1 From the description of (10), we have the coefficient values ϑ
(θ)
0 = υ

(θ)
0 =

= 1 for n = 1 and for n ≥ 2, the coefficients υ
(θ)
k with their properties are obtained

in [14] as:

υ
(θ)
k =

⎧⎪⎨⎪⎩
ϑ

(θ)
0 +ν

(θ)
0 ,k = 0,

ϑ
(θ)
k +ν

(θ)
k −ν

(θ)
k−1,1 ≤ k ≤ n−2,

ϑ
(θ)
k −ν

(θ)
k−1,k = n−1,

(12)

ν
(θ)
k =

1
2−θ

(︂
(k+1)2−θ − k2−θ

)︂
− 1

2

(︂
(k+1)1−θ + k1−θ

)︂
, ϑ

(θ)
0 =(k+1)1−θ −k1−θ .

2.3. Full discretization and formulation of the problem

The central value of the Caputo-derivative cDθ
τ u(x, t)(0 < θ < 1), which is given

in (10) at the grid point value (xl, tn) and (xl, tn−1), can be

cDθ
τ u(xl, tn− 1

2
) =

1
µ

[︃
υ
(θ)
0 un− 1

2
l −

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
uk− 1

2
l −υ

(θ)
n−1u0

l

]︃
+T n− 1

2 ,

(13)

where µ = τ
θ

Γ(2−θ), and from (9) and (11) the combined truncation error can be
estimated as T n− 1

2 ≤ Kτ
min(2,3−θ),K > 0. Since,

−
n−2

∑
k=1

(︂
υ
(θ)
n−k−2 −υ

(θ)
n−k−1

)︂
uk

l =−
n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
uk−1

l ,

then (13) holds true. By substituting (13) into (9) with (3), the simplification of
the formula for the grid values 1 ≤ l ≤ M + 1, 2 ≤ n ≤ N and the coefficient
υ
(θ)
0 = ϑ

(θ)
0 +ν

(θ)
0 , we have the following general formulation:
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υ
(θ)
0

(︂
ρ2

h2 − ρ1

2h

)︂
−µ

(︃
ρ

h2 +
V

2h

)︃)︃
u

n− 1
2

l−1 +

(︃
υ
(θ)
0

(︃
1− 2ρ2

h2

)︃
+

2µρ

h2

)︃
u

n− 1
2

l

+

(︃
υ
(θ)
0

(︂
ρ2

h2 +
ρ1

2h

)︂
−µ

(︃
ρ

h2 − V

2h

)︃)︃
u

n− 1
2

l+1

=
(︂

ρ2

h2 − ρ1

2h

)︂[︃n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
u

k− 1
2

l−1 +υ
(θ)
n−1u0

l−1 +µg(u
n− 1

2
l−1 )

]︃
+

(︃
1− 2ρ2

h2

)︃[︃n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
u

k− 1
2

l +υ
(θ)
n−1u0

l +µg(u
n− 1

2
l )

]︃
+

(︂
ρ2

h2 +
ρ1

2h

)︂[︃n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
u

k− 1
2

l+1 +υ
(θ)
n−1u0

l+1 +µg(u
n− 1

2
l+1 )

]︃
,

(14)

with the corresponding initial and boundary conditions:

u0
l = ψ(xl), l = 0,1,2, ...,M,

un
0 = φ1(tn), un

M = φ2(tn),n = 1,2, ...,N −1. (15)

The system of (14)-(15) can be formulated as matrix form for n > 1,

Aun− 1
2 =

(︃ n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
Buk− 1

2 +υ
(θ)
n−1Bu0 +Gn− 1

2

)︃
, (16)

where the coefficient matrix A has the lower, main, and upper diagonal elements.
From (16), the right-hand side matrix B = tridiag(B1,B2,B3) is also a tridiagonal
matrix. The column vector matrix is Gn− 1

2 = µBg(un− 1
2 ) + Hn− 1

2 , where g(un− 1
2 )

is the nonlinear function that will be linearized. The column vector Hn− 1
2 is,

H
n− 1

2
1 = A1u

n− 1
2

0 −B1

[︃n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
u

k− 1
2

0 +υ
(θ)
n−1u0

0 +µg(u
n− 1

2
0 )

]︃
,

H
n− 1

2
M = A3u

n− 1
2

M+1 −B3

(︃n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
u

k− 1
2

M+1 +υ
(θ)
n−1u0

M+1 +µg(u
n− 1

2
M+1)

)︃
.

3. Theoretical analysis of the problem

With the decreasing sequence and properties of coefficients υ
(θ)
k defined in (12)

with k = 0 and n ≥ 2, υ
(θ)
0 = ϑ

(θ)
0 + ν

(θ)
0 =

(︃
1
2
+

1
2−θ

)︃
> 0 for θ ∈ (0,1),

the sum of the absolute values of the lower and upper diagonal elements are less
than the absolute value of the main diagonal elements, which implies that the coef-
ficient matrix for the schemes (14), and (15) is strictly diagonally dominant; thus,
the matrix is invertible.
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3.1. Stability analysis

Let Un
l be the analytical solution for the scheme defined in (15) with,

κ
n
l =Un

l −un
l , 1 ≤ l ≤ M+1,1 ≤ n ≤ N, (17)

as the error value for the given vector, κ
n =
(︁
κ

n
1 ,κ

n
2 ,κ

n
3 , ...,κ

n
M+1

)︁T . The Fourier anal-
ysis for κ

n(x) can be given as,

κ
n(x) =

∞

∑
j=−∞

ε
n( j)ei2π jx/q,εn( j) =

1
q

∫︂ q

0
κ

n( j)ei2π jx/qdx.

Theorem 1 The stated scheme given in (14)-(15) is unconditionally stable. 2

PROOF Thus, linearizing the nonlinear problem is important to simplify the stability
analysis of the scheme, and the following estimate has been obtained from the error

value in (17) using the linearized term g(un− 1
2

l )≈ g(
3
2

un−1
l − 1

2
un−2

l ):(︂
υ
(θ)
0 +(υ

(θ)
0 ρ1 +µV )δx +(υ

(θ)
0 ρ2 −µρ)δ 2

x

)︂
κ

n− 1
2

l

= (1+ρ1δx +ρ2δ
2
x )

(︃ n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
κ

k− 1
2

l

+υ
(θ)
n−1κ

0
l +µg(

3
2

κ
n−1
l − 1

2
κ

n−2
l )

)︃
+T n− 1

2
hτ

. (18)

The error value estimation of the scheme in (14) have been found by substituting
κ

n
l = ε

neiζ lh,ζ = 2π/l in to (18) with eiζ h −2+ e−iζ h =−4sin2(ζ h/2), then(︃
υ
(θ)
0 −4(υ(θ)

0 ρ2 −µρ)
sin2(ζ h/2)

h2 + i(υ(θ)
0 ρ1 +µV )

sinζ h
h

)︃
ε

n− 1
2

=

(︃
1−4ρ2

sin2(ζ h/2)
h2 + iρ1

sinζ h
h

)︃(︃ n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
ε

k− 1
2

+ υ
(θ)
n−1ε

0 +µg
(︃

3
2

ε
n−1 − 1

2
ε

n−2)

)︃
. (19)

Suppose n = 1, and from the weight coefficients obtained in Lemma 1, with

υ
(θ)
0 =

1
2
+

1
2−θ

> 0,µ = τ
θ

Γ(2 − θ), with 0 < θ < 1, and denote β = ζ h,

and the summation term defined in (19) vanishes and υ
(θ)
n−1 = υ

(θ)
0 , then we have

A ε
1/2 = B

(︂
υ
(θ)
0 ε

0 +µg(ε0)
)︂
, (20)



118 E.F. Anley, C. Sun

A = υ
(θ)
0 −4

(︂
υ
(θ)
0 ρ2 −µρ

)︂
X + i

(︂
υ
(θ)
0 ρ1 +µV

)︂√
Y , (21)

B = 1−4ρ2X + iρ1
√

Y , (22)

and X =
sin2(β/2)

h2 , Y =
sin2(β )

h2 . Taking the modulus of (20), we obtain:

|ε1/2|= |B|
|A |

|υ(θ)
0 ε

0 +µg(ε0)|. (23)

Under the physical assumption 0 < V < D , recall the fitted coefficients as,

ρ =
V h
2

coth
(︃

V h
2D

)︃
. Since cothz > 1 for z > 0, we have ρ >

V h
2

, and also using

the inequality cothz ≤ 1
z
+

z
3

for z > 0, we obtain ρ < D +
V 2h2

12D
. Because V < D ,

then 0 < D − λ < D . Furthermore, we also have the following fitted coefficients

ρ1 =
D −ρ

V
> 0, ρ2 =

D(D −ρ)

V 2 +
h2

6
> 0. Now compute the bound for |A |:

|A |2 =
(︂

υ
(θ)
0 −4(υ(θ)

0 ρ2 −µρ)X
)︂2

+
(︂

υ
(θ)
0 ρ1 +µV

)︂2
Y.

From the positive contribution of diffusion, we have υ
(θ)
0 ρ2−µρ ≥ 0, µρ ≤ υ

(θ)
0 ρ2,

which gives |A | ≥ υ
(θ)
0 − 4υ

(θ)
0 ρ2X . Since 0 ≤ X ≤ 1

h2 , we obtain 4ρ2X ≤ 4ρ2

h2 .

Using ρ2 =
D(D −ρ)

V 2 +
h2

6
≤ D2

V 2 +
h2

6
, and V < D , the constant term

4ρ2

h2

remains bounded. At the end, |A | is bounded as |A | ≥ υ
(θ)
0 (1 − K1), for some

constant value 0 < K1 < 1. In the same way, compute the bound for |B|: Thus,
|B|2 = (1−4ρ2X)2 +ρ

2
1Y . As the values ρ1 > 0,ρ2 > 0 are positive, we get

|B| ≤ 1+4ρ2X +ρ1
√

Y ,

and V < D both ρ1 and ρ2 are bounded independent of the step-size h. Thus, |B|
is bounded as: |B| ≤ 1+K2. From the Lipschitz condition stated in (7), we have
obtained the estimation result as |υ(θ)

0 ε
0 +µg(ε0)| ≤

(︂
υ
(θ)
0 +µL

)︂
|ε0|. By combin-

ing all the bounds, we obtain |ε1/2| ≤ 1+K2

υ
(θ)
0 (1−K1)

(︂
υ
(θ)
0 +µL

)︂
|ε0|. Substituting

µ = τ
θ

Γ(2− θ), we obtain |ε1/2| ≤ K

(︄
1+

τθ Γ(2−θ)L

υ
(θ)
0

)︄
|ε0|, where K depends

only on D/V . τ
θ

Γ(2−θ)L≤υ
(θ)
0 , then we have, |ε1/2| ≤K|ε0|. Since K approaches

1, we get |ε1/2| ≤ |ε0| which holds true. Assume |εr− 1
2 | ≤ |ε0| holds true for

r = 1,2,3, ...,n− 1. From (21), we have B = 1− 4ρ2X + iρ1
√

Y , satisfies |B| ≤ 1.
In addition, A = υ

(θ)
0 − 4

(︂
υ
(θ)
0 ρ2 −µρ

)︂
X + i

(︂
υ
(θ)
0 ρ1 +µV

)︂√
Y , then we have
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given

A ε
n− 1

2 = BΞ
n− 1

2 , (24)

where,

Ξ
n− 1

2 =
n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
ε

k− 1
2 +υ

(θ)
n−1ε

0 +µg
(︃

3
2

ε
n−1 − 1

2
ε

n−2
)︃
.

By taking the modulus of (24), we have |εn− 1
2 | = |B(θ)|

|A (θ)|
|Ξn− 1

2 |. Assume the pos-

itivity of diffusion coefficient, υ
(θ)
0 ρ2 − µρ ≥ 0 ⇐⇒ τ

θ
Γ(2− θ)ρ ≤ υ

(θ)
0 ρ2. From

the assumption V < D , diffusion ensures, |A | ≥ υ
(θ)
0 (1−K0) for some 0 < K0 < 1

independent of n,h,τ . Hence,
|B|
|A |

| ≤ 1

υ
(θ)
0 (1−K0)

= K∗. From the properties of

the weight coefficients (see Lemma 1), and the telescoping identity results

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
+υ

(θ)
n−1 = υ

(θ)
0 . (25)

Assume induction hypothesis |εk− 1
2 | ≤ |ε0|,k ≤ n−1. Then from the assumption of

Lipschitz continuity and Eq. (25), we obtain |Ξn− 1
2 | ≤

(︂
υ
(θ)
0 +µL

)︂
|ε0|. Thus, the

final estimate becomes |εn− 1
2 | ≤ K∗

(︂
υ
(θ)
0 + τ

θ
Γ(2−θ)L

)︂
|ε0|. τ

θ
Γ(2−θ)L ≤ υ

(θ)
0 ,

then |εn− 1
2 | ≤ K∗2υ

(θ)
0 |ε0|, and we conclude that |εn− 1

2 | ≤ |ε0|,∀n ≥ 1. Therefore,
the scheme is unconditionally stable. ■

3.2. Convergence analysis

For this study, we need to introduce an Euclidean space of grid function on Ωh,
and let χh = {v|v ∈ RM,ς0 = ςM = 0} be the real-valued grid function defined on
{xl,0 ≤ l ≤ M}, then the L2-norm induced by the weighted Euclidean vector prod-

uct is given by ⟨u,v⟩= h
M+1

∑
l=1

ul.vl, ⟨v,v⟩1/2 = ||v||= ||v||l2 =

√︄
h

M

∑
l=1

v2
l , ⟨δ 2

x u,v⟩=

h
M+1

∑
l=1

δ
2
x ul.vl , and we also denote,||δxu||=

√︄
h

M

∑
l=1

|δxul− 1
2
|2, ||δ 2

x u||=

√︄
h

M+1

∑
l=1

|δ 2
x ul− 1

2
|2.

Theorem 2 Assume that Un
l is the analytical solution for (6) and un

l is the numerical
solution of (15), then we have the error estimate,

||Un
l −un

l || ≤C
(︂

τ
3−θ +h4

)︂
.
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PROOF Consider the full discretization as follows:

Λx

µ

[︄
υ
(θ)
0 un− 1

2
l −

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
uk− 1

2
l −υ

(θ)
n−1u0

l

]︄
= ρδ

2
x un− 1

2
l −V δxun− 1

2
l +Λxg(un− 1

2
l ). (26)

If we assume Un− 1
2

l to be the exact solution of (26), then taking the inner product with
ε

n− 1
2 on both sides yields

Λx

[︃
(υ

(θ)
0 ε

n− 1
2 ,εn− 1

2 )−
n−1

∑
k=1

(︂
(υ

(θ)
n−k−1 −υ

(θ)
n−k

)︂
ε

k− 1
2 −υ

(θ)
n−1ε

0,εn− 1
2 )

]︃
=
(︂

µρδ
2
x ε

n− 1
2 −µV δxε

n− 1
2 ,εn− 1

2

)︂
+Λx

(︃
g(

3
2

ε
n−1 − 1

2
ε

n−2),εn− 1
2

)︃
+
(︂

T n− 1
2 ,εn− 1

2

)︂
.

Since Λx = 1+ρ1δx +ρ2δ
2
x , and V < D , we have ρ2 > 0. Thus, we have the estima-

tion (Λxw,w)= ||w||2−ρ2||δxw||2 ≤ ||w||2. Furthermore, there exists C1 > 0 such that
C1||w||2 ≤ (Λxw,w)≤C2||w||2. Therefore, we have the relation Λx

(︂
υ
(θ)
0 ε

n− 1
2 ,εn− 1

2

)︂
≥

C||εn− 1
2 |2. By using the Cauchy-Schwartz inequality,(︂

ε
n− 1

2 ,εk− 1
2

)︂
≤ 1

2

(︂
||εn− 1

2 ||2 + ||εk− 1
2 ||2
)︂
.

Hence

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂(︂
ε

n− 1
2 ,εk− 1

2

)︂
≤ 1

2

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
||εk− 1

2 ||2 + 1
2

υ
(α)
0 ||εn− 1

2 ||2.

The estimation using Cauchy-Schwartz inequality for the initial term is also,

υ
(θ)
n−1

(︂
ε

0,εn− 1
2

)︂
≤ 1

2
υ
(θ)
n−1

(︂
||ε0||2 + ||εn− 1

2 ||2
)︂
.

Using the summation by parts and under homogeneous boundary conditions, we
obtain

(︂
µρδ

2
x ε

n− 1
2 ,εn− 1

2

)︂
=−µρ||δxε

n− 1
2 ||2 ≤ 0,

(︂
δxε

n− 1
2 ,εn− 1

2

)︂
= 0.

Thus,
(︂

µρδ
2
x ε

n− 1
2 −µV δxε

n− 1
2 ,εn− 1

2

)︂
≤ 0. The nonlinear term is approximated

using Lipschitz continuity, and using Young inequality,

Λx

(︃
g(

3
2

ε
n−1 − 1

2
ε

n−2),εn− 1
2

)︃
≤CL||εn−1||||εn− 1

2 || ≤C||εn−1||2 + 1
4
||εn− 1

2 ||2.

For the last term, the truncation error estimation using Young inequality can be writ-

ten as
(︃

T n− 1
2

hτ
,εn− 1

2

)︃
≤ ||T n− 1

2 ||||εn− 1
2 || ≤C||τ3−θ +h4||2 + 1

4
||εn− 1

2 ||2. At the end,

the energy inequality for the collecting terms can be obtained as follows:
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||εn− 1
2 ||2 ≤

n−1

∑
k=1

(︂
υ
(θ)
n−k−1 −υ

(θ)
n−k

)︂
||εn− 1

2 ||2 +υ
(θ)
n−1||ε

0||2 +C
(︂

τ
3−θ +h4

)︂2
.

Applying the fractional discrete Grönwall inequality [15] yields,

||εn− 1
2 || ≤C

(︂
τ

3−θ +h4
)︂
,

This finishes the proof of the analysis. ■

4. Numerical results and discussion

Example 1 Consider the nonlinear time-fractional convection-diffusion equation over
a finite domain:⎧⎪⎪⎨⎪⎪⎩

cDθ
τ u(x, t)+V

∂u(x, t)
∂x

−D
∂ 2u(x, t)

∂x2 = g(u,x, t),

u(0, t) = 0,u(1, t) = 0,(x, t) ∈ (0, l′)× (0,T ),
u(x,0) = 0,x ∈ (0, l′).

One can confirm that this model has one analytical solution, u(x, t) = t2+θ sin(πx)

when g(u,x, t) =
Γ(3+θ)

2
t2 sin(πx)+V t2+θ

π cos(πx)+Dt2+θ
π

2 sin(πx)+u2.
Our numerical calculations are tested against this analytical solution. With the

spatial step-sizes M = 4,8,16,32 and the time-grid point N = M2, Table 1 displays
L2 and L∞-errors with scheme’s spatial order for various fractional orders where

Orders = log2

(︃
E(h,τ)

E(h/2,τ)

)︃
. The time-order is also displayed in Table 2 for the time

and space grid points N = 4,8,16,32 and M = 1000, respectively, where Ordert =

log2

(︃
E(h,τ)

E(h,τ/2)

)︃
. Tables 1 and 2 demonstrate how the CPU-run time guarantees

our solution’s effectiveness and computational viability. In addition, since the scheme
uses L2-1-approximation history dependent approximation of the Caputo-derivative,
the cost at time level n generally depends on the previous time levels. Therefore,
even though Table 1 has 64 spatial points, its 4096 time levels and long fractional-
memory history can make it much more expensive than a calculation with M = 1000,
and N = 64. Figure 1 displays the surface plot for the comparison of exact and
numerical solutions, which are evaluated at space and time-grid point values (i.e.
N = 1024, M = 100 with V = 0.1,D = 1,T = 1,θ = 0.8. These solutions show
that the numerical and the exact solutions are almost identical. Our current approach
is more accurate with 4th-order convergence in space at fractional orders θ = 0.25,
0.5, 0.75 than the method in [9], as demonstrated by the comparison values of L2
errors described in Table 3 for N = 1000, M = 4,8,16,32.
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Table 1. L∞ and L2-error with order of convergence in spatial for nonlocal order, and CPU-run time at
T = 1,V = 0.1, D = 1, N = M2 for Example 1

θ (M,N) L∞-error Orders L2-error Orders CPU(s)
0.2 (4, 16) 1.2541e-03 8.8986e-04 0.0023
0.2 (8, 64) 7.6544e-05 4.0342 5.4314e-05 4.0342 0.0090
0.2 (16, 256) 4.757e-06 4.008 3.3758e-06 4.008 0.0673
0.2 (32, 1024) 2.9715e-07 4.0009 2.1086e-07 4.0009 0.9019
0.2 (64, 4096) 1.8595e-08 3.9983 1.3188e-08 3.999 14.463
0.8 (4, 16) 1.0935e-03 7.805e-04 0.0020
0.8 (8, 64) 6.4547e-05 4.0824 4.6094e-05 4.0817 0.0076
0.8 (16, 256) 3.8844e-06 4.0546 2.7755e-06 4.0538 0.0613
0.8 (32, 1024) 2.3522e-07 4.0456 1.6815e-07 4.0449 0.8803
0.8 (64, 4096) 1.4335e-08 4.0364 1.024e-08 4.0375 14.440

Table 2. L∞ and L2 error values with order of convergence in time for nonlocal orders, and CPU-run
time at T = 1,V = 0.1, D = 1, M = 1000 for Example 1

θ N L∞-error Ordert L2-error Ordert CPU(s)
0.2 4 6.8943e-03 4.7656e-03 0.0033
0.2 8 1.7821e-03 1.9518 1.2319e-03 1.9517 0.0049
0.2 16 4.4993e-04 1.9858 3.1104e-04 1.9858 0.0098
0.2 32 1.1279e-04 1.9960 7.7975e-05 1.9960 0.0176
0.2 64 2.8210e-05 1.9994 1.9502e-05 1.9994 0.0380
0.8 4 4.5468e-03 3.0703e-03 0.0029
0.8 8 1.4051e-03 1.7000 9.5392e-04 1.7000 0.0040
0.8 16 3.8185e-04 1.8796 2.5981e-04 1.8764 0.0073
0.8 32 1.0051e-04 1.9257 6.8484e-05 1.9236 0.0142
0.8 64 2.6189e-05 1.9402 1.7867e-05 1.9385 0.0318

Fig. 1. The comparison of exact and numerical solutions for Example 1 with fractional order θ = 0.8
at different space and time-grid point values M = 100, N = 1024
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Table 3. The comparison of L2-errors with convergence order in space between present method and [9]
for N = 1000,T = 1,V = 0.1, D = 1 for Example 1

.

M L2-error Orders L2-error Orders L2-error Orders
4 3.59e-2 – 1.82e-2 1.08e-2 -

Method [9] 8 5.8e-3 2.5299 3.1e-3 2.5536 2e-3 2.4330
16 1e-3 2.5361 5.56e-4 2.4779 3.86e-4 2.3729
32 1.78e-4 2.4939 1.02e-4 2.4484 9.68e-5 1.9964
4 1.195e-3 – 1.14e-3 1.06e-3 -

Our method 8 7.32e-5 4.0298 6.97e-5 4.0298 6.50e-5 4.0295
16 4.47e-6 4.0315 4.25e-6 4.0364 3.96e-6 4.0376
32 2.02e-7 4.4703 1.77e-7 4.5866 1.61e-7 4.5164

5. Conclusion

The numerical treatment of a nonlinear time-fractional convection-diffusion equa-
tion over a finite domain is the subject of this research. We have proposed a Crank-
-Nicolson scheme based L2−1 quadratic interpolation methodology for the Caputo-
-fractional derivative and compact exponential difference method for the approxi-
mation of convection-diffusion term. We used the energy method for the theoretical
analysis of convergence order and the von Neumann-Fourier analysis method for the
stability of the proposed scheme. Concerning the discrete norms, we have obtained
that the suggested technique is unconditionally stable with 4th-order convergent in
space and an improved (min(2,3− θ)th)-order convergent in time. Numerical tests
provide strong confirmation of the theoretical convergence and stability conclusions.
We will consider the solution and application for the nonlinear 2D-time fractional
convection-diffusion problem using high-order schemes in the future.
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