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Abstract. This paper aims to explore the numerical and theoretical solution of the time-
-fractional convection-diffusion equation with a nonlinear source term over a bounded region.
We provide a high-order Crank-Nicolson scheme-based L,_; approximation via piecewise
quadratic interpolation polynomials for the Caputo-derivative operator in the temporal direc-
tion and a fourth-order compact exponential difference technique for the spatial direction.
Following the linearization of the nonlinear term, the method’s unconditional stability and
convergence with an improved order of accuracy & (‘L'm"”(z’%e) + h4) are investigated using
Fourier analysis and the energy method, respectively. In order to illustrate the theoretical
analysis and validate the suitability of the suggested approach, numerical results are provided.
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1. Introduction

In order to connect theoretical models with real-world phenomena, such as chem-
ical and biological processes [1], financial systems [2], pattern dynamics [3, 4], and
so on, it is essential to validate and analyze these models through numerical inves-
tigation. Thus, effective and precise numerical techniques have become more cru-
cial for completing the solutions of time-fractional convection-diffusion equations
(TFCDE). Analytical and exact solutions are used in [5,6] for the nonlinear fractional
problems based on the Caputo-derivative sense. Accurate and efficient methods are
proposed [7, 8] to solve the fractional reaction-diffusion-convection equations based
on the Caputo-Fabrizio derivative. A Crank-Nicolson scheme based L; approxima-
tion for the Caputo time derivative and the Weighted Shifted difference scheme for
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the Riesz space derivative is applied [9, 10] to the nonlinear time-space fractional
convection-diffusion equation to obtain a @'(t>~? + h?) convergence order. In order
to solve the linear TFCDE [11], a high-order compact exponential difference method
with implicit L;-approximation is taken into consideration to produce an accuracy
of 0 (12_9 + h*). Till now, the majority of researchers have worked with a 4”-order
compact difference scheme for spatial and (2 — 6)"-order implicit scheme based
Li-approximation for Caputo-derivative.

This paper considers the theoretical investigation and numerical validation of the
nonlinear time-fractional convection-diffusion equation (TFCDE) over a bounded
domain. The implementation of a Crank-Nicolson scheme based L,_;-interpolation
combined with a compact exponential difference method for the nonlinear TFCDE
has not been studied before. Here, we have proposed a compact exponential differ-
ence method for the convection-diffusion term and a Crank-Nicolson scheme based
L,_-approximation for Caputo-time derivative, where the spatial order is four and
the temporal order is min(2,3 — 6) arising from the truncation error of the Crank-
-Nicolson scheme and L,_;-approximation. Following the application of the lin-
earization technique for the problem’s nonlinearity, we employed the energy method
for the theoretical analysis of convergence order and the von-Neumann Fourier ana-
lysis method for the stability of the suggested scheme to guarantee the method’s
robustness.

2. Problem formulation

2.1. Spatial discretization

Take the one-dimensional ordinary differential equation over a bounded domain
Q, =10, as:
d’s ds
-9 4V = 1
a2 T T, 1
where r is the source term, and a high-order compact exponential difference scheme
for (1) has been constructed [12] as,

—p8Zsi+ ¥ 8usy = 11+ 18,11 + P2 8Py, 2

with &, 53 are average difference operators that are given at the space grid point x;
as,
SI41—SI-1 o2 Si41— 281+ 811
OsSj=————, 08 = ——5——.

2h h?

To get the coefficient values, we have used the following coefficient values:

Vh <”1/h> D—p DD —p) W
= ) 1=

p = ——coth Y — p2= % +—. 3)

2 6
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Combining (2) and (3), one finds that
(*P5x2+7/5x)sl: (1+P15x+P25x2) I’]+0(h4), (4)

in which the Taylor series error for this high-order compact exponential difference
scheme, which is given as 0(h4). The formulation expressed in (4) gives the diago-
nally dominant tridiagonal linear system of equation that can be expressed as,

(14018, +p282) " (—p82+78) 51 =r. ®)

By substituting s(x) by u(x,?), and r(x) via —D%u(x,t) + g(u,x,), we have devel-
oped the nonlinear time-fractional unsteady convection-diffusion equation, which has
never been taken into consideration in the previous literature. The one-dimensional
nonlinear time-fractional convection-diffusion equation (TFCDE):

du(x,t %u(x,t
‘Dou(x,t)+¥ éx )—@ 8562 ):g(u,x,t),

u(x,0) = y(x), (x,1) € (0,1') x (0, ], ©)
u(0,7) = ¢1(t), M(l/7t) = (1)1 € (0,71,
where u(x,?) is the concentration, 6 € (0, 1) is the fractional order, " > 0,and Z > 0
are convection and diffusion coefficients, respectively, with y(x), ¢;(¢), ¢2(7) known

smooth functions over a bounded domain. Here g(u,x,t) is a nonlinear function of u
that satisfies the Lipschitz condition with respect to the function u as:

|g(u,x,t)—g(v,x,t)] §L|u—v],Vu,v, (7)
in which L is the Lipschitz constant. From (5), we have the operator

ADSu(x,t) = pSlu(x,t) — ¥ Su(x,t) + Acg(u,x,1), Ac = (1+p18:+p287). (8)

2.2. Temporal discretization

At the grid point (xl,tn_ 1 ), the discretization of (8) using the Crank-Nicolson
method yields,

o 2 13 n—3 n—3 2
AxDru(xl,tn_%):pSXLtl — Vo, *+Ag(u, *x,t,_ 1)+ 0(T7). )

L

2
Therefore, assuming u(t) € €>to,t,], the Caputo-fractional derivative “D%u(r) is
approximated using the L,_; quadratic interpolation, and (C)D,Gu(t) is approximated
using L;-linear interpolation [13] with 0 < 6 < 1, then
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n
DOu(t,) =5 DOu(ty) + ( Z v 8%
k 2

¢ ( ) = (6 (6) (6) .
= m ('UO u tn Z (vn— -1~ Uy k) (tk) _vn_lu(t0)> +T",
(10)

where T" is the Taylor series truncation error for the L, | approximation scheme that
can be estimated as

1 1 61 P
(LS (I . B
=2r2-6) <4+(2—9)(3—9)>or3ta<’§n” (1) (n

Lemma 1 From the description of (10), we have the coefficient values 19(59) = v(ge) =

=1 for n =1 and for n > 2, the coefficients D,EQ) with their properties are obtained

in [14] as:

19(29) + V(()G),k =0,
DISG) _ 19]((9) +v]§9) _vlgﬁ)l’l <k<n-2, (12)
ﬂk(e)—v,g)l,k:n—l,
1
VIEG): o ((k+1) k2—9> <(k+1)1_9 +k1_9>, 6(9):(k+1) kl 0

2.3. Full discretization and formulation of the problem

The central value of the Caputo-derivative “D%u(x,1)(0 < 6 < 1), which is given
in (10) at the grid point value (x;,,) and (x;,2,—1), can be

¢ L[ @) n-t N (6 o)\ kL (6 n—l
Deulxityy) = #[“5 i Y (0 -0 ) o T,
(13)

where U = ‘L'GF(2 —0), and from (9) and (11) the combined truncation error can be
estimated as T"2 < K‘L‘min(z’3_9),K > 0. Since,

I (eI PR W UG Tl

then (13) holds true. By substituting (13) into (9) with (3), the simplification of
the formula for the grid values 1 <! <M+ 1, 2 <n < N and the coefficient

v(ge) = ﬂée) + v(ge)’ we have the following general formulation:
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8) (P2 Pi1 p n— 0 2p2 2up n—z
(“3)(m‘%)‘“(m+zh>)”ff*("é)(l‘hz>+hz) v
0 (P2 Py _ ) (P _ T\ 3
* <"° (e *3m) “(hZ 2h>)”l+1
rn—1
_ (P2_ P (0) ©) k3, ) 0 "3
= (== UV, — Vg ) 0,y gy )
(/’l 2h) _k:l( k—1 k> -1 1 1—1
L2\ [N (0 @) @) 0 !
T AR (vnfkfl_vn7k> w * 40, up + pg(uy )
rn—1
p2 1 0 6)\ k—% 0 n—1
+ (h*Jrth) ; (vr(l)klDr(l>k>ul+12+vr(z—)1u?+l+:ug(ul+lz):|’
Lk=1
(14)
with the corresponding initial and boundary conditions:
W= wyx), 1=0,1,2,...M,
uy = 01(ty), uyy=0¢2(ty),n=1,2,....N—1. (15)
The system of (14)-(15) can be formulated as matrix form for n > 1,
n—1
e O (N L R B
k=1

where the coefficient matrix A has the lower, main, and upper diagonal elements.
From (16), the right-hand side matrix B = tridiag(B;,B2,B3) is also a tridiagonal

. .. 1 1 _1 1
matrix. The column vector matrix is G" 2 = uBg(u" 2)+ H" 2, where g(u" ?)
) . . ) . ) 1,
is the nonlinear function that will be linearized. The column vector H" 2 is,

1 1 n—1 1 1
-3 -1 0 0)\ k-1 ) —
H = s T (0l o) ol et
k=1
n} 3 (N (0@ @), @ 0 n}
Hy, = Asuy 5 —Bs Z(vn—k—l_vn—k) Upg 1 O 1 Upgy T HE(Uy ) |-
k=1

3. Theoretical analysis of the problem

With the decreasing sequence and properties of coefficients 1),56) defined in (12)

1 1
with k =0 and n > 2, v\ = 0{® + ¥ = <2+29> > 0 for 6 € (0,1),
the sum of the absolute values of the lower and upper diagonal elements are less
than the absolute value of the main diagonal elements, which implies that the coef-
ficient matrix for the schemes (14), and (15) is strictly diagonally dominant; thus,

the matrix is invertible.
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3.1. Stability analysis
Let U}" be the analytical solution for the scheme defined in (15) with,
=U'—u}, 1 <I<M+1,1<n<N, a7)

. T .
as the error value for the given vector, k" = (k{, K}, k3, ..., Ky, )" - The Fourier anal-
ysis for k" (x) can be given as,

= ¥ (e ge ()= [ k() ar
Theorem 1 The stated scheme given in (14)-(15) is unconditionally stable. o

PROOF Thus, linearizing the nonlinear problem is important to simplify the stability
analysis of the scheme, and the following estimate has been obtained from the error

_1
value in (17) using the linearized term g(u;Z rgzul = zu o)

n_lL

(0 + (o1 + 178, + (02— p)32)
n—1 -1

:(1+P15x+P25x2)<Z vl -6
k=1

(6)

3 1 _1
+0, K+ ug(sk ! — Kk 2)> +T, . (18)

(21 2

The error value estimation of the scheme in (14) have been found by substituting
K="’ ¢ =2m/linto (18) with " — 2+ ¢7"" = —4sin®({h/2), then

inCh
(vée)—4(vée)p2—up)sm (65/2 )+z(v0 pﬁ—u”i/)smc >g"%
in?(Ch/2 inlh\ [
_ <1_4p2s1n (hé; / )+ip1 Slnhé' ) (Z (U'SG_)](_I_Ur(lG_)k) eh—1

3 1
+ 00+ g (28"1 — 28”2)) : (19)

Suppose n = 1, and from the weight coefficients obtained in Lemma 1, with

I
vé)—f+—>0u_791"(2 0), with 0 < 0 < 1, and denote B = Ch,

2—6
and the summation term defined in (19) vanishes and 1),(167)1 = vée)’ then we have

/' = 2 (v &+ ugle")) (20)
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o =% —4(vé")pz—up)XJri(vée)p1+u7/) VY, 1)
B=1—4pX +ipVY, (22)
s 2 - 2
and X = sn1](1[23/2)7 Y = Smhgﬁ). Taking the modulus of (20), we obtain:
7
172 = 20l gl @3

|.o/
Under the physical assumption 0 < ¥ < &, recall the fitted coefficients as,

Vh Vh Vh
p= TCOth <2@> Since cothz > 1 for z > 0, we have p > BN and also using

2.2
T Because ¥ < 9,

then 0 < ¥ — A < 2. Furthermore, we also have the following fitted coefficients

_ _ 2
p1 = y >0, pr= @(?/2’)) —1—% > 0. Now compute the bound for |.«7|:

1
the inequality cothz < — + g for z > 0, we obtain p < Z +
b4

2 2
|| = (vée) —4(vy" pr — up)X) + (vée)pl +u”f/) Y.

From the positive contribution of diffusion, we have vée)pz —up >0, up < vée) P2,

1 4

which gives |&/| > v(ge) —41)(§6)p2X. Since 0 < X < ok we obtain 4p,X < %
— h? 2 p? 4

Using pr = 9(3/21)) + 3 < % + 5’ and ¥ < 92, the constant term %

remains bounded. At the end, |<7| is bounded as |</| > vée)(l —K;), for some
constant value 0 < K; < 1. In the same way, compute the bound for |%|: Thus,
| B> = (1 —4p,X)* + p?Y. As the values p; > 0, ps > 0 are positive, we get

|B| < 1+4p2X +p1VY,

and 7 < 2 both p; and p, are bounded independent of the step-size h. Thus, |2
is bounded as: |#| < 1+ K. From the Lipschitz condition stated in (7), we have

obtained the estimation result as ‘vée)go +ug(e”)| < (v(ge) + ,uL) |€%]. By combin-

14K
ing all the bounds, we obtain |¢'/%| < % <v(§6) —|—/,LL) |€%|. Substituting
Uy (1 — K])

Tr2-06)L
1 =10 (2—6), we obtain |¢'/?| <K (1 + TT2-6)L |€%|, where K depends

o

onlyon 7/¥. 1°T'(2—0)L < vée), then we have, |¢'/?| < K|€°|. Since K approaches
1, we get |e'/2| < |€°] which holds true. Assume |8’*%\ < |€° holds true for
r=1,2,3,...,n—1. From (21), we have 2 = 1 —4p,X +ip1 VY, satisfies || < 1.
In addition, &7 = v(ge) —4 (v(ge)pz —up) X+i (v(()e)pl —HL”V) VY, then we have
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given
AE = BEI (24)

where,

3 1
= (U,(ﬁ)k—l - v(e_)k) e+ 0'9 0+ ug (28"_1 - 28"_2> :

n

AC,
By taking the modulus of (24), we have ]8”*%] = \‘diey *%\. Assume the pos-
itivity of diffusion coefficient, 0" p, — tp > 0 <= T2 - 6)p < v”p,. From

the assumption ¥ < &, diffusion ensures, |o/| > vée)(l — Kp) for some 0 < Ky < 1
B 1

independent of n,h, 7. Hence, u! < NG
(17 03 (1 - ko)

the weight coefficients (see Lemma 1), and the telescoping identity results

—
7]
—

= K,. From the properties of

n—1

Y (0% =) + o = . 25)
k=1

Assume induction hypothesis |8k*%| < |€°|,k < n— 1. Then from the assumption of
Lipschitz continuity and Eq. (25), we obtain ]E"’%] < (vée) + uL) |€%|. Thus, the
final estimate becomes ‘8"_%‘ <K, (vée) + 712 - 9)L> €9, r2-0)L < v(ge),

1 1
then |e" 2| < K*20é9)|80|, and we conclude that |¢"" 2| < |€°|,¥n > 1. Therefore,
the scheme is unconditionally stable. n

3.2. Convergence analysis

For this study, we need to introduce an Euclidean space of grid function on £,
and let y, = {v|v € R gy = gy = 0} be the real-valued grid function defined on
{x1,0 <1 < M}, then the L?-norm induced by the weighted Euclidean vector prod-

M+1 M
uct is given by (u,v) =h Z wv, (Vo2 =] =¥ = thlz, (8u,v) =
=1 =1

M+1 M M+1
h 1—21 82u;.v;, and we also denote, || 8,u|| = hl_l ]6xu17%\2, |182ul| = /h 1—21 ]6§u,7%|2.

Theorem 2 Assume that U]' is the analytical solution for (6) and uj is the numerical
solution of (15), then we have the error estimate,

|op =gl < (20 +4%).
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PRrROOF Consider the full discretization as follows:

Ac| o) -t E e 0)\ k-1 0
Aot (0 o) —v,sau?]
H =1
_1 n—1L nl
:pSfu? PV o, P H+Ag(u 7). (26)

1
If we assume U, l" % to be the exact solution of (26), then taking the inner product with
"7 on both sides yields

n—1
P o (TN R R
k=1
3 1
= (upéxzs”‘% —u%Sxe"‘%,s”‘%) + Ay (g(ze”‘1 — 26”‘2),8”‘5> + (T”‘%,e”‘%) .

Since Ay =14 p16, + p25x2, and ¥ < 2, we have p; > 0. Thus, we have the estima-
tion (Acw,w) = ||w||> — pa||8ew||* < ||w||?. Furthermore, there exists C; > 0 such that

C1||w|[* < (Ayw,w) < C5||w||?. Therefore, we have the relation A, (vée)e"‘% , g”‘%) >

C| |6”_% 2. By using the Cauchy-Schwartz inequality,

(e 3e78) < 2 (Il 4P + 11 HP)

Hence
n—l1 n—1

) ) NN 1 ) ) 1 1 1
Y (0 —u) (e ) < S X (0 — o) 11 H P+ 5up e
k=1 k=1

The estimation using Cauchy-Schwartz inequality for the initial term is also,

1
o) (&%em4) < 2o (eI +11e" 1)

n—1
Using the summation by parts and under homogeneous boundary conditions, we
1 1 1 1 1
obtain (upSfe"*7,£"*7> = —up||8.e" 2| <0, (6)(8"*?,8”*7) =0.

Thus, (up 5)628"7% —uy 5x8"*%,£"*%> < 0. The nonlinear term is approximated
using Lipschitz continuity, and using Young inequality,

3 1 1
m(azwl—zﬂZ»ﬂ%)scuw"www%Hscm"WP+gw"ﬂﬁ

For the last term, the truncation error estimation using Young inequality can be writ-
1 1
ten as <Thnr 2 g1 ) < ||T”_%HH8”_%|| <0+ 1P + Z||8"_%|\2. At the end,

the energy inequality for the collecting terms can be obtained as follows:
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n—1 2
e 4P < B (v = o) le H P+ o2 eflP o (0 7).
k=1
Applying the fractional discrete Gronwall inequality [15] yields,
e 3l < (0 +4t),

This finishes the proof of the analysis. n

4. Numerical results and discussion

Example 1 Consider the nonlinear time-fractional convection-diffusion equation over
a finite domain:

. du(x,t) du(x,t)

cno ) . ) —
Diu(x,t)+V p 9 92 g(u,x,t),
M(O,l) :O,M(I,Z) =0, (X,l) € (Ovl,) X (OvT)7

u(x,0) = 0,x € (0,0).

One can confirm that this model has one analytical solution, u(x,) = r>9

I'(3+0)

sin(7x)
t*sin(7x) + V1> 0 wecos(mx) + 2120 w2 sin(mx) + u?.
Our numerical calculations are tested against this analytical solution. With the
spatial step-sizes M = 4,8,16,32 and the time-grid point N = M?, Table 1 displays
L, and L.-errors with scheme’s spatial order for various fractional orders where
E(h, 1)
Ordery =1 —_—
e e <E<h/z, 7)
and space grid points N = 4,8,16,32 and M = 1000, respectively, where Order; =

when g(u,x,t) =

> . The time-order is also displayed in Table 2 for the time

E(h,T
log, EhT) . Tables 1 and 2 demonstrate how the CPU-run time guarantees
E(h,t/2)

our solution’s effectiveness and computational viability. In addition, since the scheme
uses L2-1-approximation history dependent approximation of the Caputo-derivative,
the cost at time level n generally depends on the previous time levels. Therefore,
even though Table 1 has 64 spatial points, its 4096 time levels and long fractional-
memory history can make it much more expensive than a calculation with M = 1000,
and N = 64. Figure 1 displays the surface plot for the comparison of exact and
numerical solutions, which are evaluated at space and time-grid point values (i.e.
N =1024, M = 100 with ¥ =0.1,2 = 1,T = 1,0 = 0.8. These solutions show
that the numerical and the exact solutions are almost identical. Our current approach
is more accurate with 4”-order convergence in space at fractional orders 6 = 0.25,
0.5, 0.75 than the method in [9], as demonstrated by the comparison values of L,
errors described in Table 3 for N = 1000, M = 4,8,16,32.
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Table 1. L., and Ly-error with order of convergence in spatial for nonlocal order, and CPU-run time at
T=1,%=0.1,%=1,N=M? for Example 1

6 (M,N) L.-error Orders L,-error Orders  CPU(s)
0.2 4, 16) 1.2541e-03 8.8986¢e-04 0.0023
0.2 (8, 64) 7.6544e-05 4.0342 5.4314e-05 4.0342  0.0090
0.2 (16,256) 4.757e-06 4.008 3.3758e-06  4.008 0.0673
0.2 (32,1024) 2.9715e-07 4.0009 2.1086e-07 4.0009 0.9019
0.2 (64,4096) 1.8595e¢-08 3.9983 1.3188e-08 3.999 14.463
0.8 4, 16) 1.0935e-03 7.805e-04 0.0020
0.8 (8, 64) 6.4547e-05 4.0824  4.6094e-05 4.0817 0.0076
0.8 (16,256) 3.8844e-06 4.0546 2.7755e-06 4.0538 0.0613
0.8 (32,1024) 2.3522¢-07 4.0456 1.6815e-07 4.0449  0.8803
0.8  (64,4096) 1.4335e¢-08 4.0364 1.024e-08  4.0375 14.440

Table 2. L. and L; error values with order of convergence in time for nonlocal orders, and CPU-run

Fig. 1.

timeat7T =1,7 =0.1, 2 =1, M = 1000 for Example 1

Exact solution

?] N L-error Order; Ly-error Order;  CPU(s)
0.2 4  6.8943e-03 4.7656e-03 0.0033
02 8 1.7821e-03 19518 1.2319e-03 19517 0.0049
0.2 16 4.4993e-04 19858 3.1104e-04 1.9858  0.0098
0.2 32 1.1279¢-04 19960 7.7975e-05 1.9960 0.0176
02 64 2.8210e-05 19994 1.9502e-05 1.9994  0.0380
0.8 4  4.5468e-03 3.0703e-03 0.0029
0.8 8 1.4051e-03 1.7000 9.5392e-04 1.7000  0.0040
0.8 16 3.8185e-04 1.8796 2.5981e-04 1.8764 0.0073
0.8 32 1.0051e-04 19257 6.8484e-05 1.9236 0.0142
0.8 64 2.6189%-05 19402 1.7867e-05 1.9385 0.0318

0=0.8 . 6=0.8
09 x10°®
8

0=0.8
1 0.8
0.7
0.6
0.5
0.5
04
0 0.3
1 0.2
1
0.1
0.5 05
0
t 00 X

Numerical solution

Error solution

The comparison of exact and numerical solutions for Example 1 with fractional order 6 = 0.8
at different space and time-grid point values M = 100, N = 1024
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Table 3. The comparison of L-errors with convergence order in space between present method and [9]
for N =1000,7 = 1,7 =0.1, 2 = 1 for Example 1

M Ly-error  Orders Lp-error  Orders Lp-error | Orders
4 3.59%-2 - 1.82e-2 1.08e-2 -
Method [9] 8 5.8e-3 2.5299 3.1e-3 2.5536 2e-3 2.4330
16 le-3 2.5361 5.56e-4 24779 3.86e-4 | 2.3729
32 1.78e-4 24939 1.02e-4 24484  9.68e-5 | 1.9964
4 1.195e-3 - 1.14e-3 1.06e-3 -
Our method 8 7.32e-5 4.0298 6.97e-5 4.0298 6.50e-5 | 4.0295
16 4.47e-6 4.0315 4.25e-6 4.0364 3.96e-6 | 4.0376
32 2.02-7 44703 1.77e-7 4.5866 1.6le-7 | 4.5164

5. Conclusion

The numerical treatment of a nonlinear time-fractional convection-diffusion equa-
tion over a finite domain is the subject of this research. We have proposed a Crank-
-Nicolson scheme based L,_; quadratic interpolation methodology for the Caputo-
-fractional derivative and compact exponential difference method for the approxi-
mation of convection-diffusion term. We used the energy method for the theoretical
analysis of convergence order and the von Neumann-Fourier analysis method for the
stability of the proposed scheme. Concerning the discrete norms, we have obtained
that the suggested technique is unconditionally stable with 4" _order convergent in
space and an improved (min(2,3 — 6)"")-order convergent in time. Numerical tests
provide strong confirmation of the theoretical convergence and stability conclusions.
We will consider the solution and application for the nonlinear 2D-time fractional
convection-diffusion problem using high-order schemes in the future.
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