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Abstract. The aim of this contribution is to formulate a macroscopic model for the non- 

stationary heat transfer processes in an arbitrary hexagonal - type rigid conductor with iso-

tropic local material properties. As a tool of modelling the tolerance averaging technique is 

taken into account [1]. It is shown that under certain conditions the obtained model equa-

tions are isotropic. 

1. Introduction 

Let us denote by ∆ a certain regular hexagon in the 0x1x2-plane. Let c(⋅,x3) and 

A(⋅,x3) be ∆-periodic fields interpreted as a specific heat and a heat conductivity 

tensor, respectively. In the framework of this note by a hexagonal-type rigid heat 

conductor we mean a conductor in which the distribution of material properties in 

the periodic cell ∆ are invariant with respect to the rotations over angles 2πn/3, 

n = 0, ±1, ±2,... , in the 0x1x2-plane. From the formal viewpoint, the set of all such 

rotations consists only of three elements, hence n = 0,1,2. Numbers 0,1,2 will be 

interpreted as the possible values n in 2πn/3-rotation and hence we deal with the 

well-known additive group 
3
ℜ  = {0,1,2} which in the subsequence considerations 

will be identified with the above rotations group. In the subsequent considerations 

without loss of generality it will be assumed that a specific heat and a heat condu-

ctivity tensor fields are constant in the x3-direction and we will write c(x) = c(x, x3) 

and A(x) = A(x, x3) for every (x,x3) ∈ R
3
. Moreover, it is assumed that a heat con-

ductivity tensor has a form of the following real matrix 
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where α, β run over 1,2. The equation 
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where θ and f denote a temperature field and heat sources, respectively, describes 

a heat flow in a biperiodic composite under consideration (cf. [1] p. 102) and 

is a starting point to subsequent considerations. Coefficients of this equation are 

assumed to be ∆-periodic piecewise constant functions of x = (x1, x2) ∈ R
2 
. This 

is a motivation for formulation of approximated models of such composites in 

particular models with constant coefficients. Subsequently, we shall consider the 

tolerance averaged variant of equation (2), cf. [1]. The tolerance averaged models 

of composites, in contrast to homogenized models [2], are able to describe a dis-

persion phenomena and equations of such models have simple mathematical form. 

That is why, in the modeling of processes depending on time, tolerance averaged 

models seem to be more useful than the well-known asymptotic models. In toler-

ance averaged modelling of rigid conductors, the temperature field θ is a sum of 

averaged temperature θ
ο

 and fluctuation part ϑ of temperature field, θ  = θ
ο

 +ϑ. The 

investigation of an interrelation between the above fields is usually the crucial 

problem in every averaged approach to the modeling of a ∆-periodic rigid con- 

ductor. In the tolerance averaged approach it is assumed that (summation conven-

tion over A = 1,..., N holds) 

 AA
Wg≅ϑ  (3) 

where g
A
 are postulated a priori in every special problem ∆-periodic shape func-

tions, the relation ≅  describes a certain tolerance approximation, cf. [1], and W
A
 

are certain new fields which, together with the averaged temperature field θ
ο

, are 

basic unknowns of the tolerance averaged model of the heat conductor under con-

sideration. This model is governed by the following averaged equations (summa-

tion convention over A,B = 1,..., N holds): 
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where g
A
, A = 1,..., N, are known and 〈⋅〉 stands for the averaging operator [1]. 

The aim of this note is to investigate sufficient conditions, imposed on the spe-

cific heat, conductivity tensor fields and the set G of shape functions, describing 

internal fluctuations of hexagonal periodicity cell, which imply the isotropic form 

of eqs(4). 

2. Preliminaries 

In the tolerance averaged model (4) of the hexagonal-type composite the shape 

functions depend on the thermal as well as material structure of the periodicity 
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cell. Hence, we shall assume that the set of all shape functions taken into account 

in this model is invariant under the rotations group .

3
ℜ  It can be proved that the 

heat conductivity tensor A  is isotropic, i.e. A  = k1. We are going to prove the 

following basic result of this note: 

Proposition. Under the above assumptions the tolerance averaged 

model (4) of the hexagonal-type rigid conductor is isotropic. 

Using terminology from the mathematical group theory, assumption mentioned 

above means that the group 
3
ℜ  acts in the set of shape functions of the model (4) 

and divide this set into the disjoint sum G1∪ G2∪... ∪ Gn of orbits Gk, k = 1,…,n. 

A number of elements of every orbit is the same and is equal to the range of the 

group .

3
ℜ  Hence, we can enumerate the shape functions, denoting by 

k

r
g  the r-th 

element of an orbit Gk generated by an arbitrary distinguish shape function 

k

k
Gg ∈  and relation .rgg

kk

r
o=  Now we shall introduce a concept of the first 

approximation model of the hexagonal-type rigid conductor. It will be a special 

kind of such model in which the group 
3
ℜ  determines in the set of all shape func-

tions only one 
3
ℜ -orbit. Hence the set of shape functions is equal to this orbit, 

consists of three shape functions ,Gg
k
∈  k = 0,1,2, and will be denoted by G. 

From the physical viewpoint these shape functions are interpreted as the simplest 

functions describing the basis temperature fluctuations in the periodic cell. In the 

case of the first approximation the governing equations (4) take the form 
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Similarly as in every problem of the tolerance modelling these three functions will 

be postulated a priori on the basis of the physical information about the modeled 

heat conductor. 

For the sake of simplicity, in the subsequent consideration it will be assumed 

the first approximation of the model. 

3. Results 

Let us introduce vectors ),0,1(0
=t  ),,2/3,2/1(1

−=t  ),,2/3,2/1(2
−−=t  

),1,0(
~0

=t  ),2/1,2/3(
~1

−−=t  )2/1,2/3(
~2

−=t  and denote ),
~
,( 000
tt=T  
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),
~
,( 111
tt=T  ).

~
,( 222
tt=T  The geometry of the hexagonal cell is illustrated in 

Figure 1. Since the set G = {gr: r∈ 3
ℜ } as well as a set ),,( 2101 TTTT =  of intro-

duced above orthonormal basis are invariant over 
3
ℜ -rotations the scalar products 

r

r
gh t⋅∇=  and r

r
gh t

~~

⋅∇=  are also invariant over rotations r∈ .

3
ℜ  Hence, we 

can introduce the decomposition 

 rr

r
hhg tt
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+=∇  (6) 

which leads to (here and in the subsequent considerations summation convention 

over r,s = 0,1,2 holds): 
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Fig. 1. The geometry of the hexagonal cell 

Now we can start to describe the influence of invariance properties of the govern-

ing equations (5) under 
3
ℜ -rotations. Namely, in contrast to (7), the coefficients 

〉〈
r
gA  for every r∈

3
ℜ  are invariant under ℜ3-rotations, coefficients 〉〈

sr
ggA  are 

invariant over 
3
ℜ -rotations provided that r ≠ s, r,s∈ ,

3
ℜ  and coefficients 〉〈

rr
ggA  

(no summation over r) are invariant over ℜ3-rotations for every r ∈ .

3
ℜ  Hence, the 

formulas: 
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hold for an arbitrary shape function g∈G and r,s∈
3
ℜ . Let us introduce new un-

knowns 

 ∑∑∑ ===
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It must be emphasized that the unknowns V  and V
~

 are interrelated by 

 VV
~

⋅=∈  (10) 

and that the formulas (9)1,2 can be treated as a one to one interrelation between the 

internal fields W
0
, W

1
, W

2
 and a new variables U and V = (V1, V2). The inverse of 

this interrelation is given by 
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Applying the decomposition (6) into the first from eqs(5) we obtain 
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Now we shall to apply the decomposition (6) into the second from eqs(5). Taking 

into account the invariant conditions explained above, equations (5) yield 
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Summing up over r the above equations we conclude that 
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Moreover, multiplying Eq.(12) by t
r 

and then summing it up over r we obtain 
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Similarly, multiplying Eq.(13) by 
r

t
~

and then summing it up over r we obtain 
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Summarizing the above results we conclude that equations (12), (14), (15), (16) 

can be treated as the system of independent equations for the averaged temperature 

field θ
ο  

and the three new unknown fields - one scalar field U and two vector 

fields V and .V
~

 Now we shall jump to the final conclusion that if the conductivity 

tensor A  is isotropic, i.e. A  = k1, then equations (12), (14), (15), (16) have con-

stant coefficients and hence they are isotropic. This ends the proof of the basic 

result of the note. 
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