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Abstract. In the paper the inverse heat conduction problem consisting in the estimation of
surface heat flux from transient temperature measurements in 2D solid body is presented.
In order to solve the problem the sequential function specification method using future
temperature information and the boundary element method have been applied. The theo-
retical considerations are supplemented by the example of computations.

1. Formulation of the problem

The temperature distribution inside a heat conducting body can be described by
the following boundary-initial problem

xeQ: M:ava(x, t)
ot
oT (x, t
xel: q(x, t):—/i%
xel,: T(x, t):T
2 ot 1 M

xely: q(x, t):—/ia—n’:qb

‘ GT(x, t) "
xel,: q(x, t):—/iT:a[T(x, 1-T ]

1=0: T(x, 1)=T,

where x = (xy, x,), a = A/c is the diffusion coefficient (A is the thermal conductivity,
c is the volumetric specific heat), 7, is the boundary temperature on I', g, is the
heat flux on I';, a is the heat transfer coefficient, 7” is the ambient temperature, 7
denotes the initial temperature.

For direct problems the boundary conditions as well as the initial condition,
A and ¢ are known and we want to determine the temperature distribution 7(x, ).



106 E. Majchrzak, K. Freus, D. Janisz

For inverse boundary problems the boundary condition is not specified for
a part or on the whole external surface of the body. Here, we assume that the heat
flux g(x, ) on part I'; is unknown.

Additionally, some measured temperature histories are given at interior loca-
tions x; at discrete times tf, f=1,2,..., F, this means

T =T,(x, x5, /), i=1,2, .. M, f=1,2, .., F Q)

2. Sequential function specification method

In sequential function specification method [1, 2] it is assumed that the heat flux

is known at points xjel“l,j =1,2, ..., Jattimes ¢, 7, ..., ¢"", where J is the num-

ber of boundary nodes distinguished on the part I'j, and we want to determine the
heat flux q‘jf =q(x{, x5, t') at time ¢/. Additionally, the temperature values are

known for R future intervals, namely
T/ =T(x, /7Y, r=1,2, ., R i=1,2, .. M 3)

and we assume that the heat flux is constant over R future steps and equal to the
heat flux at time ¢
1 R-1
q/ =q/" =..=q]" )

In order to solve the inverse problem, the least squares method is applied [1, 2]

S=

Ma

i (Tf+r1 Tf+r 1) (5)

I
—_

1

Function T,f I =T(x', /7" is expanded in a Taylor series about arbitrary

but known value of heat flux qu

Tf'+r*l _ T*-f"'r*] + i a];f?r—l ( ;e ) (6)
i 4 P 7 q] q]
TR VA s

J

where T/*"! denotes the temperature at point x' at time #/*"~' obtained under

f+r 1 f+l _

the assumption that for re[t/™, ] the heat flux equals q/ =q; =..=

f+r-1 _

=q] — qu.
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We introduce the sensitivity coefficients [1, 2] and then

7;f+r—1 */’+r 1+sz+r l( ‘1/ ) (7

Putting (7) into (5) one has

2

=l r=1

Differentiating the criterion (8) with respect to the unknown heat fluxes q‘jf and

using the necessary condition of minimum, one obtains the following system
of equations

M R J M R
Z Z Z Zf+r IZf+r 1( ) Z Z Zf+r I(Tf+r -1 ];*f+r—1) )
i=l r=l  j=1 i=1 r=1

where /=1,2, ..., J.
We introduce the rectangular matrix of dimensions RM x.J

77 S f
Zi Zy, w2y
f+R-1 f+R-1 f+R-1
Z Zz,l ZJ,l
f S f
Z/, Zy, v 2y,
7' =|.. (10)
f+R-1 f+R-1 f+R-1
Zl 2 Z2,2 Z/ 2
S /
ZlM Zz,M ZJM
f+R-1 f+R-1 f+R-1
zZ 2 Lz

and then system of equations (9) can be written in the form
(') 2/q’ =(2) 2/q" +(2/) (1] -T") (an

where
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and

while

T/ = (7

Qif ‘Ilf
f *f
9 * qy
q’ = . q7 =
f *f
q; q;

T
f+R-1 f f+R-1 f f+R-1
Ty T, Ty, Ty - Ty ]
*f+R-1 xf 4+ R-1 “f
T, Ty, o Tp Ty

are the matrices of dimensions RM x1.

(12)

(13)

de*\-j*R"]T (14)

The system of equations (10) allows to find the values of heat fluxes q‘jf at

boundary nodes x/,j =1, 2, ..., J at time .

In the sequential function specification method the sensitivity coefficients are
used (c.f. matrix (10)). In order to calculate them, the governing equations (1) are
differentiated with respect to the unknown heat flux g(¥, ¢) at boundary point

x’ el

oz
%ZCNZZJ (x, t)
W (x t):_/iaZj(x, t): 1, x=x/
I on 0, x=x’
Z,(x, 1)=0

GZ-(x, t)
VVJ(X, t):—iJTZO

o7 .
Wj(x, t):—l%:a Zj(x, t)
Zj(x, t)zO

(15)

So, in the case considered the additional boundary initial problems (15) for
j=1,2,...,Jshould be solved.
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3. Boundary element method

In order to solve the direct problem (1) for arbitrary assumed value of unknown
heat flux g(x, f) and the additional problems (15) connected with the sensitivity
coefficients, the 1st scheme of boundary element method for 2D parabolic equa-
tions has been used. So, we consider the following equation

xeQ: %);’t):aVZF(x, t) (16)

where F(x, ) = T(x, t) for direct problem (1), while F(x, ) = Z(x, f) for additional
problems (15).
The boundary integral equation corresponding to the transition /™' — ¢/ takes
a form [3]
o
B(§)F(§, t/ )+% _[ I F* (5, x, t7, t) J(x, t)dldr=
JAT

| (17)
y
1 . / U e r-1
- I J'J (5, x, 1/, t)F(x, t)dth+;jF (5, x, t/, t )F(x, t )dQ
JT Q
where & =(&,, &,) is the observation point, B(&) = 1 for £ €Q and B(&)e(0, 1)
foréel, F *(f, x, t/, t) is the fundamental solution

2
r

]

where r is the distance between the points & and x, while J (x, t) =-A0F (x, t)/ on

and J' (&, x, t/, )=—A0F (&, x, t/, 1)/ én.
For constant elements with respect to time [2, 3], the equation (17) can be writ-
ten in the form

(18)

exp| —

F *(5, x, t7, t):
47ra(tf—t)

BE)F(& )+ [ J(x 17 )g(& x)dr = [ F(x, ¢/ )h(g, x)dr+

] (19)
IF* (5, x, t/, tf‘l)F(x, tf‘l)dQ
Q

where
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,./

h(E, x):% ,I J(& % L d)de (20)
and
W
g(é& x):%j F'(& x 0 1) de @1
/1

In order to solve the equation (19), the boundary I" is divided into N constant
boundary elements, the interior € is divided into L constant internal cells and then
we obtain the following system of algebraic equations (i=1, 2, ..., N)

iGUJ(xj, tf):iH,jF(xj, tf)+iPi,F(xl, ) (22)
=1 J=1 I=1
where
G, = | g(&', x)dr, (23)
T
and
(&', x)dr,, i#j
H,=1{r, (24)
-1/2, i=j
while
B=[F (g x ¢,/ )da 25)
&

After determining the ‘missing’ boundary values (F(x/, ) or J(x', ¥)), the values

of function F(x', ¢/) at internal nodes x' € Q for time ¢’ are calculated using the
formula (i = N+1, N+2, ..., N+L)

CNGE WA SN AT TS o ¥ T BCD
Jj=1

/=1

4. Example of computations

The domain of dimensions 0.1x0.1 m made of copper (A = 330 W/mK, ¢ =
=3.7464 - 10° J/m’K) has been considered. Initial temperature equals 1000°C.
The following boundary conditions have been assumed (c.f. Figure 1)
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0<ux, <0.1,

x=0:
x=0.1,

x, =0.1:
0<x,<0.1: ¢(0, x,, £)=1500[T(0, x,, £)-30]  (27)

0<x,<0.1:

q(xl, 0.1, t) =0

7(0.1, x,, 1)=500°C

The aim of investigations is to determine the heat flux ¢(x,, 0, ¢) for

x (0, 0.1).

As is well known, in order to solve the inverse problem, some measured tem-
perature histories at interior locations should be given. These temperatures have
been obtained from the direct problem solution under the assumption that

q(x, 0, )=10+2.5 - 10*1—-200¢*

(28)

The problem has been solved using the BEM. The boundary has been divided
into 20 constant boundary elements and the interior has been divided into 25 con-
stant internal cells - Figure 1. Time step equals Ar =2 s.

X, A
15 14 13 12 11
° ° ° ° °
16 @ ° ° ] ° ° e 10
17 o ° ° ° e o9
180 o ° ° ° e 38
19 o6 o7 ®38 9 e 10e 7
200 e ®2 3 e 4 e5 o6
° ° ° ° ° »
1 2 3 4 5 X

Fig. 1. Discretization

In Figure 2 the cooling curves at the internal points 1, 2, ..., 10 are shown. As
an example, in Figure 3 the distributions of sensitivity functions Z;(x, #) and Zy(x, 1)
for time 40 s are presented. Figure 4 illustrates the courses of identified heat fluxes
at the boundary nodes 1, 2, 3, 4, 5 both in the case of the exact as well as the dis-

turbed cooling curves (standard deviation: ¢ = 1) and for R = 3.



112

E. Majchrzak, K. Freus, D. Janisz

1000

300

300
10 20 0 40 50 a0 t[s] o 10 20 30 20 50 60

Fig. 2. Cooling curves at the internal points
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Fig. 3. Distribution of sensitivity functions Z;(x, 40) - 10°
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Fig. 4. Exact and identified heat fluxes [MW/m?] at the boundary nodes - exact
and disturbed data
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Summing up, the sequential function specification method using future tem-
perature measurements constitutes an effective tool of boundary heat flux identifi-
cation.
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