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Abstract. The stochastic model of processes of claims and rewards processing in insurance
company was examined in this paper. The state of insurance company at a fixed moment of
time was described by Markov process with continuous time and finite number of states.
The theory of Markov processes with incomes was used for forecasting of expected incomes
in insurance company.

Introduction

Let’s examine the functioning of insurance company, which concludes uniform
agreements of insurance. Total number of agreements, concluded by company up
to moment of time ¢, £ €[0,7], is described by the function of time K(¢), moreover

K(t) < N, where N - number of inhabitants of region in which company functions.

Each of the company’s clients can be found in one of the following states: Cj - in
the "waiting" stage (it does not necessary to contribute reward, the insurance case
did not occur); C; - in the stage of estimation of the produced action; C, - in the
stage of estimation of the contributed reward; C; - in the stage of payment on the
action or payment to reward. A change of client’s state occurs in accordance with
the diagram, represented in Figure 1.

20

Fig. 1. Diagram of a change of clients states

Let 1, (At +0(At), 4y, ()At +0(At) - probability of the presentation of
action and reward in the time interval [7,f+ At] respectively, i.e. probabilities of
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transition from state Cy to C,, i = 1,2. Transit time from state C; to Cs, from C,, to
(s, from C; to Cy are distributed according to the exponential law with the intensi-
ties Wy, W, M3 respectively. It means that servicing time of clients by each of my
claim’s estimators is distributed according to the exponential law with the intensity
L1, by each of m, rewards estimators - with the intensity p,. Servicing time of
clients by each of mj cashiers we consider also distributed according to the expo-
nential law with the intensity ;.
The vector

k(1) = (k,t) = (k, (1), ky (1), k5(0) Q)

can describe the state of insurance company at the moment of time #, where £, ()

- number of clients, who are located in the state C; at the moment of time ¢, i = 1,_3;

3

the number of clients in the state Cy comprises k,(¢) = K(¢)— Zk,- (¢). It is obvious
i=l1

that k(7) is Markov process with the continuous time and finite set of states.

1. Differential equation for incomes forecasting in insurance company

It is obvious that the income of insurance company is concerned with obtaining
of rewards from the clients, and expenditure is caused by payment on the actions
and expenditures for the clients care. Let us designate V(k.f) - the complete expected
income, which insurance company will obtain in the time ¢, if at initial moment
of time company was in state (k,f). During the small time interval A¢ insurance
company can remain in the state (k,7+ Ar) or can transfer to one of the following
states: (k-1 t+At), (k+1;—1,t+At), (k+1,-1,,t+At), (k+1,t+Ar),

(k+1,,t+At). Here I, - the 3-dimensional vector, all components of which are

equal to zero and i-th component equals to 1, i= 1.3.

Theorem. Density of the distribution of the income v(x,t), when it is differen-
tiated on t and almost everywhere twice differentiated on x, satisfies the following
partial differential equation:

2
8v(x 1) _ _ZA (x.0) 20 Gv(x 1) S(t) ZZBU( t) 0 V(x nH o
X i=l j=1

=3e'(OK()v(x,1)+

+| R=KO , minC, (1).x, ()R, +K(r)[1—2xj (r)J(uoz (R, ~ oy (DRyy)

i=1 Jj=1
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where:

A,Gen)=Y g, mind ()., (0) ~ (t)(l 3 (r)} (=0 ()
J=1 Jj=1

J=1

3 3 _
Bn (X,t) = Zl’l'jqu min(lj (t)axj (t)) - “Oz(t)[l - ij (t)J > i= 133 (4)
J=1

19 ]:ly l:L_39 _19 ]:l,l:L_3,
q;=4-L j#i,i=3, q;=3-1 j#i, i=3
0, in other cases; 0, in other cases;

Bs(x,0) =, min(Z, (1), x,(0)) = By (x,1), i=12

Proof. We will consider that if in the time interval [z, + At] insurance com-
pany transfers from state (k,f) to state (k—1I;,¢+Ar) with probability
W, min(my, k;(¢))At + o(At), then the income of insurance company will comprise -
R; arbitrary units plus the expected income V(k —1;,¢), which the company will
obtain in the remained time ¢, if the initial state was (k —I;,¢) . While transferring
from state (k,f) to state (k+ 1, —1,,t+At) in the time interval [#,7+ At], the in-
come of the company will comprise - R; arbitrary units plus V(k+1;—-1,,t), the
probability of such transition equals p; min(m;,k;(t))At + o(At), i = 1,2. The passage
from state (k) to state (k+1,t+At), that is achieved in the time interval
[#,# + At] with probability p,,(1)k,(t)At + o(At), brings to the insurance company -
Ry arbitrary units of income plus V' (k +1,,¢). The passage from the state (£.f) to
state (k+1,,t+Ar) during the small time interval At is achieved with the pro-
bability i, (£)k,(?)At +0(Af) and brings to the insurance company Ry, arbitrary
units of income plus V(k+1,,t). In other words R;, R, and R, - are losses of

insurer, concerned with the care of clients in the payment stage, in the estimation
stage of the produced action and in the estimation stage of the contributed
reward accordingly; Ry, - loss that concerned with the payment on the action,
Ry, - income from the entering of insurance reward. In addition to this, we
will consider that the insurance company derives revenues in the size R arbitrary
units for the unit of time during its stay in the state (k). During the small
time interval Af company remains in the state (k) with the probability

3 2
1- Z W min(m,,k,(t))+Zpol(t)ko(t) At, in this case its income will comprise
i=1 i=1

RAL+V (k. 1).
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Then complete expected income V(k,f+ At) at the time moment ¢+ A¢ satis-
fies the following set of difference equations:

V(k,t+Af) = {1 - {i w, min(m,., k, (1)) + 22: o, (Oky (t)}At}(RAt +V (k1) +

i=1 i=1

+ py min(my, ky (0))At(—R, +V (k- 15,1)) +

2
+ >, min(m, k, (O)A (=R, +V (k+ 1, — 1,,0))+

i1
+ oy (kg (DAH(=Ry, +V (k +11,0)) + 1o, (kg (DAH(Ry, +V (k + 1, 1)) + (A7)

The given set can be represented in the form of the set of the difference-
-differential equations:

D) R min(on, k()R = on ko (R +in Ok (R +
i=1

+ Wy min(my, k;(0))V (k= 1;,6) =V (k, 1))+

2
+ >, min(m, k, (O)V (k+ 1, = 1,.0) =V (k,0)) + (%)
i=1

2
+ D Mo (ko (VT (k+1,0) =V (k1))

i=1

We will further examine the case of the large number of agreements in the insu-
rance company; let us assume that the function K(¢) is taken the sufficiently great
values 1 << K(¢#) < N. Let us switch over to the vector of the relative variables £(¢) =

:(5,1):[2(0,1(2(1),1(3@)
0 K@) K@)

J. Possible values of the vector £(¢) belong to the bounded

closed set G(t):{x(t):(x,t):(xl (0), x, (), x:5(0): x,() >0, Zx,- (t)sl}, in

i=1
which they are located in the points of three-dimensional lattice at a distance

e(?) :ﬁ from each other. With an increase of values of the function K(7) the

"density of filling" of the set G(¢) with the possible values of the vector &(¢) increases
and it becomes possible to consider that the vector has continuous distribution in
the region G(f). We can consider with these assumptions that the complete
expected income of insurance company continuously changes in the dependence
on the initial state (x,f). Therefore we can put into consideration the function
of the expected income’s density distribution (concentration) in the region G(¢).
By analogy, for example, with the density of mass distribution
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_m_limm(xlgi1 <x +ex, <& <x, +&x; <& <X; +¢)
P V_S~>0 83

the density of income’s distribution is defined as the following limit

V(x (1) <& <x () +&(1),%, () &) <x, (D) +(0),%5(1) <55 <x3(0) +£(1))
£(t)—0 83(t)

(6)

It is obvious that the density of the distribution of the income v(x,¢) will have the
following property:

VL”J-V(x,t)dx =1

sum (;(t)

And income V' (&,¢) has property

VD

=0, V(e D,t)= J-J‘J‘v(x,t)dx

D(t)

E=(x1,x2,%3)

It follows of (6) that for V(k.¢) is valid the following approximation with K(¢) — o
Vik,t)=V(x-K,t)=€>(()W(x,1) or v(x,0)= K> () (x-K.1)

3
n OV (k.1) = Oe” (v(x. 1) :382(1‘)8'(1‘)11(x,t)+s3(t)M and equation (5)
ot ot ot

for the density of the income’s distribution can be represented in the form:

The

3
av{a?—t) ==3¢'()K(O)v(x.0)+ R—K(1)Y_p, min(/, (1), x,(t)R,

i=1

= K (D)o, (Dx, (1) Ry + K(O)on ()Xo (D Ry, +
+ K(O)p; min(Z; (1), x;())(v(x —e3,1) = v(x,1)) + (7

2
+ Z K()n, min(/, (1), x;(1))(v(x + e5 —e;, 1) —v(x,1)) +

i=1

2
+ D K (0o, (0% (D(W(x +€,1) = V(x, 1))

i=1

m _
here: [ (t)=—"—, e, =c(t)],, i=13.
w () X0 e, =e()];, i
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Assuming that v(x,f) is differentiated on ¢ and is almost everywhere twice
differentiated on x;, i =13, the function v(x+e; —e¢;, 1), V(xxe;,f) let’s decom-

pose in the Taylor series in the environment of the point (x,f). Equation (7) can be
written down in the form:

av(;’ D 36K (1)w(x.0)+ R - K(t)lZ: 4, min(Z, (£), x, ()R, —
= K(0) 101 ()x (D) Ry + K(8) phop (1)x0 ()R, +

2
ov(x,t) . e(t) 0°v(x,t) .
8x3 2 6x32

+ g3 min(/5(2), x; (t)){_

- . ov(x,1)  ov(x.1)
+;ﬂ,- min(, (¢), x, (r»{( o - ]+

0 *v(x,1) 82v(x,t)+82v(x,t) .
2 ax3 0Ox40x;, o’

1

+ ZHO; (1), ()

i=1

Y, 2 ox’

1

{8v(x 1) s(t) 9(x, t)} LOE M)

Last equation with an accuracy down to the terms of the order O(g’(f)) can be
write down in more compact form (2), using designations (3), (4). Theorem is
proven.

8v( ,1)

3 3
.. . t .
Taking into account (2), expression ? E E can be attributed
i=1 j=1

I J

to O(g*(¢)). Therefore we will examine the followmg equation:

ov(x,t) > ov(x,t)
— ;A, (x, t)—ax’ 0 3 (OK(Ov(x, 1) +

+|R- K(t)z u, min(Z, (), x, (1))R, + K(t)(l - Z X, (z)](y02 (ORy, — 1o, (DR, )]

i=l1 Jj=1

After dividing both parts of this equation to the volume of the region G(¢), let’s
integrate both parts of the equation for x = (x,,x,,x;) in the region G(¢):
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ov(x, t)
m(G(z» il

G(t)

_ v
- (GUDZIHA( g ))mg OROVCe Db+ (G(t)) ®

=l G(1) G(1)

<[[[| r- K(t)Zﬂ, ming, (1), ()R +K(r>[ > (r)j Hor(ORys = pr DRy, )]dx

G(@1) J=1

Considering that on the left side of this equality change in the order of integration
and differentiation is permitted, we will obtain

8
G| oy a e 0

G(1) G(1)

where V_G(l) - average on x value of income with the condition of changing the
initial state (x.f) in the region G(¢).
Let’s examine integrals in right side of (8)

e'(OK()v(x,0)dx =3e' (1)K (t)v (t)
(G( ) m ¢

With the calculation of the remained integrals we will use integration in parts. Let
us assume that following boundary conditions are satisfied [1]:

X3 —l—xl —xz Xy —l—xl —x3 x=1- xz -X3

=0

which mean that the flow of income through the boundary of the region G(¢) is not
allowed, or that at the frontier points of the region G(¢) are fixed the reflecting

barriers. Then, taking into account that w = const we will obtain
Xi
8\/ X,t 04 (x,t
A G0 e S i
(G( ) ox, X,

G(1)

In other words, we come to the following differential equation

d—  — [
w%@”ﬂ%z p» 3@&&

I X
m(G()

i=l i

©)
<[] [R K(f)Zﬂ, ming, (1), ()R +K<r){ Zx (’)j Hoo( )Ry, = Hor (DR, )]

G(t) J=
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We see of (6) that the coefficients A4,(x,¢) are piecewise-linear functions, i.e. (9) -

differential equation with the piecewise-constant right side. Let us designate the
set of the indices of the vector’s x(¢) :(x1 (), x,5(1), x, (t)) components like

Q@)= {1,2,3}. Let’s divide €)(¢) into two disjoint sets Q,(t,7), €,(t,#) such, that
Quun =YL <x, ()<, Qun=1j:0<x,()<l(r)f. With fixed ¢ the

number of partitions of such type is equal 2° =8, 1 =18. Each partition will
assign the nonintersecting regions G,(¢) in the set G(¢) such, that

3
G. ()= {x(t) () <x,(0)<1,i€eQy(t,1);0<x,(1) </, (1), ] € Q(1,0); Zxc(t) < 1}

c=1

8
1=1,2,...8, | JG.()=G()

=1

Now in each of the regions of the phase space’s partition we can write down
explicit form (9), and with determined initial conditions we can find the average
expected income for each of the regions G.(¢).

For example, let’s assign the following partition Q,(,7)={1,2,3},
Q,(1,1) ={J}, 1 =1, it corresponds to the presence of turns in the stages of main-
tenance and corresponds to the real situation of the clients care in the insurance
companies. Then solving (9) with the initial condition E(O):S we can deter-

mine the average expected income with a change of the initial state according to
the region G,(¢).

2. Examples

Example 1. Let’s examine the functioning of insurance company that works
with the uniform agreements of insurance. Moreover, let’s assume that the number
of concluded agreements invariably and comprises K = 25 000. The remaining
parameters of the functioning of insurance company are the following:
Lo (1) =0.0002, py,(r)=0.003, p, =0.008, p,=0.05, p,=0.1, m =3, m,=2,

my=1, R=10, R, =500, Ry, =33, R =3, R,=1 Ry=03, v, (0)=5000.

Then the dependence from the time of the average expected income with the con-

dition of changing the initial state on the region G(7) is depicted in Figure 2.

Example 2. Let’s examine the functioning of insurance company, which works

with the uniform agreements of the insurances, whose number up to moment of
40000

the time ¢ is determined from the formula K(¢)=20000+— .
2sin(2mt /364 +5)
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The parameters of the functioning of insurance company are the following:
Ko (2) =0.00007, py,(r) =0.001, p, =0.008, p, =0.03, p,=0.1, m =3, m, =1,

my=1, R=10, Ry, =400, R,=30, R =5 R,=1, Ry=03, v, (0)=5000.

Then the dependence from the time of the average expected income with the con-
dition of changing the initial state on the region G(¥) is depicted in Figure 3.
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Fig. 2. Forecast of the income 171-10) for example 1
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Fig. 3. Forecast of the income E(t) for example 2
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