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Abstract. We calculate Kuratowski limits of sequences of srfp of Young measures
associated to the minimizing sequences in two idalsgariational problems.

I ntroduction

Before formulating the problem we will recall sometions from functional
analysis and set theory.

By LP(Q2) we denote the space of functiogson Q with values inR and satis-
fying the condition

Iy 1gG0)IPdx < o

for 1< p <0 where integration is with respect to the Lebesgeasure. This space
endowed with a norm

=118

lglly = (o lgCa)IPax)

is a Banach space. All the functions from this spa&ving first weak derivativg'
in LPbelong to thesoholev space WAP(Q2) which is a Banach space under the norm

lgllyp = (g2 + llg'1%)?

The letterA will denote the subset 8°(Q2) consisting of functions which ful-
fil suitable initial conditions.

Letsbeasetand,, c S,n=1,2,...
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We define

Liminfn_;.xﬂn s = U:::iﬂ;::}; AJ{J

and

Limsup,,—e 4, = N2, U, Ay,

If the two above limits are equal we call this coomiimit the Kuratowski limit
of the sequence (A,) of sets (see [1], egs. (1.1), (1.2) p. 21).
We will consider the minimization problem of therfo

inf{}(:u}:u € Al =m,

Jw:= [, flxu()w(x)dx

where

FfilxBxR = RU{+owm}

can be interpreted as the density of the internatgy and the functionfiA can
be understood as the deformation of the ady

It is well known that if J(u) is not identically equal to « and inf
{J(u) cud A} = m> - then there exists sequenag)(of functions fromWHP(Q),
such thatlim,_, J(u,) =m (i.e. there exists the minimizing sequencetfa func-
tional J). However, in many interesting cases (both froeotktical and practical
points of view) functional does not attain its infimum (even when the minirmgz
sequence is convergent). In these cases the mingrsequences are divergent in
the strong topology but are convergent in the wepklogy in the suitable Sobolev
space. The elements af,) oscillate more and more wildly around the weahitli
the sequenceauf). These oscillations describe the so calted-ostructure. We can
observe such microstructures for instance in sdiogsdike Cu-Al-Ni or In-Th.

L.C. Young [2] introduced Young measures (callechbyself ,,generalized tra-
jectories”) as a tool for analyzing such probleiffeday Young measures are wide-
ly used in analyzing problems arising for instaircéhe theory of partial differen-
tial equations or in the nonlinear elasticity ($a&einstance [3-5] and the references

cited therein).

In this paper, using the method introduced in y&, calculate the Kuratowski
limit of sequences of Young measures associatedinamizing sequences of the
functionals appearing in the classical variatigrrablems.
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A very brief introduction to Young measures is & [For more details we refer
to the literature cited there.

Examples of computations

2a. We are seeking the minimum of the functional

1l . oo B e
Jlu) = fu [u‘ + ({E} — 1) ]dx
with boundary conditions
u(0) = 0 =wul1).
This problem was first formulated by Oskar Bolzd 802.
In this case we have = (0,1) and
A={uew{0):ul0) =0 =u(1)}

It can be seen thatnf] =0, but there exists no function such that
u = 0 and %z + 1 almost everywhere with respect to the LebesguesuneaThus
there are no classical minimizers.

Consider the minimizing sequence foof the form

k k 2k+1
X——, XE (—, ]
T

n 2n
uy, (x) = ? ? :
—x +ﬂ, Y E ('~&kﬂ‘|'1.-:'l'1J Li'{+1:lrz)
=T T
wheren=1,2,..., k=01,..,n—1. It is divergent in the strong topology in

W#(0), but it weakly converges to O in this space. Iltaiso easy to see its
,,oscillation nature”. Using method described ihW& compute the Young meas-
urev! associated witit,, for fixedn and obtain

Vo = 2ndz

wheredz stands for the Lebesgue measuré€onms u,,(1) = [ﬂ,ﬁ] for eachn the
support of eacir is the sew[ﬂ, ;] Furthermore,

=1 f:;q[‘l 5__,{] = U,=,{0} = {0},
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and
Myzy U0, 2] = M5y [0, 2] = {03,

This means that the set {0} is the Kuratowski limiftthe sequence of supports
of Young measures associated with the elementseofminimizing sequence. The
limit set contains the element which is (not agdinminimum of the functional.

Consider another minimizing sequencejfigee [5]). Namely, let

4k 4k 4k +1
X—-—, xO|—,
4n 4n 4n
R
4k + 4 4k +3 4k +4
X—= y XD 1]
4n 4n 4n

wheren = 1,2, ...,k =0,1,...,n — 1. Again this is highly oscillatory sequence di-
vergent in the strong topology MWA4(Q), but weakly convergent to 0 in this space.
Here the Young measures for the elementd\gf are of the same form as far,),
but for eachn the element of the sequence of supports of carrelipg Young

measures is equal {te%ﬂr—ln} Calculating the Kuratowski limit of this sequence

again gives the set {0}.

2b. Functional to be minimized has the form

J(u) = I:[ —%ujdx,

with the admissible setA= {u € W{Q):u(0) =0,u(1) =1}. We have
inf] =1 and again it is not attained (see [1]). If we take account the minimiz-
ing sequence

du
dx

0, x0[o1- 1)
n

u,(x):= 1
nx—n-+1, xD{l—ﬁ,l}

and do the same calculations as above, we will thet Young measures
vi =(1—-12)8,+ dz. Each of this measures has supp@}u [1—%1]. The



Kuratowski limits of sequences of Young measuredassical variational problems 217

Kuratowski limit of the sequencg{0}u [1—2,1]) equals{o} u{1}. Again, this
limit contains the element, which is (not attainedhimum ofJ.

Remark. It is of interest to know what is the nature of thationship between
the infimum of the functional and the Kuratowski (or maybe some other type)
limit of the sequence of supports of the Young meas associated to the elements
of the minimizing sequence. It seems that thistlicontains as its element the in-
fimum of J, even when it is not attained. But this is to bevpd or disproved in the
general case.
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