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Abstract. Corrosion or contamination of flexible joints of a telescopic hydraulic cylinder 

may cause an increase of movement resistance in these places. In this work the influence of 

mounting rigidity on the strength of a telescopic hydraulic cylinder is under consideration. 

Buckling criterion and the strength of cylinder barrels (material effort) were included due to 

analysis. Boundary value problem concerning the stability of the system was formulated on 

the basis of the static stability criterion. Lame’s theory for thick pipes were used for deter-

mination of destructive load from the viewpoint of the material effort. Numerical simula-

tions were performed. The results specifying the influence of mounting rigidity on stability 

and strength of cylinder barrels were presented by using non-dimensional parameters. 
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1. Introduction 

Cylinders are widely used in different industrial branches. Structures, which 

have a hydraulic drive system, are characterized by high working forces and low 

working speed. Because of their construction, they are strongly exposed to damage 

due to loss of stability. Another aspect, which decides of cylinder damage, is the 

material effort of the cylinder barrels, caused by high pressure of hydraulic oil.  

If cylinders are used in machines, which can be exposed to vibrations, another  

examination should be performed - free vibrations analysis. In this case characteris-

tic curves on the plane “critical load - vibration frequency” should be determined. 

Free vibration frequency consists of carrying load and coverage level. 

Stability analysis of hydraulic cylinders were performed in works [1-10]. Com-

parison between the results of numerical simulations (FEM) and recommendations 

in DNV GL were presented in position [1]. In paper [2] theoretical model of one-

stage hydraulic cylinder was presented and number of parameters of the system 

which have high impact on stability of hydraulic cylinder were under considera-
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tion. The influence of inaccuracies in joints between the piston and cylinder barrel 

were analysed numerically and experimentally in work [3]. In paper [4] a physical 

and mathematical model of a hydraulic prop, whose construction corresponds to 

one-stage hydraulic cylinder was presented. Regions of the flexural rigidity asym-

metry factor for the piston rod and cylinder where the system is subject to damage 

as a result of stability loss and material effort were presented in work [5]. The  

influence of mounting rigidity in the case of a one-stage hydraulic cylinder were 

analysed in work [6]. In paper [7] the stiffness model of hydraulic cylinder was  

defined. The model takes into account elasticity of hydraulic oil, the presence of  

air bubbles in hydraulic oil, axial deformations of piston rod, volumetric expansion 

of cylinder barrel, metal pipes, power pipes and deformation of sealing elements. 

Results of experimental tests and forecasting method for fatigue fracture of hydrau-

lic cylinders were presented in paper [8]. Results of numerical and experimental 

tests of one-stage hydraulic cylinder elastically mounted on both ends in regards to  

the stability and free vibrations were shown in work [9]. Papers [10, 11] revolve 

around the stability of a hydraulic telescopic cylinder. The influence of stiffness 

between the following elements of the cylinder on the stability of the system were 

presented in work [10]. Regions of the system parameters, in which telescopic  

hydraulic cylinder can be damaged due to loss of stability and material effort, were 

presented. The influence of the cylinder barrel thickness parameter and sealing 

element thickness parameter on the stability and strength of each member of the 

telescopic hydraulic cylinder were under consideration in paper [11]. 

This work includes numerical simulations on influence of mounting rigidity  

on stability of the telescopic hydraulic cylinder. Changes of this parameter can be 

caused by corrosion, dirt, and seizure the joints. Three possible changes of stiffness 

parameter were analysed in this paper: increase of lower mounting stiffness,  

increase of upper mounting stiffness and increase of both mounting stiffness. 

2. Formulation of boundary value problem 

In this work, the boundary problem of stability of hydraulic telescopic cylinder 

with particular emphasis on mounting rigidity is under consideration. The consid-

ered system is presented in Figure 1. It consists of n elements, where elements 

marked from 1 to (n–1) are the cylinder barrels and the element marked as n is  

a piston rod. Each element of the cylinder is characterised by flexural rigidity (EJ)i. 

In this model, stiffness of sealing and guiding elements were taken into considera-

tion. This stiffness is modelled by rotational springs CR . Stiffness between follow-

ing elements were assumed as equal. This system is analysed as a fully-extended - 

in this case hydraulic telescopic cylinder is characterised by the smallest slender-

ness ratio and the smallest stiffness. Construction is mounted elastically on both 

ends. Mounting rigidity of lower and upper end of the cylinder are realised by rota-

tional springs CR0 and CRn . In this work hydraulic telescopic cylinder is built on the 

basis of the total length of the system lC and diameter of piston rod dt . Diameters  
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of sealing and guiding elements and lengths of each cylinder are assumed to be 

constant and on the basis of that assumptions next element diameters of the system 

are calculated. 
 

 

Fig. 1. Scheme of hydraulic telescopic cylinder under Euler’s load 

By using the static stability criterion, boundary problem were formulated. Total 

potential energy of the system consists of the bending elasticity energy of each 

element, energy coming from the external load and energy of each discreet element 

(rotational springs CR0, CR, CRn): 
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In this case the boundary conditions can be written in form: 

    1 0i i iw l w   (2) 

 1(0) 0w   (3) 
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After appropriate mathematical transformations, equations of transversal dis-

placement are presented as follows: 
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Natural boundary conditions of the analysed system can be written in form: 
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The solution of equations of transversal displacement (5) can be written as follows:  

 ( ) sin( ) cos( )i i i i i i i i i i iw x A k x B k x C x D     (11) 

where 
 i

i

P
k

EJ
 . 

Taking into account the solution (11) in boundary conditions ((2)-(4), (6)-(10)), 

the system of equations is obtained. The determinant matrix of the coefficients of 

a system of equations equated to zero leads to the transcendental equation, from 

which the critical load of the system can be determined.  

3. Material effort problem 

Effort of cylinder material, next to buckling, is one of the crucial factors, that  

effects the capacity of hydraulic telescopic cylinders. Cylinder barrels of a tele-



Strength analysis of a telescopic hydraulic cylinder elastically mounted on both ends 93

scopic hydraulic cylinder can be treated as thick pipes closed by lids. This case  

describes a situation when the external load of the telescopic cylinder is balanced 

by the pressure of the hydraulic oil inside the system. Radial and circumferential 

stresses by Lamé’s theory can be obtained on the basis of following relations [12]: 

 
2 2

2 2 2
1a w z

r

z w

p r r

r r r


 
  

  
 (12) 

 
2 2

2 2 2
1a w z

t

z w

p r r

r r r


 
  

  
 (13) 

where: pa - pressure inside the cylinder, rw - internal radius of cylinder, rz - external 

radius of cylinder, r - distance between an axis and layer of cylinder, where the 

stresses are calculated.  

By using Huber’s hypothesis, reduced stresses of thick-walled cylinder can be  

determined from following equation [12]:  
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The maximal value of reduced stresses occurs on the internal layer of the cylin-

der. In this work, it is assumed that the maximum acceptable stress is known and is 

equal to the yield point of the cylinder material. When the maximum stresses 

achieve the value of yield point, permanent deformations occurs in the cylinders, 

which cause the damage of the hydraulic cylinder. After transformations of the 

equations (14), the maximal value of pressure (15) and the maximal value of exter-

nal load from the viewpoint of material effort (16) was calculated: 
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4. Results of numerical simulations 

The influence of mounting rigidity of hydraulic telescopic cylinder on its 

strength is under consideration in this work. On the basis of the formulated bound-

ary problem, the critical load of the system in regards to the buckling phenomenon 

was determined. By using Lamé’s theory for thick pipes, destructive load from  



S. Uzny, Ł. Kutrowski 94 

the viewpoint of material effort was calculated. Non-dimensional parameters  

were defined: 
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where: ζGU - parameter of sealing and guiding elements thickness, ζGR - parameter 

of cylinder barrels thickness, ζL - parameter of hydraulic telescopic cylinder length, 

ζCR - parameter of stiffness between following elements, ζCR0 - parameter of stiffness 

in lower mounting, ζCRn - parameter of stiffness in upper mounting, λcr - parameter 

of critical load, λσ - parameter of destructive load. 

 

 

Fig. 2. The influence of mounting rigidity on the critical and destructive load of the system 

Results of numerical simulations were presented for a five-stage hydraulic  

telescopic cylinder. Dependence between stiffness in mounting points (represented 

by parameters ζCR0 and ζCRn) and the maximal capacity of the hydraulic telescopic 

cylinder is presented in Figure 2. The solid curves characterise the change of para-

meter of critical load (λcr) depending on parameters of stiffness in mounting points. 

The curve number 1 refers to the case, when the upper stiffness increases (ζCR0 = 0, 

ζCRn increases). The change of critical load due to an increase of lower mounting  

rigidity is represented by curve number 2 (ζCRn = 0, ζCR0 increases). The case when 

both stiffnesses increase (ζCRn and ζCR0 increase) at the same time is described  

by the curve number 3. 
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The strength of the cylinder barrels in the telescopic hydraulic cylinder is under 

consideration in work [11]. It was demonstrated that the weakest member in  

regards to the material effort is a cylinder after the piston rod. 

Horizontal dashed lines (marked as λ200 … λ500) determine the values of the  

destructive load parameter for the weakest cylinder (element number 4 of five-stage 

hydraulic telescopic cylinder). This lines presents the relations for different accept-

able stresses which are equal to σ  = 200, 250, 300, 400, 500 MPa. 

Point E refers to the situation, when the stiffnesses in mounting points are zero. 

Then it can be stated that there is no movement resistance in those places. 

5. Conclusions 

Formulation of the boundary value problem in regards to stability of hydraulic 

telescopic cylinder was presented in this work. In strength analysis of this system, 

effort of cylinder material was also considered. The influence of mounting rigidity 

on critical and destructive load of the system was examined. 

On the basis of obtained results it was found, that the increase of mounting ri-

gidity increases the buckling capacity of hydraulic telescopic cylinder. In case of 

the increase of the lower mounting stiffness parameter, the parameter of critical 

load is characterized by greater values than in the case of the increase of upper 

mounting stiffness. A much greater increase of parameter of critical load is ob-

served when the elastic mountings are applied on both ends of the cylinder in com-

parison to elastic mounting only on one end. Intersection points of lines connected 

with critical and destructive loads define regions of system parameters, in which 

the damage of the hydraulic telescopic cylinder is caused by buckling and effort of 

cylinder material. 
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