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Abstract. In this paper, the eigenproblem for a fractional oscillator under homogeneous
Dirichlet and Neumann boundary conditions is considered. Key properties of fractional
operators with fixed memory length are established, such as the connection between left and
right operators, the product rule for fractional integrals, and the fractional integration by the
parts rule for periodic/antiperiodic functions. Explicit solutions in the form of discrete sets
of sine/cosine eigenfunctions are derived. The impact of fractional order and memory length
on eigenvalues is presented on graphs. Finally, a comparison of eigenvalues of oscillator
with a fixed memory length and infinite memory length is shown.
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1. Introduction

Fractional calculus, a mathematical framework extending traditional calculus to
non-integer orders, has gained prominence across scientific disciplines for modeling
systems with memory and hereditary properties, e.g.: elasticity [1-3], viscoelasticity
[4-6], plasticity [7], viscoplasticity [8], nonlocal continuum mechanics and physics
[9, 10], diffusion [11], heat conduction [12, 13] or biological systems [14].

Fractional derivatives are known for their long-term memory characteristics as
they are linked to all the historical data. In the case where 0 < o < 1, as the data
becomes more distant, the weighting coefficient decreases. This concept, known as
“the principle of the dissipation of hereditary action”, was introduced by Volterra
[15] and renamed by Podlubny in [16] as the “short memory principle” (SMP).
The main idea of SMP is to neglect the older data that had appeared. This idea was
developed by Wei et al. in [17], where they presented some interesting properties
of the short/fixed memory principle for Riemann-Liouville and Caputo cases. SMP
has also been introduced for nabla discrete fractional calculus [18]. More detailed
analysis of some properties of fractional operators with fixed memory length has been
conducted by Ledesma et al. [19,20]. However, all the results mentioned are only
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devoted to left fractional operators. The right fractional derivative with fixed memory
length has been studied in [21], where apart from the derivative approximation, the
series representation of left and right fractional derivatives is also presented.

SMP is significant and interesting not just for fractional calculus itself but also
for the diverse fields that, over time, have incorporated tools from fractional calculus.
The model based on the left Caputo derivative with fixed memory length (time length
scale) has been used to the analysis of an abdominal aortic aneurysm [22]. Another
example of the application of SMP can be found in the paper [23], where the Caputo-
-Almeida fractional derivative has been used to describe the evolution of damage
(in time) to the Cylindrical Lithium-Ion Battery. In the paper [24], the non-local frac-
tional Euler-Bernoulli beam theory has been formulated as a generalisation of classi-
cal Euler-Bernoulli beams, utilising fractional calculus (i.e. fractional Riesz-Caputo
derivative with fixed memory length). The same fractional operator has been used to
formulate the self-consistent space-Fractional Kirchhoff-Love Plate (see [25]).

Among the challenges posed by fractional calculus and its applications, the eigen-
value and eigenfunction problem for fractional operators with fixed memory length
stands out as a key yet under-explored area.

2. Preliminaries

The aim of the paper is to formulate a fractional oscillator eigenproblem within the
framework of fractional calculus for operators with fixed memory length. We shall
show that it can be considered and explicitly solved in any interval [—ML, ML]|, where
L > 0 is the memory length and M an arbitrary natural number. First, we recall the
notion of left and right fractional operators with a fixed memory length [18,21].

Definition 1. Let o > 0, L > 0. The left and right-sided fractional integrals with fixed
memory length look as follows:

() = F(la) /;L(t—s)al F(s)ds = F(la) /;L|z—s|a1 fs)ds, (1)
JAZ f(1) = F(la)/t” (s—1)* 1 f(s)ds = F(la)/t” ls—t|* ' f(s)ds. ()

The left and right fractional derivatives with fixed memory length are defined below

d
LD f(t) = EHl,lf‘j‘f(r), 3)
d
DELF() = =2l (). @)

As we see, these operators are a modification of fractional derivatives to operators
dependent only on the close neighbourhood of point ¢. In case of the left operators,
it is the left neighbourhood: (¢ — L,#) and for the right ones we have the right neigh-
bourhood: (z,7 + L) respectively.
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Let us introduce the following reflection operator

Of (1) == f(L—1) (5)

and prove the relations between the left and right fractional operators with fixed
memory length given in the proposition below.

Proposition 1 Ler oo > 0, L > 0 and reflection operator Q be defined by formula (5).
Then, the following relation holds for integral

Q thItan(t) = tIt(iLf(t)v (6)
while for o € (0,1) we have for derivative of order a
Q LD Qf(t) =Dy Lf (). N

Proof: we begin with the formula for integrals. Starting from the left-hand side and
applying the change of variables: T = L —s, we get

1 Lt a—1 _ 1 ! o—1
F(a)/t L—t—s f(L—s)ds——r(a)/HL\t—ﬂ F(r)de

1

t+L w1 o
- Fa) / t—1|% " f(2)dT = %, £ (1)

Q LI Qf (1) =

In turn, we apply the obtained relation in the proof of (6) for derivatives:

d d
Q 1D Of(1) = 0 00 - LIFOf (1) = — -l A f (1) = DL L £(0).

For the left derivatives and integrals, some explicit results were derived for analytic
functions [17, 19, 20], such as polynomials, exponential and trigonometric functions.
In particular, we recall here the respective derivation and integration formulas for
trigonometric functions which we will apply in further considerations:

1—1D{sin(At) = B (A)cos(A(t — L)) + A q(A)sin(A(r — L)), (8)
1—1D{ cos(At) = Ap q(A)cos(A(t —L)) — B (A)sin(A(t — L)), )
i~ I sin(At) = (—Apq(A)cos(A(t —L)) + B o(A)sin(A(r—L))) /A,  (10)

(
i~ cos(At) = (Brg(A)cos(A(t —L)) + AL q(A)sin(A(r—L))) /7. (11)

Constants in the above formulas depend on parameters L > 0, o € (0,1) and A € R
values and look as follows:

1
AraQ) =L % Eyjq(—A*L%) — = 12
Bra(A) =LA E2p—a(-A°L7), (13)
where Ep , is the two-parameter Mittag-Leffler function [19] defined for arbitrary
z € C by the formula given below:
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Zk

EB,V(Z) = ,;)71"(143 )

We apply the above relations between the left and right operators (6), (7) as well as
the properties of trigonometric functions to calculate analogous formulas for the right
derivatives and integrals.

Proposition 2 The following formulas are valid when fractional order a € (0,1),
parameters A € R, L >0andt € R

DY sin(At) = =By o (A)cos(A(t+L)) +Arq(A)sin(A(t+L)), (14)

(D cos(At) = Apq(A)cos(A(t+L))+Bra(A)sin(A(r+L)), (15)
A7 sin(At) = (Apa(A)cos(A(t+ L))+ Bra(A)sin(A(t+L))) /A, (16)
A% cos(At) = (Bra(A)cos(A(t+L)) —Apq(A)sin(A(t+L))) /A. (17)

Proof: we begin calculation with the left-hand side of (14), apply (7)-(9) and obtain:

DY sin(At) = Q- Df Qsin(Ar) = Q1 Dy sin(A(L—1))
= Q1 D¥(sin(AL)cos(At) —cos(AL)sin(At))
= Q[sin(AL)(Az a(A)cos(A(t —L)) —Br o(A)sin(A(t —L)))
—COS(/lL)(BLocUL cos(A(t — L)) +Ara(A)sin(A(r—L)))]
AL)(ALa(A)cos(A(—t)) = BLa(A)sin(A(—1)))
cos(A(—1))+ALa(A)sin(A(—t1)))
cos(At) + Br o (A)sin(At))
cos(At) —Ap (A )sm(?tt))
t

which yields equality (14). The proof of formulas (15)-(17) is analogous.

It is a well-known fact in fractional calculus that under the scalar product constructed
by using a standard integral the left and right fractional Riemann-Liouville integrals
are connected in interval [—L, L] by the formula below:

L L
/_ 1) -ulg(n)de = /_ () 2 ()t (18)

A similar relation is also valid for integrals with fixed memory length, provided func-
tions f and g are periodic or antiperiodic respectively. Here, in the paper, we prove
the version for periodic / antiperiodic functions determined on a set of real numbers.

Proposition 3 Let us assume that functions f, g are determined on R locally inte-
grable functions and that they are both periodic

f(t£2ML) = f(t) g(t+£2ML)=g(r) (19)
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or simultaneously antiperiodic functions

Fe£2ML) = —£(1) gt +2ML) = —g(1) (20)
with constant M being an arbitrary natural number M € N. Then, the following
relation holds for integrals of fractional order o > 0:

ML

ML
10) -as0de = [ glo) 0% f o). 1)
ML —ML

Proof: we consider the case when both functions, functions f and g, are periodic,
which means they obey condition (19). First, we change the order of integration and
split the obtained integral as follows

™ ) attsra = F(la) [ [ =0 gtsyasar

_ 1) (/_(:Z])Lg(s) /_S;i(t—s)alf(t)dtds

I'a
(M-1) s
+/§L1Lg(s)/s +L(t—s)°‘_1f(t)dt> ds
1

ML ML
+F(O€)/(M1)Lg(S) (/S (l‘s)a—lf(t)dtdS) =L+5L+1.

After changing variables in integral /1: u = s+ 2ML, v =t + 2ML, we apply the
periodicity properties for functions f and g

he s [0 e ( [ —s>“1f<r>dr) ds

_ L /( " M) < / e f(v—2ML)dv) du

I'let) Jom-1L ML
1 ML u+L o
= F(OC)/(M—l)Lg(u) </ML (v—u) 1f(v)dv) du.

Next, we sum integrals I; and /3 and obtain

Li+h5= r(la)/(:j:)Lg(S) </};ZL(t—s)a1f(t)dt> ds
n r(la) /(;MM 2(s) ( / Mg f(t)dt> ds
_ F(IOC)/(:/I/[:)Lg(S) </SHL(; —s)o‘lf(t)dt> ds.
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Adding integral I; to the above sum, we obtain formula (21):

- r‘(la)/ML g(s) </S‘Y+L(t_s)a—1f(t)dt> ds = /ML g(s) I 1 f(s)ds.

ML —ML

ML
MLf(f) i~ fg(t)dt =L +hL+1

Let us note that assumptions concerning the periodicity of functions f and g (19)
can be replaced correspondingly by conditions (20), and formula (21) is still valid.

The formula for derivatives is an extension of the obtained relation (21). Applying
(21) and the standard integration by the parts rule, we arrive at the property connect-
ing the left and right fractional derivatives with fixed memory length by the product
formula.

Proposition 4 Let assumptions of Proposition 3 be fulfilled, fractional order
a € (0,1) and derivatives ,_ D¥ f and ;1 D{ g be continuous functions in |—ML,ML).
Then, the following formula holds

ML ML
(1) +_LD%g(t)dt = / g(t) D% f(1)d. (22)
—ML

Proof: we start with the left-hand side of the above formula, apply the definition of
left fractional derivative with fixed memory length and the integration by the parts
rule:

f
—ML

ML ML d
f(t) —1Djg(t)dt = f() d*thI,l_ag(f)dl‘ =
—ML —ML t
ML d
= [ (G0 a0 1) ah 50
—ML \ df

ML o d Y .
= —/_ . <t1t+L dtf(t)> g(l‘)dt—l—f(l) —Ll; g(t) ML

MLM ML
= / g(t) (D f(t)dr + f(z) thIzl_ag(t) KL—ML = / g(t) DF L f(t)dt,
—ML —ML

where we applied the fact that for pairs of periodic / antiperiodic functions the bound-
ary terms in the above formula vanish.

3. Main results

Let us now introduce the notion of fractional differential operator with fixed
memory length for an oscillator. Much like the Sturm-Liouville fractional operators
introduced in [26] and studied in many papers by Klimek and collaborators (com-
pare [27] and the references therein), the differential operator includes the left and
right fractional derivatives with fixed memory length:

g = [Dta+L t_LDta. (23)
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Adopting the notation (23), the studied fractional oscillator equation takes the form:

Ly (t) = pra(A)ya (). (24)

Now, we check that sine and cosine functions are eigenfunctions of this operator for
any value of parameters fulfilling L > 0, @ € (0,1) and A € R.

2 sin(A1) = [(ALa(A))? + (BLa(A))?] sin(Ar), (25)
& cos(At) = [(ALa(A))* + (BLa(A))?] cos(At). (26)

The above formulas result from Proposition 1, formulas (8)-(11), and properties of
trigonometric functions. We start with the left-hand side of formula (25) and obtain

£ sin(At) =D, D sin(Ar)
=D ; (Bra(A)cos(A(t —L))+Apo(A)sin(A(r —L)))
=Q - 1DYQ(Bra(A)cos(A(t—L))+ALq(A)sin(A(r—L)))
=Q —1D¥ (BL.o(A)cos(At) — AL o(A)sin(At))
=0Bra(A)(ALa(A)cos(A(t —L)) —Bra(A)sin(A(t—L)))
—QALa(A)(Bra(A)cos(A(t —L)) +ALa(A)sin(A(r—L)))
— [(ALa(R))2 + (BLa(2)sin(A),
where, in addition, we applied the fact that the sine function is an odd function,
and the cosine function is an even function. We omit the calculations for the cosine
function as they are analogous to these presented above.

Let us note that as the .Z’-operator is a linear one we also get that an arbitrary linear
combination of sine and cosine functions is its eigenfunction as well:

Z (Crsin(At) +Cycos(At)) = pr.a(A)(Crsin(At) +Corcos(Ar)), (27)
where A € R and eigenvalues of the .Z-operator are given by the formula below:
PLa(A) = (ALa(1))* + (BLa(2))® (28)
with A7 o and By ¢ defined in (12), (13). It is easy to check that
Poi(A) =22 lim pro(A) =A%, (29)

where the first relation corresponds to the classical oscillator operator and the second
one to the fractional operator with infinite memory length. We shall return to these
two limit cases in the study of the eigenvalue problem subject to homogeneous
Dirichlet conditions.
Now, we apply Proposition 4 and calculate the product of functions f and .Zg in
interval [—-ML,ML).
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Proposition 5 Let assumptions of Proposition 3 be fulfilled, fractional order
a € (0,1) and functions ,_.D{f and ,_;Dg be continuous in [—-ML,ML). Then,
the following formula holds

U0 Zewai= [ (50 g~ 10) dlof oD O
—ML —ML
ML
+8(0) i 1D SO = [ (L1(1) g(t)dr. (30)

Let us check the value of the boundary terms for sine and cosine functions. They are
summed up in the following property.

PROPERTY 1 LetL >0, a € (0,1)and A € R. Then, the following formulas are valid
foranyt € R
A% DY sin(At) = pr1_q(A) cos(At) /A, (31)
A% - LD cos(At) = —pp1—a(A)sin(At)/A. (32)

Proof: For the sine functions, we get formula (31) by applying Proposition 1, formu-
las (10), (11) and properties of trigonometric functions
A DX sin(At) = A 0% 1) % (cos(At))
=7 (Bri—a(A)cos(A(t — L)) +Ar1-a(A)sin(A(r — L))
= QI *(Br1-a(A)cos(At) —Ap1_q(A)sin(Ar))

— 0BL1a(A) <BL,1a(ﬂt)cos(/l(t—L));AL,la(x)sm(x(z—L)>
— QA1 «(A) (‘AuaUL)COS(Mf—L);iBLJamsm(u; _ L))

— By a(A)- BL-rl—a@L)cos(Mt));AL,I-a<A>sinwt))

FAL_a(R)- AL,la(/l)cos(l(t));LrBLJa(z)sin(x(t)) _ pLJ;(M cos(A).

3.1. Eigenfunction problem with homogeneous Dirichlet boundary conditions

In this part of the paper we shall consider the fractional oscillator eigenfunction
problem subjected to Dirichlet boundary conditions in interval [-ML, ML]

LYN) = pLa(A)YA(r), te[-ML,ML], ac(0,1), (33)

Ya(—ML) = YA(ML) = 0. (34)
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The above homogeneous boundary conditions lead to the following two discrete sets
of eigenfunctions. The first of them corresponds to condition C; = 0 in (27) and is
indexed by parameters Ay, k € N

km . [ kmt
Ak = m, YAk(t> = Sin (m> . (35)

We observe that the derived eigenfunctions obey periodicity conditions (19). Now,
we shall show that these eigenfunctions are orthogonal provided they are indexed by
distinct values of Ay:

ML
/ Yo () Yo, (0)dt =0, Ay # An. (36)
—ML

In the considered case, the proof of orthogonality is based on the following relation
resulting from Proposition 5

ML ML
/ (LA Va,0dr = [ ¥ (0) 20, ()

_ML _M m
which yields the equality below

ML ML
PL.a(Ak) Ya, (t) Y, (2)dt = pr.a(Am) Ya, (2) Ya, (t)dt.
-ML -ML
We compare the left and right side of the above equality and we obtain the the
orthogonality relation (36).
The second subset of eigenfunctions, obtained for constant C; = 0 in (27), is
indexed by Ay, k € Ny

R Gy ) con (12070,

We note that the derived eigenfunctions from the second subset are antiperiodic (20).
Now, the proof of orthogonality of these eigenfunctions is analogous to the one
presented for set of functions Y5, k € N, so we omit the calculations and quote the
respective orthogonality rule:

(37

ML » »
Y;\k (l) Y;\m (l‘)dl =0, Ar#An. (38)
—ML

Finally, we add the orthogonality relation for eigenfunctions from the two subsets
ML
Yo, (1) Y3 (1)dt =0 (39)
-ML "

which results from the fact that functions Y, are odd in interval [-ML, ML] whereas
Yy ~are even ones.
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Remark 1 Let us point out that the derived eigenfunctions given in (35), (37) solve
the classical oscillator problem subject to Dirichlet boundary conditions in interval
[—~ML,ML] as well. Eigenvalues, corresponding to sine and cosine sets of eigenfunc-
tions, are given by the equations below (here k € N, m € Ny):

po1(Ax) = <ZZ>2, P0,1(Am) = <W>2 (40)

This property of solutions implies that the orthogonality properties (36), (38) can be
obtained using the classical oscillator operator and the above eigenvalues. O

Remark 2 Functions (35) and (37) also solve the oscillator problem formulated by
Rivero and collaborators in [28] on line (—eo,o0). In the construction, they applied
Liouville derivatives of order ¢ € (1/2,1)

DS = Grprregy | =) S 0)s @
D% f(1) = —jtml_a) [ =0 -apas 42)
DD%Y(t) = p(A)Y(t) 43)

When we assume that solutions fulfill the homogeneous Dirichlet midpoint boundary
conditions (34) and solve eigenvalues equation (43), we get the following explicit
formulas for eigenvalues (here k € N, m € Np):

Peo,ac(Ar) = (AZ)M, Poo.a(Am) = (W)za. (44)

3.2. Oscillator eigenfunction problem with homogeneous fractional
von Neumann boundary conditions

The next example is the study of fractional oscillator problem:
LYA(t) = pra(A)YA(t), te[-MLML], oc(0,1), (45)
with homogeneous fractional Neumann boundary conditions that appear as follows:
L= DY YA =y = 1% D YA (1) |i=mar = 0. (46)

Taking into account the general form of solution given in (27), we observe that eigen-
functions’ set can be split into two subsets similar to the problem subject to homoge-
neous Dirichlet boundary conditions. The first subset corresponds to value of constant
C; = 0 and consists of cosine functions

YA (1) = cos(Ar),
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which leads to discrete set of cosine eigenfunctions with indices provided by bound-
ary conditions:

1% D% ; cos(At)|—mr = —pr.1—a(A)sin(£AML) /A =0,
sin(—AML) = sin(AML) = 0 = sin(km),

and appear as follows for k € Ny

A= %, Yp,(t) =cos <ZZ) ) 47
It is easy to check that the periodicity condition (19) is valid. Therefore, we can
apply Proposition 5, formula (30) and obtain orthogonality rule (36) valid for cosine
eigenfunctions indexed by Ay, k € No. We omit the proof of orthogonality of cosine
eigenfunctions, as it is analogous to that presented in previous section. Now, we
derive the second subset of eigenfunctions corresponding to value of constant C; =0
in (27). It now contains sine functions

Y5 (¢) = sin(Az),

and homogeneous Neumann boundary conditions lead again to discrete set of sine
eigenfunctions with indices provided by boundary conditions:

I[]—Ot th_L sin(f\t) |t:iML = pLJ,a(/N\) COS(:l:]\ML)//N\ = O,
cos(—AML) = cos(AML) = 0 = cos((k+1/2)7).

We obtain the following set of indices Ag, k € Ny and eigenfunctions

Av= (kJeréz)” Yy, (1) = sin <(k+A14/LZ)m> . 48)

For the sine eigenfunctions’ subset, antiperiodicity condition (20) is fulfilled.
Therefore, we again state that applying Proposition 5 and proceeding similarly to the
orthogonality proof presented in the previous section we arrive at the orthogonality
rule (38) valid for sine eigenfunctions indexed by Ay, k € Ny. The remark on orthog-
onality of functions from the two subsets also holds.

The orthogonality result can also be inferred from the fact that eigenfunctions (47),
(48) solve the classical oscillator equation subject to standard Neumann boundary
conditions in interval [—ML,ML).

4. Conclusions

In this paper, we studied fractional oscillator eigenproblem with fixed memory
length subject to homogeneous Dirichlet and Neumann boundary conditions. A num-
ber of useful and important properties of the considered operators were established
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including connection between the left and and right operators via reflection transfor-
mation, product rule for fractional integrals and fractional integration by the parts
rule for periodic / antiperiodic functions. All these derived relations were fundamen-
tal in the study of eigenproblem of fractional oscillator in the interval [—ML,ML).
The general solution of the discussed eigenproblem is identical with general solutions
of the classical oscillator equation and the oscillator equation (43). The same remark
applies to solutions fulfilling homogeneous Dirichlet boundary conditions in the
interval [-ML,ML)]. They were derived in the form of sets of sine / cosine eigen-
functions determined by discrete sets of parameters A.

a=08,L=n/4 o=08,M=10

T T T T T T T T T , T T T T T T T T T !

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
k k

Fig. 1. Semi-log plot illustrating the impact of M (the left-hand side) and L (the right-hand side)
on py, ¢(A) for Dirichlet and Neumann boundary conditions for the interval [—ML, ML]
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The eigenvalues of the studied fractional operator depend on the order & € (0, 1),
memory length L > 0 and the respective size of the interval M > 0. They differ from
spectra obtained in both cases: the classical result and eigenvalues of the fractional
oscillator with infinite memory length. In Figures 1 and 2, we show the behaviour
of eigenvalues p; o determined by parameters A given in (35), (37) and (47), (48).
Figure 1 includes two graphs: first, we fix values o = 0,8 and L = /4 analyzing
the influence of increasing value of size parameter M and observe that eigenvalues
decrease. Next, keeping & = 0,8 and M = 10, we get a similar result — when the
length of memory increases, the eigenvalues decrease. Figure 2 also comprises two
graphs. In the first one, we present the influence of fractional order ¢ for fixed values
of memory length L = 7 /4 and size parameter M = 10. The range is m,k = 1000, and
we note that eigenvalues are increasing functions of fractional order and tend to pg i
(denoting eigenvalues of classical oscillator corresponding to & = 1) when fractional
order tends to 1. In the same figure the graph in the range m, k = 50 is added (a kind
of the zoom picture of the full graph). We observe an interesting feature here, namely
concave semi-log plot — when order &t = 0,7 changes its behaviour including concave
and convex parts. In the second graph, we present the comparison of eigenvalues of
oscillator with fixed memory length p; o and infinite memory length p., ¢ in the range
m,k = 50. Here, we observe oscillations of the P74 0.6 and Pz /4, 0.4-

In conclusion, we derived and discussed new results on eigenfunctions / eigenval-
ues problem for fractional oscillator equation with fixed memory length. The study of
one of the simplest eigenproblems within the framework of fractional calculus with
fixed memory length will be the first step in further discussion on Sturm-Liouville
problems with these type of operators. We also expect that the presented systems of
orthogonal eigenfunctions will be useful in study of fractional diffusion problems.
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